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UNIQUENESS OF POSITIVE SOLUTIONS
OF NONLINEAR SECOND-ORDER EQUATIONS

ROBERT DALMASSO

(Communicated by Hal L. Smith)

Abstract. In this paper we study the uniqueness question of positive solutions

of the two-point boundary value problem: u"(t) + f(\t\, u{t)) = 0, -R <

t < R, u{±R) = 0 where R > 0 is fixed and /: [0, R] x [0, oo) -► R is

in C'([0, R] x [0, oo)). A uniqueness result is proved when / satisfies some

appropriate conditions. Some examples illustrating our theorem are also given.

1. Introduction

In this paper we study the question of uniqueness for solutions u G

C2([-R, R]) of the two-point boundary value problem

ru"(t)+f(\t\,u(t)) = 0,       -R<t<R,

(1.1) I u(±R) = 0,

{ u(t) >0, -R<t<R,

where JR > 0 is fixed and the function /: [0, R] x [0, oo) -> R is in C1 ([0, R] x
[0, oo)) and satisfies the following hypotheses:

(Hi)   ufuit, u) > fit, u) for (i,«)G[0,JR]x(0,oo).
(H2)   Mi, u)<0 for (t,u)e [0,H]x[0, oo).
(H3)   There exists u > 0 such that f(R, w) > 0.

Conditions for the existence of solutions of ( 1.1 ) were studied by many au-
thors: see for instance De Figueiredo, Lions and Nussbaum [2], Granas, Guen-

ther and Lee [4], Lions [8], Rabinowitz [10] and the references therein.

The uniqueness question for problem (1.1) was studied in the case where

f(\t\, u) is nonnegative, nondecreasing in u and concave in u in the following

generalized sense: for u > 0 and arbitrary x e (0, 1), f(\t\, xu)-xf(\t\, u) > 0
for t G (-R, R) (see for instance Krasnoselskii [6]). A uniqueness result was

also established by Ni and Nussbaum [9] for a different nonlinearity. When

f(\t\, u) is nonincreasing in u, uniqueness is easily obtained: see Granas,

Guenther and Lee [4]. Recently, in the particular case where f(\t\,u) =

p(\t\)f(u), several uniqueness results have been established in [1] under weaker

regularity assumptions.
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We shall prove the following theorem.

Theorem 1. Let f e C'([0, R] x [0, oo)) satisfy (Hi) - (H3). Then problem
(1.1) has at most one solution in C2([-R, R]).

Remark 1. It follows from a result of Gidas, Ni and Nirenberg [3] that under the

assumption (H2) any solution u G C2([-R, R]) of problem (1.1) is necessarily
symmetric about the origin and such that u' < 0 on (0, R). Therefore solutions
of (1.1) can be treated as positive solutions of

(u"(t)+f(t,u(t)) = 0,        0<t<R,

[ ' ' \ u(R) = u'(0) = 0.

The key ingredient is the use of the function

du,
<p(t, a) =—(t, a)

8a

where u is considered as a function of both t and the parameter a - w(0).
The main point is to show that <p changes sign only once in [0, R] and that

<p(R, w(0))<0.
The function <p has been used in cases where / in (1.2) also depends on

u' and even when / is singular at t = 0. For instance Kwong [7] established

uniqueness for the following boundary value problems:

m
u"(t) + —u'(t) + u(t)p-u(t) = 0,        u(t) >0,0<a<t<b<oo,

u'(a) = 0,

u(b) = 0   ifZ><oo

lim u(t) = 0   if b = oo

or

with m > 0, p > 1 and p < (m + 3)/(m - 1) if a = 0 and m > 1.
In Section 2 we introduce an initial value problem for the differential equa-

tion in (1.2) and we state our main result—Theorem 2—from which we derive

Theorem 1. Section 3 is devoted to the proof of Theorem 2: some crucial lem-

mas are needed. Finally some examples to which our theorem applies are given

in Section 4.

2. Main results

Let f£Cl([0,R]x[0, oo)). If we set

f(t,u) = f(R,u)   for t>R

and
f(t,u) = f(t,0) + ufu(t,0)   for«<0,

then we can assume that / g C([0, oo) x (-co, oo)) and that / is continuously

differentiable in u. Moreover if (H2) is verified we can assume that / is

nonincreasing in t > 0 when u > 0.

Now we introduce the initial value problem

(2.1) u"(t) + f(t,u(t)) = 0,        t>0,

(2.2) u(0) = a,        w'(0) = 0
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where a > 0 is a parameter. The unique solution of this problem will be

denoted by «(•, a) or h. u(-, a) is defined on a maximum interval [0, Ta)

(Ta = oo possibly). We define t(a) by

t(a) = sup{i G [0, Ta); u(s, a) > 0 for s G [0, t)} .

If u(t, a) > 0 for all t e [0, Ta), then ¿(a) = FQ and if «(•, a) has a finite

zero in [0, Ta), i(a) denotes the first zero of «(•, a) in [0, Ta).

Remark 2. When t(a) < Ta we have u(t(a), a) = 0. Under the assumption

(H2) the solution «(•, a) of problem (2.1), (2.2) is such that u'(t, a) < 0 for

? G (0, í(a)) : as before this follows from a result of Gidas, Ni and Nirenberg

[3].
We introduce the following definition.

Definition. The solution u(-, a) of problem (2.1), (2.2) is said to be admissible
if

(i) t(a)<R;

(ii) u'(t,a)<0 for /G[0, t(a));

(iii) /(0,a)>0.

Remark 3. Let u(-, a) be an admissible solution of problem (2.1), (2.2). (ii)

implies that u(-, a) is bounded on [0, t(a)). Therefore t(a) < Ta and hence

u(t(a), a) = 0.

Now we can state our main result.

Theorem 2. Let f G C'([0, R] x [0, oo)) satisfy (H{) - (H3). If the solution
u(-, an) of problem (2.1), (2.2) is admissible for some a0 > 0, then we have:

(i) u(-, a) is admissible for all a G [an, oo) ;

(ii) t(a) is a strictly decreasing function of a G [an, oo).

The proof of Theorem 1 is now easy. Let u G C2([-R, R]) be a solution of
problem (1.1). By Remark 1 u can be treated as a positive solution of problem

(1.2). Therefore u is the solution of problem (2.1), (2.2) such that a = u(0)

and t(a) = R < Ta. We first show that u is admissible. By Remark 1 again it is

enough to show that /(0, w(0)) > 0. If not, (H2) implies that f(t, u(0)) < 0
for all t e[0,R]. Then by (Hi) we deduce that f(t, u) < 0 for t G [0, R]
and « G (0, w(0)). Thus u" > 0 on (0, R) from which we get «' > 0 on
(0, R) and we reach a contradiction. Now let v G C2([-R, R]) be another

solution of problem (1.1) and assume for instance that u(0) < v(0). Since

t(u(0)) = t(v(0)) = R, we get a contradiction with (ii) in Theorem 2.

3. Proof of Theorem 2

We first state and prove two lemmas ( 1 and 4) which are needed in the proof

of Theorem 2.

Lemma 1. Assume (Hi) and (H2). Let u(-, a) be an admissible solution of

problem (2.1), (2.2). Then y> = tp(-, a) = |^(-, a) is such that q>(t(a), a) < 0.

We shall need two lemmas.
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Lemma 2. Assume (Hi) and (H2). Let «(•, a) be an admissible solution of

problem (2.1), (2.2). Then

(i)  t(a) < Ta, u(t(a), a) = 0 and u'(t, a) < 0 for í G (0, t(a)) ;

(ii) (u'/u)' <0 on (0,t(a)).

Proof, (i) is given by Remark 3 and Remark 2. We now prove (ii). We have

(3.1) u(t)2(u'/u)'(t) = u"(t)u(t) - u'(t)2 = -(u(t)f(t, u(t)) + u'(t)2)

for t G (0, t(a)). Denoting by y/(t) the right-hand side in (3.1) we get

ys'(t) = -{u(t)f(t, u(t)) + (u(t)fu(t, u(t)) - f(t, u(t)))u'(t)}

for t G (0, t(a)). Using (i), (Hi) and (H2) we obtain y/'(t) > 0 for t G

(0, ¿(a)) and hence y/(t) < y/(t(a)) = -u'(t(a), a)2 < 0 for t G (0, ¿(a)) and

the lemma follows.

Lemma 3. Assume (Hi) a«c/ (H2). Let u(-, a) ¿»e a« admissible solution of

problem (2.1), (2.2). 77ze« lim^^j-(u'/u)(t) = -oo.

Proof. The lemma is clear when u'(t(a), a) < 0. Now assume that w'(¿(a), a)

= 0. Then necessarily f(t(a), 0) < 0. Indeed (Hi) implies that /(/, 0) < 0
for t G [0, t(a)]. Thus, if /(i(a), 0) = 0, we deduce from (H2) that f(t, 0) =
0 for í e [0, t(a)]. Therefore the uniqueness theorem for the initial value

problem for ordinary differential equations implies that u = 0 on [0, t(a)]

and we reach a contradiction. Now we have u"(t(a), a) = -f(t(a), 0) > 0

and the lemma follows.

Proof of Lemma 1. For ß > 0 we define the function Uß = u+ßu'. By Lemmas

2 and 3, for any ß > 0 there exists a unique r(ß) G (0, t(a)) such that

Uß > 0   on [0, riß))       and       Uß < 0   on (r(/?), i(a)).

Moreover r(/?) is a strictly decreasing continuous function of ß satisfying

(3.2) r(0) = i(o)       and      /■(£) -» 0   asyS^oo.

Differentiating (2.1) with respect to a and using (2.2), we obtain

(3.3) 9"(t)+f«it,uit))<pit) = 0   for í G [0, ¿(a)),

(3.4) ç»(0) = l,        ç»'(0) = 0.

We can write

u'itia))y>itia)) = ["* {u"(t)<p(t) - y>"(t)u(t)}dt
Jo

ft(a)

= /      <p(t){u(t)fu(t, M(0) - /(Í , uit))} dt.
Jo

Assume that y>(t) > 0 for t G [0, f(a)). Then, by (Hi) the right-hand side
is positive. Since the left-hand side is nonpositive, we obtain a contradiction.

Thus we can define t\ to be the first zero of q> in (0, t(a)). We shall show

that ¿i is the unique zero of q> in (0, t(a)]. Suppose the contrary. Then we
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denote by t2 the first zero of y> in (t\, t(a)]. Using (3.2) we can choose ß > 0

such that r(ß) < t\ . Then we write

-(p'(t2)uß(t2) + tp'(tx)Uß(h)

= f\u'ß'(t)<p(t)-<P"(t)Uß(t)}dt
Jtí

= í2 (p(t){u(t)fu(t, u(t)) - fit, uit)) - ßfit, uit))} dt.
Jt\

By (Hi), (H2) and the fact that <p < 0 on (t\, t2) the right-hand side is
negative. Since the left-hand side is positive, we obtain a contradiction. Thus

t\ is the unique zero of q> in (0, t(a)] and the lemma follows.

Lemma 4. Assume (Hi) and (H2). Let u(-, a) be an admissible solution of

problem (2.1), (2.2). Then there exists n > 0 such that u(-, y) is admissible for

all y G [a, a + n).

Proof. Let y > a with y-a sufficiently small. By Remark 3 we have t(a) < Ta .

Since a -> Fa is a lower semicontinuous function (see Hartman [5] Theorem

2.1 p. 94), t(a) < Ty. Now we have

u(t(a) ,y) = (y- a)<p(t(a), a) + o(y - a).

By Lemma 1 <p(t(a), a) < 0 ; then u(t(a), y) < 0. By the intermediate value

theorem we deduce that t(y) < t(a). Using Remark 2 we have u'(t, y) <0 on

(0, t(y)). Since y > a, we have /(0, y) > f(0, a) by (Hi). The lemma is
proved.

Let F(t, u) = J0" f(t, s)ds. We shall also need the following lemma.

Lemma 5. Assume (Hi)-(H3). Then:
(i) For any t G [0, R] there exists ß(t) G [0, oo) such that f(t, u) < 0

for u G (0, ß(t)) and f(t, u) > 0 for u G (/?(*)> oo). Moreover ß is a

nondecreasing function.
(ii) FAere exists u > 0 jmc/z í/zaí F(jR, w) > 0.

(iii) For any t e [0, R] there exists y(t) G [0, oo) such that F(t, u) <

0 for u e (0, y(t)) and F(t, u) > 0 for u e (y(t), oo). Moreover y is a

nondecreasing function.

Proof, (i) is clear. We now prove (ii). Let v > ß(R) be fixed. Using (i) and

(Hi) we have

f(R, u) > uf(R, v)/v > 0   for u > v .

Therefore for u > v we can write

F(R,u)= f f(R,s)ds+ ff(R,s)ds
Jo Jv

> f f(R,s)ds + (u2-v2)f(R,v)/2v
Jo

and (ii) follows. Now from (Hi) (resp. (H2)) we deduce that uf(t, u) >

2F(t, u) for (t, u) G [0, R] x (0, oo) (resp. Ft(t, u) < 0 for (t, u) G [0, R] x
[0, oo)). Then (iii) is immediate and the lemma is proved.
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We conclude this section with the proof of Theorem 2.

(i) Suppose that there exists a g (an, oo) such that «(•, a) is not admissible

and define

ai = inf{a G (a0, oo) ; u(-, a) is not admissible} < oo.

By Lemma 4 u(-, on) is not admissible. Since ai > an, (Hi) implies that

f(0, ai) > /(0, an) > 0. Therefore we have two cases to consider.

Case 1: t(a\) > R. As before Ta > R for |a - ai| sufficiently small. The

continuity of u(-, a) with respect to the initial value a implies that there

exists n > 0 such that u(t, a) > 0 for t G [0, iî] and a G (ai - n, ai + >/).

Thus we obtain a contradiction with the fact that u(-, a) is admissible for all

a G [an, ai).

Case 2: t(a¡) < R and there exists t0 G (0, í(«0) such that u'(to, c*i) > 0. By

Remark 2 t(a\) = Ta¡ . Then there exists sn G (0, /(ai)) such that s„ -> t(ot\)

and w(s„ , ai) —> oo as « -> oo . Using (H2) we have

(3.5)

^-t(u'(t, ax)2/2 + F(t, uit, ai))) = F,(t, u(t, aj)) < 0   for Í G [0, í(a,)).

Since /(O, ai) > 0, there exists n > 0 such that w'(i,ai) < 0 for t G

(0, rç). From u'(to, ai) > 0 we deduce that there exists t\ G (0, in) such

that u'(t\, ai) = 0 and u"(t\, a\) > 0. Therefore f(t\, u(t\, a\)) < 0 from

which we get, using (i) in Lemma 5, F(t\, u(t\, aj)) < 0. Thus u'(t\, ai)2/2 +

F(t\, u(t\, aj)) < 0. By virtue of (iii) in Lemma 5 we can choose n such that

sn > t\ and F(R, u(sn, a\)) > 0. Then using (H2) we have u'(s„, ai)2/2 +

F(s„, u(s„ , ai)) > F(R, u(sn , ai)) > 0 and we get a contradiction with (3.5).

(ii) Let a G [a0, oo) and y > a with y - a sufficiently small. Using (i) we
show that t(y) < t(a) in the same way as in the proof of Lemma 4.

The proof of the theorem is complete.

Remark 4. Let / G C'([0, R] x [0, oo)) be such that f(t, u) > 0 for (t, u) e
[0, R] x [0, oo). Assume (H2) and

(Hi)'   u fuit, u) > fit, u)   for(t,u)e[0,R)x(0,oo).

Then Theorems 1 and 2 still hold. We indicate below the slight modifications.

First we note that (Hi)' implies f(t, 0) = 0 for all / G [0, R] and that, for
all / G [0, R), f(t, •) is strictly increasing on [0, oo). Therefore f(t, u) > 0

for / g [0, R) and u > 0. Thus f(0, u(0)) > 0 in the proof of Theorem 1.
In Lemma 3 the case u'(t(a), a) = 0 cannot occur by the uniqueness theorem

for the initial value problem for ordinary differential equations. In Lemma 5

(i) and (iii) are still valid for t e[0, R) with ß(t) = y(t) = 0 and (ii) is true
for all u > 0. Actually Lemma 5 is not needed in the present situation. Indeed

we note that, in the proof of Theorem 2, Case 2 obviously cannot occur.

4. Examples

4.1. Let / G C'([0, oo), R) be such that uf'(u) > f(u) for u > 0. Then
Theorem 1 applies. Indeed we note that if f(u) < 0 for u > 0, then problem

(1.1) has no solutions. We give below some examples for which existence is

well known (see [10]).
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(i) f(u) = Y1]=\ aju"' with Pj > ! and aj > 0 for j = I, ... , k;
(ii) f(u) = upl(\ + us) with p - 1 > 5 > 0;
(iii) f(u) = -u + up with p > 1.

4.2. Let / G Cl([0, oo), R) satisfy /(«) > 0 for w > 0 and w/'(w) > /(«)
for « > 0. Let a G ̂ ([0, R]) be such that a' < 0 on [0, Ä], a(í) > 0 for
te[0,R) and a(Ä) > 0. Define

f(t,u) = a(t)f(u).

Then, by Remark 4, Theorem 1 applies.

4.3. Let a, be C'([0, R\) be such that a' > 0, ¿>' < 0 on [0, Ä], a(0) > 0
and b(R) > 0. Define

f(t,u) = -a(t)u + b(t)up   wherep>l.

Then the existence of a solution of ( 1.1 ) is known [10]. Theorem 1 gives unique-

ness.

4.4. Let a, b G C'([0, R]) be such that a', V < 0 on [0, R] and a(R),
¿>(i?) > 0. Define

f(t, u) = Xa(t)u + b(t)up

with p > 1 and 0 < X < X\ where X\ is the smallest eigenvalue of

( v"(t) + ßa(\t\)v(t) = 0,        -R<t<R,

\ v(±R) = 0.

Then the existence of a solution of (1.1) is well known [10] and Theorem 1

gives uniqueness. If b(t) > 0 for t e [0, R) and b(R) > 0, then, by Remark

4, Theorem 1 implies uniqueness.
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