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Abstract. For a semiflow on a complete metric space we show that if a semior-

bit has compact closure and its positive limit set consists of stable points, the

orbit is asymptotically almost periodic. Under stronger hypotheses which are

more tractable in applications, the same conclusion holds. An application to a

scalar delay-differential equation is given.

In this paper we deal with a semiflow on a complete metric space {X, d} ; i.e.,

with a function <ï> continuous on R+ x X to X, where R+ denotes the set of

nonnegative real number. If for (t, x) £ R+ x X we denote the function values

by <D,(x), we assume <P0(->0 = x, and 9tl+ll(x) = O^cE^x)) for (tx, x),
(t2,x)£R+ xX.

We define

(i)  0+(x) = {<P((x):/>0},
(ii)  S = {x £ X:  for each e > 0 there exists a S(x) > 0 such that d(x, y)

< ô(x) implies é/(<Pí(x) , <P,(y)) < e for t > 0},
(iii)  AP - {x £ X:   for each e > 0, there exists an L = L(e, x) >

0 such that for each real a there exists a x £ [a, a + L] such that

í/(Oí+t(x) , 0,(x)) < e for all t>0,t + x>0}.

We call 0+(x) the semiorbit through x, S the set of stable points, and

AP the set of almost periodic points. Definition (ii) is fairly standard (cf.
[1], [2]), while (iii) is introduced in [3]. While 5 could clearly be empty, for

semiflows with certain monotonicity properties, 5 is not only nonempty, but

has an interior dense in X (cf. again [1], [2]). The set AP clearly contains the

set of periodic points in X ; i.e., the set of x for which there exists a x > 0

such that 3>T(x) = x. In fact, the set AP was introduced in [3] in proposing a

more general definition of chaos, in which the condition on periodic points is

replaced by a corresponding condition on AP points.

In our main results we require the following additional definition:

(iv)   AAP = {x £ X:  there exists ay £ AP such that d(<J>,(x), 0,(y)) -»
0 as t -* oo} .

We call AAP the set of asymptotically almost periodic points, and say that

for x e AAP, 0+(x) is asymptotically almost periodic.
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It follows that for a fixed x e AAP, the corresponding y £ AP is unique.

To show this we introduce the following notation: for each e > 0 and x £ X

we define

(v)   E(e,x) = {x£R: d(Q>l+T(x), <P,(x)) < e for t > 0, t + x > 0} ;

here R denotes the set of real numbers.

From the definition of x £ AP, it follows that x £ AP if and only if there
exists a L = L(e, x) > 0 such that any real interval of length L contains a

point of E(e, x) ; i.e., E(e, x) is relatively dense.

Lemma 1. If x £ AAP, the corresponding y £ AP is unique.

We outline a proof. It can be established that if yx and y2 are AP points,
then for each e > 0, E(e, yx)C\E(e, y2) is nonempty; this is nontrivial, but can

be proved along the lines of a similar result proved in [4]. From this it follows

that given e > 0, there exists arbitrarily large x £ R such that for yx, y2 £ AP

(1) i/(vi,<Dr(yi))<e,    d(y2, 0T(y2)) < e.

If d(<S>t(x), 0,(y,)) -♦ 0 as t —> oo, / = 1, 2, there clearly exists x such

that (1) holds and also d(<Pr(yx), <DT(y2)) < e . So d(yx, y2) < d(yx, <DT(vi)) +
d(<t>T(yx), <DT(y2)) + d(<!>r(y2), y2) < 3e and, since e is arbitrary, yx = y2 .   D

In what follows, if A is a subset of X, we denote by A its closure. We also

define

(vi)   o)(x) = {y £ X: Oin(x) —> y for some sequence tn —► oo as « —> oo}

and refer to co(x) as the positive limit set of x .

Theorem 1. Let 0+(x) be compact and œ(x) C S. Then x £ AAP, and

œ(x) c AP.

Proof. Let {tn: « = 1,2,...} be such that tn —► oo as « —> oo and tn >

0, n — 1,2, ... . Since 0+(x) is compact, there exists a subsequence {nk : k =

1,2,...} of the sequence of integers {«} such that if lk = t„k , there exists

a y £ co(x) such that ®¡k(x) —» y as k —> oo. Since y £ S, it follows

that 0t(®-h(x)) - Q>t+-tk(x) -• 0((y) as k -+ oo uniformly for í > 0. By an

argument similar to that used in the proof of Theorem 9.3 in [5], we conclude

that there exists a function f:R+^>X, uniformly continuous and bounded in

R+ , and such that for each e > 0,

E(f, e) = {x £ R: d(f(t + x), f(t)) < e    for t > 0, / + x > 0}

is relatively dense in R and such that

d(<b,(x), f(t)) -*0    as/ ^oo.

Let e > 0, and let xk £ E(f, e) be such that xk —» oc as k —» oo ; we may

suppose by using a suitable subsequence if necessary that <PT/l(x) -> y € <y(x)

as /c -+ oo and, in fact, also 0,+Tyt(x) -» 0,(y) as /: -> oo uniformly for r > 0,

since y e 5". But

(2) +úí(<Dm,(x),/(/ + Tfc))

+ d(f(t + xk),f(t)),
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and so for k sufficiently large

d(Ot(y),f(t))<3e,    t > 0.

So f(t) = <£>/(y), t > 0, and so y £ AP by definition, and we have that
x 6 AAP. To show that œ(x) c AP, let z £ co(x). Then O^(x) -» z as

fc-KX) for some sequence ^ -»oo as Ä; —► oo . Since x € AAP, there exists

yeiP such that <P((x) - 0;(y) -> 0 as t -> oo. Since y € /IP, there exists

a sequence t^ -+ oo as k -> oo such that 4>/it (y) -* y as k —> oo. It follows

that 0Tik(x) -»y as k -> oo. But <P/t(x) - 4>i;l(y) -> 0 as /c -> oo, so clearly

®tk(y) -»z as fc-»oo. Since z £ S, <¡>t+tk(y) -* Ot(z) as k —> oo uniformly
for / > 0, and since y e ^P, we have, by a straightforward argument which

we omit, that z e ^P .   D

The existence of A P points can be established in terms of another type of

stability which, although stronger, is in certain applications easier to establish
than the type used so far.

Definition 1. Let B be a subset of X ; we say that the semiflow <P is equistable

on B if given e > 0, there exists a ô = 6(B) > 0 such that d(x, y) < ô, x, y £

B, implies ¿(<P,(x), 0,(y)) < e, t > 0.

Theorem 2. Let 0+(x) be compact, and let i> be equistable on some open set

B d oj(x) . Then x £ AAP and co(x) £ AP.

This is a very simple corollary of Theorem 1 since it is easily seen that if <I>

is equistable on B c X and B is open, then B c S. We note, however, that

unless B is open, this does not follow.

We apply Theorem 2 to show that certain delay-differential equations have

asymptotically almost periodic solutions. In particular, we consider the scalar

equation

(3) x'(t) = ax(t-l)-f(x(t),x(t-l)),    t>0,

with initial condition x(s) = ip(s), -1 < s < 0, where y/ is a given real-valued

function continuous on [-1,0], the set of which we denote by C[-1, 0], a > 0

is a constant, and f(x, y) is continuously differentiable on R2 = Rx R.

Theorem 3. Suppose

(3.1) /(0,y) = 0    for ally,

(3.2) ^L{X:y)>i^L{Xjy)i + a    for (x,y)¿ (0,0).

Then all solutions of (3) are asymptotically almost periodic.

Proof. It is well known that the solutions of (3) generate a semiflow on C[-1, 0]

given by &t(ip) = x(t + s, y/), -I <s<0,/>0, where x(t, ip) denotes the

unique solution of initial value problem (3). It is also known that if x(t, y/)

is a bounded solution on r > 0, the set {Ó>t(y/): t > 0} has compact closure

in C[-l, 0]. Here we may clearly take the metric d on C[-l, 0] in terms of
the supremum norm; i.e., for y/x, y/2 £ C[—1, 0],

d(Wi, W2) = sup{\y/x(s) - y/2(s)\:   - 1 < s < 0}.
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We next show that under conditions (3.1)—(3.2), this semiflow will be eq-

uistable on all of C[-l, 0] ; we can then conclude from Theorem 2 that all

bounded solutions of (3) are asymptotically almost periodic in the sense that

each y/ £ C[-l, 0] for which {<¡>t(ip): x > 0} is bounded is in AAP for this
semiflow.

Let x(t, y/x) and x(t, y/2) be any two solutions of the initial value problem

(3), and define ¿¡(t) = x(t, y/x) - x(t, y/2). We use the Liapunov-Razumikhin

technique with the Liapunov function V(t¡) = t¡2/2 for the equation satisfied

by£(i):

(4) {'(0 = «é('-i)-££é(0-§£<;(*-i)

where |^ and §£ are evaluated at the point (x(t, y/2) + d(t)Ç(t), x(t- 1, y/2) +

6(t)cl(t-l)) ; here 6(t) £[0, I] : we have clearly used the Mean Value Theorem.

Using (4), we have

*(iW* = «M)-^)-|»-.)

< a(2C) - (|§£| +a) (Hi) + if^lí2«) = 0

whenever V(Ç(t + s)< V(c¡(t)), -1 < s < 0. So by the Liapunov-Razumikhin

technique (cf. for example [6]) we conclude that

V(i(t)) < sup{\y/x(s) - y/2(s)\ :   - 1 < 5 < 0}.

This clearly shows that the semiflow <t> is equistable on C[-1,0]. Since we

may choose y/2(s) = 0, -I < s <0, and so have x(t, y/2) = 0 for r > 0, this

also shows that x(t, y/) is bounded on i>0 for each y/ £ C[-l, 0], and so
our proof is complete.    D

We note that as a consequence of (3.1 ) and (3.2), the equilibrium point x = 0

of (3) is stable but not necessarily asymptotically stable. It could however be

an attractor for all solutions of (3). On the other hand, the special case of (3)

with f(x, y) = ax is a linear autonomous delay equation, and by a standard

analysis of the associated characteristic equation, we find that 0 is a simple root
of this equation and all other roots have negative real parts. Thus in this case,

all solutions are asymptotic to some constant. Since each constant is a solution

to this special case, none of these equilibrium solutions is asymptotically stable.
Finally, it may be of interest to point out that for flows on R x X, i.e.,

dynamical systems on R, stability conditions that guarantee that a point be an

AP point are known (cf. part 2 in [7]). One such result (due to A. A. Markov)

mentioned in [7] is in terms of an equistability condition on the orbit of the

point. This condition has been used to establish the existence of almost periodic
solutions of autonomous ordinary differential equations.
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