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ULTRAMETRICS AND GEOMETRIC MEASURES

H. MOVAHEDI-LANKARANI AND R. WELLS

(Communicated by James E. West)

Abstract. Let Z be a locally connected, locally compact, and separable metric

space equipped with a geometric measure v . It is shown that if a subset Y of

Z is bi-Lipschitz isomorphic to an ultrametric space, then v(Y) = 0 .

1. Introduction and results

An AZ-dimensional ( A^ > 0 a real number) geometric measure on a metric

space (Z, dz) is a Borel measure v on Z with the property that there exist

constants p £ (0, 00] and C £ [1, oo) such that rN/C < v(B(z, r)) < CrN

for all z £ Z and r £ (0, p) ; cf. [3]. Here, B(z, r) denotes the open ball of

radius r centered at z. In particular, the Lebesgue measure p on R^ is an

A/-dimensional geometric measure. We note that if Z is a metric space which

admits a geometric measure v, then Z does not have any isolated points.

Moreover, v({z}) = 0 for every z £ Z .

A map /: (X, dx) -* (Z , dz) of metric spaces is said to be bi-Lipschitz if

there exists a constant L £ [1, oo) such that dx(xx, x2)/L < dz(f(x\), f(x2))

< Ldx(xx, x2) for all xx, x2 e X. In this case we say that the spaces X

and f(X) are bi-Lipschitz isomorphic. An important property of bi-Lipschitz

maps is that they preserve Hausdorff dimension. In this paper we study the
"size" of a subset Y of a metric space Z , where every point of Y has a

neighborhood in Y which is bi-Lipschitz isomorphic to an ultrametric space.

Recall that a metric space (X, dx) is an ultrametric space if dx(xx, x2) <

ma\{dx(xx, X}), dx(x2, X3)} for every xx, x2, X3 £ X. It is well known that

ultrametric spaces are topologically "very small"; they are all of covering di-

mension zero. Yet there exist ultrametric spaces with nontrivial A^-dimensional

Hausdorff measure for N > 0. Our main result implies that no such space can

be bi-Lipschitz isomorphic to a subset of a locally connected metric space Z

equipped with an A^-dimensional geometric measure.
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Theorem 1.1. Let N > 0 be a real number and let Z be a locally connected

metric space equipped with an N-dimensional geometric measure v . Let Y be

a subset of Z with the property that every point of Y has a neighborhood in

Y which is bi-Lipschitz isomorphic to an ultrametric space. Suppose that Y is

separable and that every point of Y has a neighborhood in Y whose closure in
Z is compact. Then v(Y) — 0.

As an immediate corollary of the above theorem we get the following result.

Corollary 1.2. Let Y be a subset of RN with the property that every point of

Y has a neighborhood in Y which is bi-Lipschitz isomorphic to an ultrametric

space. Then p(Y) = 0.

The converse of Corollary 1.2 is obviously false. Indeed, a totally discon-

nected counterexample is provided by the set Y = {0} U {zz-1 | zz > 1} c Rl ;

see [8, Proposition 2.14].
In order to state the next corollary, we need more terminology. A bi-Holder

equivalence of order 5 > 0 (both above and below) (X, dx) —> (X', dx') is a

bi-Lipschitz isomorphism (X, dsx) —► (X', dx*) ■ The next result follows from

the observation that if (X, dx) is an ultrametric space and s > 0, then (X, dsx)

is also an ultrametric space.

Corollary 1.3. Let Y be a subset of R^ with the property that every point of

Y has a neighborhood in Y which is bi-Hölder equivalent of order s > 0 to an

ultrametric space. Then p(Y) = 0.

In order to put the above two corollaries in a proper perspective, we observe

that the Cantor ternary subset of [0, 1] is bi-Lipschitz isomorphic to an ultra-

metric space. However, if we require that Y be locally isometrically isomorphic

to an ultrametric space, then Y must be even "smaller" — it must be locally
finite and hence a discrete set. Indeed, an ultrametric space can be isometrically

embedded in R^ if and only if it has at most N + 1 points. This was inde-

pendently proved by Timan [10] (in a special case), Lemin [5], and Aschbacher,

Baldi, Baum, and Wilson [1]. In contrast, Kelly [4], Timan and Vestfrid [11],
and Lemin [5] have independently shown that every ultrametric space can be

isometrically embedded in a Hubert space. More recently, Luukkainen and the
first author [7] have established that any ultrametric space of metric dimen-

sion < N can be bi-Lipschitz embedded in R^. (For definitions see [2] and

[7].) They conjecture that zzo ultrametric space of metric dimension N can

be bi-Lipschitz embedded in RN. Corollary 1.2 settles this conjecture in the

affirmative for a certain class of ultrametric spaces. (By [2, Proposition 8],
the Hausdorff dimension of a metric space is less than or equal to its metric

dimension.)

Corollary 1.4. Let X be an ultrametric space of positive N-dimensional Haus-

dorff measure. Then there is no bi-Lipschitz embedding of X into RN .

More generally, Semmes [9] has strengthened Corollary 1.4 to the following

result.

Theorem 1.5 (S. Semmes). Let X be an ultrametric space and suppose that there

exists a bi-Lipschitz embedding f of X into RN. Then f(X) has Hausdorff
dimension less than N.
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In fact, we have learned that Luosto [6] has settled the conjecture in [7] in

the affirmative. More specifically, he has established the following theorem.

Theorem 1.6 (K. Luosto). Let X be an ultrametric space of metric dimension

> N. Then there is no bi-Lipschitz embedding of X into RN .

Finally, it was noted by the referee (with our thanks) that the proof of one

of the results in an earlier version of this manuscript could be refined to prove

the following proposition. (For a definition and some of the properties of log-

arithmic ratio see [8]. Also, see Section 2 for a definition of 3(a).)

Proposition 1.7. Let Y be a compact subset of RN and let R(Y) denote the
logarithmic ratio of Y.

(a) If R(Y)< I, then p(Y) = 0.
(b) If R(Y) = 1  and if I(r) < 1 for all r > 0, then p(Y) = 0.  Here,

I(r) = inf{Pi(a) \ a is a clopen partition of Y with 0(a) < r} .

2. Proof of Theorem 1.1

In the proof of Theorem 1.1 we may assume that Y is compact and bi-

Lipschitz isomorphic to an ultrametric space. In fact, we may first assume that

there is an ultrametric space X with a bi-Lipschitz isomorphism f : X -* Y

and that Y is compact. Then it suffices to observe that the completion X of X

is also ultrametric and that / extends to a bi-Lipschitz isomorphism X —► Y,

allowing us to replace y by Y. It follows that Y is totally disconnected. We

may moreover assume that Y is nondiscrete. Now Theorem 1.1 follows from

Lemma 2.3 below.
Let X be a nondiscrete totally disconnected compact metric space, and let

sf(X) be the set of all clopen partitions of X different from the one-element

partition {X} . If a e s/(X), define the diameter

3(a) = max{dianu4 \ A £ a} > 0

of a and the gap

y(a) = min{dist(^,A')\A,A'ea, A ¿ A'} > 0

of a. Then the set sf*(X) of sequences (a„) in sé(X) with  limrí(a„) = 0 is
n—>oo

nonempty, and   lim y(an) = 0 for each (a„) £ sf*(X) by [8, Lemma 2.2]. In
n—>oo

the proof of Lemma 2.3 we use the observation that exactly one of the following

two properties holds:

(i)    There is a sequence (a„) £ sf*(X) with y(a„) > 8(a„) for all zz.

(ii)    Each sequence (a„) £ srf*(X) has a subsequence (a„k) £ s/*(X) with

y(otnk) <d(a„k) for all k.

Define JV(Y, r) = {z 6 Z | dist(z, Y) < r} for Y c Z and r > 0.

Lemma 2.1. Let Z and v be as in Theorem 1.1, and let Y be a nondiscrete

totally disconnected compact subset of Z . Then there is a constant a > 0 with

the following property: Iff a £ s/(Y) with 3(a) < a and if s £ (0, y (a)), then

- [f (Y, irfa))) >»(jr(r, i*)) + ̂ (y(a)-s)N.
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Proof. Let Wo = {D | D is a component of Z}. Since Z is locally connected,

Wo is a clopen partition of Z . Hence, diam D > 0 if D £Wo . Let ^ = {D e

go | O n T t¿ 0}. Then a0 = {DnY \ D £W} is a clopen partition of Y .
Consider a parameter o > 0, which we adjust in the sequel, and a clopen

partition a ^ {Y} of Y with ¿(a) < cr. Assuming a < y(a0) if a0 ^ {Y}, we

have that a is a refinement of a0. If D £ W, let aD = {A £ a \ A c D} and

Yd = UQo ; men *o = y n ^ • We assume further that o < minjdiami) | D e

g7}. We have that YD f D whenever D £ W, for if YD = D, then D € a as

D is connected, and so S (a) > diamD > o . Choose zD £ D \ Yd if D £ W.

We assume that o is so small that \y(a) < min{dist(zo, Yd) \ D £ W}. We

assume finally that o is so small that y (a) < p ; then v(JV(Y, \y(a))) < oo as

JT(Y, \y(a)) CJV(Yo, y (a)) for some finite set T0cT.

Let 5 6 (0, y(a)), r = ¿(y(a) + s), and rx = \(y(a) - s). Consider D £W

and A £ ao ■ Since r < \y(a) < dist(zo, Yd) < dist(zß, A) and since D

is connected, there is a point zA £ D with dist(z/4, A) = r. Let B(A) =

B(zA, rx). From r - rx = ^s we get that B(A) C\jV(A, ¿s) = 0 and from

r + rx = {y(a) that B(A) cJ"(A, {-y(a)). Since {JIT(A, \y(a)) \ A £ a) is

a partition of ¿V(Y, ¿y(a)), we conclude that {B(A) | A £ a} is a disjoint

family in pT(Y, {y(a))\yf(Y, ±s). Hence,

v (f {J,\y(aty -v (jV (y,l-s

>"£p(B(A))>(carda)^
A£a

carda. N
= ^ûç(y(a)-s)N.   a

Lemma 2.2. Let Z , v , Y, and o be as in Lemma 2.1, and let (an) £ sf*(Y)

besuchthat 3(a„) < M(y(a„) - y(an+x)) for all n with some constant M>0.

Then u(Y) = 0.

Proof. Let yf„ — yV(Y, \y(an)). We may assume that v(jVn) < oo and

S(a„) < a for all zz. Since (jVn) is a decreasing family of open sets of fi-

nite measure with intersection  Y, we have that   limu(J/"„) = u(Y).   Since
n—>oo

(cardan)(y(an) - y(an+x))N < 4NC(u(An) - u(yfn+x)) for all n by Lemma 2.1,

we get that

lim (carda„)(y(a„) - y(a„+x))N = 0.
n—»oo

If n > 1 , choose a point pA £ A for A £ a„ . Then

TC   (J B(pA,2S(an)).
,46fi„

Hence,

v(Y) < (cardan)C2N3(a„)N < C2NMN(cardan)(y(a„) - y(a„+l)f - 0

as zz —> oc , implying that v( Y) - 0. D

Lemma 2.3. Theorem 1.1 holds if the subset Y is nondiscrete, compact, and

bi-Lipschitz isomorphic to an ultrametric space.
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Proof. Assume first that there is a sequence (a„) £ sf*(Y) such that, letting

3n - 3(an) and y„ = y(a„), we have y„ > 3„ for all zz. Passing to a sub-

sequence of (an) we may then assume that y„+x < y„ - 3„ for all zz. Now

dn < 7n - yn+i for all n . Hence v(Y) = 0 by Lemma 2.2.
Consider then the remaining case. We are given an ultrametric space (X ,dx),

a homeomorphism /: X —> Y, and a constant L > 1 such that dx(xx, x2)/L <

dz(f(xi), f(x2)) < Ldx(xx, x2) for all xx, x2 £ X. For s £ (0, diamX), let
ß(s) be the cover of X by closed balls of radius 5 . It is easily seen that any

two such balls are either disjoint or identical. Consequently, ß(s) is a clopen

partition of X distinct from {X} with 3(ß(s)) < s. Furthermore, it is also

easy to see that the distance between any two disjoint closed s-balls is greater

than 5, implying that y(ß(s)) > s.
Next, we define a clopen partition a(s) ^ {7} of F by setting a(s) —

{f(B) | B £ ß(s)} . Then 3(a(s)) < L3(ß(s)) < Ls and y(a(s)) > y(ß(s))/L >

s/L, implying that 3(a(s)) < L2y(a(s)).
Now choose an arbitrary sequence (s„) of positive numbers converging to zero

and put a„ = a(s„), 3„ = 3(a„), and yn = y(an)\ then (an) £ srf*(Y) and

3n < L2yn . Passing to a subsequence of (s„) we may assume that yn < 3n for

all zz. Now passing again to a subsequence of (s„) we may assume, in addition,

that r5„+i < 3„/2L2 for all zz. Then 8n < 23„ - 2L23„+X < 2L2(y„ - yn+i) ■
Hence u(Y) = 0 by Lemma 2.2. D
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