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Abstract. A closed expression for the number of unipotent conjugacy classes

of a classical group G is given and Alperin's weight conjecture is confirmed for

G globally and for a symplectic or odd-dimensional orthogonal group block by

block.

INTRODUCTION

Let G be a classical symplectic or orthogonal group defined over a field of

odd characteristic. A 2-block B of G is labelled by a semisimple 2'-element

s* in G by results of Cabanes and Enguehard [7] and the first author [3].
Let W(B) be the number of 2-weights in G associated with B and ^g(s*)

the number of unipotent conjugacy classes of CG(s*), and let 1(B) be the
number of irreducible Brauer 2-characters in B. In this paper we prove that

W(B) = 1¿g(s*) — KB) f°r eacri block B of a symplectic or odd-dimensional

orthogonal group G. In addition, W(B) = %G(s*) and %0(s*) = l(B') when

G is an even-dimensional orthogonal group, where Go is the special orthogonal

group, yGA\s*) is the number of unipotent conjugacy classes in CqA\s*) , and
B' is a block of Go covered by B. In the latter case, we could not get the

equation %(•?*) = 1(B) because we do not know how to get 1(B). We give as

corollaries a closed expression for the number of unipotent conjugacy classes of

G, and get an affirmative answer for Alperin's weight conjecture globally for G

and block by block for a symplectic or odd-dimensional orthogonal group G.

Notice that the three numbers W(B), %(s*), and 1(B) are also the same for
a 2-block B of a general linear or unitary group by results of [1-2], [4], and

[10].
In §1 we use the generating function given by Wall [14] for unipotent conju-

gacy classes of a symplectic or orthogonal group to show that W(B) - %(s*),
and we give a closed formula for the number of unipotent conjugacy classes. In

§2 we use the results of Broué [5] to show that %„(•**) = l(B').
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1. THE NUMBERS OF WEIGHTS FOR 2-BLOCKS

Let Fq be a field of q elements with odd characteristic, and let F be a

non-degenerate finite-dimensional symplectic or orthogonal space over F? . In

addition, let I(V) be the group of all isometries of V and Iq(V) the subgroup
of I(V) of isometries of determinant 1. Thus I(V) = I0(V) if V is symplec-
tic. Let G — Io(V), and let G* be the dual group of G. If s is a semisimple
element of G*, then let (s) be the conjugacy class of G* containing s, and

let ^(G, (s)) be the set of the irreducible constituents of Deligne-Lusztig gen-
eralized characters associated with (s) (see [6, p. 57]). If s is a semisimple

2'-element of G*, let

%2(G,(s)) = {j%(G,(su)),
u

where u runs over all 2-elements of Cg-(s). By [7, Theorem 13] and [5,

Theorem 3.2], %"2(G, (s)) is a 2-block, so that a 2-block B of I(V) covers a
2-block W2(G, (s)). By [3, (5B)(c)], B covers another block g2(G, (s')) if and
only if s and s' are conjugate in I(V*), where V* is the underlying space

of G*. For each semisimple 2'-element s in Iq(V)* a dual element s* in

Io(V) of s is defined by [3, (4A)] and s* is determined uniquely by s up to

conjugacy in I(V). We shall say that s* is a semisimple label of B. Thus a

semisimple label of B is determined uniquely up to conjugacy in I(V). In this

section, we shall show that the number of weights for a 2-block of I(V) with
semisimple label s* is the number ^¡^(s*) of unipotent conjugacy classes

of Cpy)(s*). In particular, we shall get a closed formula for the number of

unipotent conjugacy classes of I(V).
First of all, we consider the symplectic group Sp(K). We shall need the

following lemma.

Lemma (1A). The following identity holds:
oo oo oo

(i.i) n^-^n^+o-z^-j=\    j=\      i=i
Proof. If C(2, m) is the number of 2-cores of rank m , then

(1.2) C(2,m) = il   *rn=^forsomei£f!,

I 0   otherwise,

where N is the set of all natural numbers. Now let P(t) and F2(t) be the

generating functions of partitions and 2-cores, respectively. Then
oo        . oo

(1.3) p(t) = Ul—ti  and ftW-E'^.
i=i ;=i

and by [12, Proposition 3.3]

(1.4) F2(t) = (P(t2))-2P(t),

therefore
oo oo . oo oo

^2w=ii(i-í2;)2iiTT7=n(i-í2;)ii(i+í'').
;=l i=l j=\ i=l

Thus (1.1) holds.
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As a consequence of (1A) we have the following corollary.

Corollary (IB). Let n0(m) and ne(m) be the number of odd and even partitions

of rank m, respectively, where an odd partition is a partition with odd parts and

an even partition is a partition with even parts. Then

m m

(1.5) n0(m) = Y^Xe(j)C(2,m-j) = *£jne(m-i)C(2, i),

j=i 1=1

where C(2,1) is the number of 2-cores of rank I given by (1.2).

Proof. Let g0(t) and ge(t) be the generating functions of odd and even parti-

tions, respectively. Then

oo oo i

go(t) = Y[(l+tl)   and   &(0 = 1173727-
/=i /=i

By (1A) g0(t) = ge(t)F2(t), and so (1.5) holds.

Proposition (1C). Let G be the symplectic group Sp(V) = Sp(2«, q) and B0
the principal 2-block of G, and let W(Bo) be the number of Bo-weights. Then

W(Bo) is the number %(1) of unipotent conjugacy classes of G. In particular,

%(i)=E/*-i>*>
K

where k runs over all 2-cores with \k\ < n and fx-\,K is the number of pairs

(Ai, k2) of partitions A,- such that \lx\ + \X2\ = n — \k\.

Proof. Let

(1.6) A-i = EA-'.«'
K

where k runs over all 2-cores with \k\ < n . By [3, (6D)(d)] W(Bo) = fx-\ ■

Let k(m, I) be the number of m-tuples (kx, X2, ... , km) of partitions A,
such that

m

i=i

Then by [13, p. 237],

(1.7) w^E^'Oí'.
/>o

The generating function of W(Bq) is

m = (f>(2,i)AF2(t2) = (jIy^t) m2),

where F2(t) is the generating function of 2-cores given by (1.3). By [14, p. 38],

the generating function of the number of unipotent conjugacy classes in G is

i=i
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Now set x = t2. It suffices to show that

By (1A) F2(x) = n~,(l -*2,)(1 +*'). so that F2(x) = 71^,(1 - x')(l +x>)2,
and (1.8) follows. This completes the proof.

We now consider an orthogonal group O(V). Let Bo be the principal 2-
blockof O(V) and W(B0) the number of 50-weights. Then W(B0) is given
by [3, (6D)j. If dim V is odd, then in the notation of [3, (6D)], W(B0) is the
number

(1.9) fx-\=       ¿^      fx-l,Kl,K2,K>

where kx and k2 run over all 2-cores such that |ki| and \k2\ are odd and

even, respectively, k runs over all 2-cores and fx-i,K,,K2,K is the number of

4-tuples (Ai ,X2,X$, A4) of partitions A, such that

|Ai I + |A2| + |A3| + |A4| = -(dim V - \kx \ - \k2\ - 2\k\) .

Let D(V) be the discriminant of V and a a non-square element of ¥q. If

dim I7 is even, then W(B0) is also given by (1.9), where kx and k2 run

over all 2-cores such that D(V) = cr'^'l and |ki| , 1*21 are either both odd or

both even, k runs over all 2-cores and fx-i,K],K2,K is the number of 4-tuples

(Ai, X2, A3, A4) of partitions A, such that

|AiI + |A2| + |A3| + |A4| = ^(dim V-\kx\-\k2\- 2\k\) .

If dim V - w and the type n(V) of V is ±, then we denote by Wj1 the
number W(B0). Thus W¿ = W~ if w is odd. Let g(t) be the generating
function of W+ + W^ , so that

*(0= (Jtk(4,w)t4AF2(t2)F2(t)2.
\w=\ J

By (1.4) and (1.7)

g(t) = P(t4)*P(t*)-2P(t2)P(t2)-4P(t)2 = P(tA)2P(t2y*P(t)2

l+tk=n_A(i-tk)(i + t2ky

On the other hand, if $¿{¡f is the number of unipotent conjugacy classes of 0( V)

such that dim F = w and n(V) = ±, then by [14, (2.6.17)], the generating
function of ^+ + i/~ is

00   M -1- /2*-h2K(t) = U( i-/-
But

(1.10)        i[(i+tk)2=no+t2k~x)2(i+t2k)2,

*:=! ^=1
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so it follows that g(t) = F¿(t).  In particular, if w is odd, then W(B0) =
W+ = W~ is the number of unipotent conjugacy classes of 0(F).

Suppose w -2n for some integer n . Then

F2(t) + F2(-t) = £ 2il*l   F2(t) - F2(-t) = £ 2r'*'l,

K K'

where k and k' run over all 2-cores such that \k\ and \k'\ are even and odd,

respectively. Thus the generating function h(t) of W^ - W2n~ is given by

(f>(4,,y;U(i2)   (^-(F2(t) + F2(-t)^ -{^(F2(t)-F2(-t))}     ,

so that h(t) = P(f4)4F2(f2)/;2(i)/!2(-0 • By (1.4) and (1.7)

h(t) = P(t*)AP(t*)-2P(t2)P(t2)-2P(t)P((-t)2)-2P(-t)

= P(/4)2/»(r2)-3P(0/'(-0
oo . oo oo .

oo . oo oo . oo .

=H(i-^)2H(1_i2*)3ß(r:^)iH(1-'4*-2)
OO , OO OO *

=n 7jT74T)2 no - ^ n dr r4*-2) •

But nr=i(i - t'k-2rx = nr=.(i+^) (<* n*, p. 42», so
oo . oo

jt=iv    ; /t=i

By [14, (2.6.18)] P(t4) is the generating function F~(t) of ^2+ - 8£. Thus
h(t) = F+(t) and then W(B0) is the number of unipotent conjugacy classes of

0( V). So we have proved the following proposition.

Proposition (ID). Let B0 be the principal 2-block of O(V), and let W(B0) be
the number of Bo-weights. Then W(Bo) is the number f^0^(l) of unipotent

conjugacy classes of O(V). In particular, if D(V) is the discriminant of V and
o is a non-square element of ¥q , then

%0(V)(l)=       E      fx-\,Kt,K2,K,
K\ ,K2,K

where kx , k2, k run over all 2-cores such that D(V) = oiK,\ and fx-i,K, ,k2,k
is the number of 4-tuples (Ax, X2, A3, A4) of partitions A, such that

|Ai I + |A2| + |Aj| + |A4| = i(dim V-\kx\-\k2\- 2\k\) .

Now let B be a 2-block of I(V) covering %2(Io(V), (s)) for some semisim-

ple 2'-element s of Iq(V)* , and let s = ür^r be the primary decomposition
of s in G* in the sense of [11, p. 125]. In addition, let m?(s) be the multiplic-

ity of T in 5, let Vj_l be the underlying space of sX-\, and let VX-\ be the
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space dual of V^_x in the sense of [11, (3.1)]. By [3, (6E)] the number W(B)

of J?-weights is flr-fr* where fr is the number of partitions of rank mr(s) ex-
cept when r = X - 1, in which case fx-\ is given by ( 1.6) or ( 1.9) with dim V

replaced by dimFr_i according as V is symplectic or orthogonal. Thus fX-X
is the number of unipotent conjugacy classes of I(VX-X) by (1C) and (ID). By

[11,(1.13)]

Ch(vy(sY~   n   GL(mr(5),er^r)x/o(^-i),
iy^-i

where er and ôr are defined by [11, (1.8) and (1.9)] and GL(w, -qs) -
U(#», qs) for all ô > 1. Let s* be a dual of j in I0(V) defined by [3, (4A)]
with the primary decomposition fir5? • By [3, (4.1)]

cIoiV)(s*)^cIo{V).(sy

and by definition, mr(s*) - mr(s) for T ^ X -I and VX-\ is the underlying

space of sx_x, therefore

CI{V)(s*)~   JI   GUmr(s*),erq*)xI(Vx-i).
T^X-l

But the number of unipotent conjugacy classes of GL(m, eqs) for any sign

e = ± and ô > 1 is the number of partitions of rank m, so W(B) is the

number of unipotent conjugacy classes of C/((/)(s*). Thus we have proved the

following.

Proposition (IE). Let B be a 2-block of I(V) with a semisimple label s* for

some semisimple 2'-element s* of Io(V). Then the number W(B) of B-weights
is the number of unipotent conjugacy classes %(v)(s*) of Cpv)(s*). In particu-

lar, if T\tst is the primary decomposition of s* in I(V) in the sense of [I I, p.
125], then

2V)(**) = n/r>
r

where fr is the number of partitions of multiplicity mr(s*) of the elementary
divisor T in s* except when T = X - 1, in which case fx-\ is given by (1.6)

or (1.9) with V replaced by the underlying space of sx_x according as V is

symplectic or orthogonal.

Remark (IF). As a corollary of (IE), we can get an affirmative answer for

Alperin's weight conjecture for I(V). Indeed, if W(I(V)) is the number of

weights of I(V), then by (IE),

(1.11) W(I(V)) = Y.Vpv)(s*),
s'

where s* runs over all semisimple 2'-elements of I(V). Now the right-hand

side of ( 1.11 ) is the number of conjugacy classes of 2-regular elements in G and
it is the number of irreducible Brauer characters 1(1 (V)) of I(V) by a result

of Brauer. Thus W(I(V)) = l(I(V)) and the remark follows.

2. The number of irreducible Brauer characters

The notation and terminology of § 1 are continued in this section. The number

of irreducible Brauer characters in a 2-block of a symplectic or special orthogo-
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nal group will be given and the weight conjecture of Alperin will be confirmed
block by block for a symplectic or odd-dimensional orthogonal group.

The proof of the following proposition was pointed out by the referee of [3].

Proposition (2A). Let q be a power of an odd prime, G = Io(V), B a 2-block
of G, and 1(B) the number of irreducible Brauer characters in B. If B =
%>2(G, (s)) for some semisimple 2'-element s of the dual group G* = Iq(V)* ,

then 1(B) is the number of unipotent conjugacy classes of CG*(s)*.

Proof. Let t* be a semisimple 2'-element of G, and let t be its dual given

by [3, (4A)], so that CG(t) ~ CG.(t)*. Let %(t)* be the number of unipotent
conjugacy classes of CG(t*). If dim F < 2, then it is trivial to check that
1(B) = &(s*). Suppose i/1. Then CG.(s) is a proper regular subgroup of
G* and CG(s*) is its dual group. By Broué [5, Theorem 2.3] there is a perfect
isometry between B and <§2(Cg(s*), (1)). It follows that 1(B) is the number

of irreducible Brauer characters of W2(CG(s*), (1)). Let firsr ^e me primary

decomposition of s* in G and Fr_i the underlying space of sx_x. Then

CG(s*)~(   J]   GL(mr(s),erq^)\xIo(Vx_x)

\r>ur-i /

and dim Vx_x < dim V, so by induction l(^2(Io(VX-X)), (1)) is the number of

unipotent conjugacy classes of Iq(VX-X) . By [10, §8] l(GL(mr(s), er-q0*')) is

the number of partitions of rank m\-(s). Thus 1(B) = %(s*). Now let s = 1.
The number of irreducible Brauer characters 1(G) of G is

(2.1) /(50)+E^('*)>
<-*i

where t* runs over all representatives for the semisimple conjugacy 2'-classes

of G with í* t¿ 1. By a result of Brauer 1(G) is the number of conjugacy

2'-classes in G, so that

1(G) = V(\) + £^(0.
(Vi

It follows that l(B0) = %(l) and this proves (2A).

Proposition (2B). Let V be a symplectic or odd-dimensional orthogonal space

and B a 2-block of I(V) such that B covers a 2-block B' = %2(h(V), (s)) of
/o(F), where s is a semisimple 2'-element of the dual group h(V)* of Iq(V) .

Let s* be a dual of s in h(V) given by [3, (4A)], and let %(V)(s*) be the
number of unipotent conjugacy classes of C^V)(s*). In addition, let W(B) be

the number of B-weights. If 1(B) is the number of irreducible Brauer characters

in B, then 1(B) = W(B) = %(V)(s*). In particular, Alperin's weight conjecture

holds for B block by block.

Proof. Let î/la(V)(s*) be the number of unipotent conjugacy classes of
Ch(V)(s*). If V is symplectic, then I(V) = I0(V) and CI{y)(s*) ~ CI(y).(s)*.
By (2A) and (IE) 1(B) = %{V)(s*) = W(B). If V is odd-dimensional orthog-
onal, then /(F) = (-1^) x G and CI{V)(s*) = (-lv) x CIo(V)(s*), where lv

is the identity of I(V). Thus %{V)(s*) = %„(v)(s*) and 1(B) = l(B'), so that
(2B) follows from (2A) and (IE).
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Remark (2C). In the notation of (2B), suppose V is even-dimensional orthogo-

nal. If the multiplicity mx_x(s*) of X-l in s* is zero, then %iV)(s*) = 1(B)
and so Alperin's weight conjecture has an affirmative answer for B. Indeed, in

this case CI{v)(s*) = CIo{v)(s*), so that %{V)(s*) = %o{V)(s*) = l(B'). Let x

be an involution of I(V*) with determinant -1, where V* is the underlying

space of h(V)*. Then g2(h(V), (sx)) is a block B" of I0(V) and B covers
B" by [3, (5B)]. Since s is not conjugate with sx in /o(F)*, it follows that
B' ¿ B", so that Bn = B" and t £ N(B'), where N(B') is the stabilizer of
B' in I(V). Thus N(B') = I0(V) and 1(B) = l(B') by a result of Fong and
Reynolds [9, Theorem V.2.5]. It follows that %(V)(s*) = 1(B) and the remark
follows.
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