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ABSTRACT. In this article we show that there exists a rational number pu,
depending only on the dimension n (> 5) of the manifold such that the uth-
power of the conformal factor is bounded in H2 norm in terms of volume bound
and the square norm bound of the scalar curvature of the conformal metrics.
Some applications are also given.

1. INTRODUCTION

Let (M, go) be a compact connected oriented Riemannian manifold. According
to the solution of the well-known Yamabe problem, we can assume that the scalar
curvature of the metric gg is a constant. We are going to show in this paper the
following

Theorem 1. Let (M,go) be as above. Let g = uﬁgo be a new metric with

n—4

conformal factor u. Assume n > 5 and set p = =y If fM sgdvg < Cy

and [, u%dvo < (4, there exists a constant C = C(Cy,C1,90) > 0 such that
u|[ g < C.

Recently there has been increasing interest in compactness theorems for Rie-
mannian manifolds under various geometric assumptions (see, among others, [GLP],
[GW], [P], [Gal,2]). More recently, it has been found that the boundedness condi-
tions on the curvature as in [GLP],[GW] and [P] can be replaced by some integral
bounds of the full curvature tensors [Gal,2]. One of the often used integral bounds
is the L” bound on the curvature tensor, with p > %, where n is real dimension of
the underlying manifolds. For instance, in [Gal] and [Mo], the authors show that
if {(M;,g:)} is a sequence of Einstein manifolds of real dimension 2n satisfying
(i) Diam(M;,g:) < p,

(i) [o IBRm(g:)llg,dvg, < p and

(iif) Vol(M;, g:) >+,
where p is a uniform constant, then the subsequence of {(M;, g;)} converges to an
Einstein orbifold with finitely many isolated singular points.

On the other hand, M. Gromov points out that any compact manifold carries
Riemannian metrics of volume 1 with LP-norm of the curvature tensor as small as
you like for p < 5. Our Theorem 1 shows that if we restrict the metrics in the same
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conformal class, those metrics are not so wild in a certain sense. Of course, it is
clear that one can not expect to have C° compactness without further assumptions.

Our Theorem 1 also should be compared with M. Gursky’s results. He used the
LP bound of the full curvature tensors to control H3 norm of the conformal factor
with p > 5. Of course, his results are stronger than ours even in dimension 5 or 6.
But his assumption is much stronger than ours.

The second motivation for us to prove Theorem 1 is the compactness of the
isospectral family of conformal metrics. In [CY1,2],[BPY],[G],[An], they show that
for dimension 3, the isospectral family of conformal metrics is C°° compact. As
M. Anderson points out, in order to get C'°° compactness for isospectral metrics
of Riemannian manifolds of dimension three, we only need to assume that the
Sobolev constants have uniform lower bound; it is not necessary to restrict metrics
in the same conformal class. Dimension three is special because 2 > %; by the
above compactness theorem, we only need to have L? bounds on the full curvature
tensors, which is already contained in the heat invariants.

Notice that this L? bound of the full curvature tensors from spectrum is not only
true for three dimensional manifolds; it is also true for manifolds of dimension less
than six. Dimension four is the delicate case since L? norm of the full curvature
tensor is topological invariant. In [BCY], T. Branson, A. Chang and P. Yang
consider dimension four with respect to comformal Laplace operator. They show
that in terms of log determinent of conformal Laplace, the H3 norm of conformal
factor can be bounded for a 4-dimensional compact symmetric Einstein manifold
which is neither the standard 4-sphere nor a hyperbolic space. In [X], we show
that the isospectral family of conformal metrics of the negative conformal class
is compact in C>® topology if L* norm of the scalar curvatures of new conformal
metrics is bounded. For the standard 4-sphere, up to conformal group, the same
statement holds.

When we look at higher dimensional manifolds, we obtain as a corollary the
following

Theorem 2. If the dimension n of the Riemannian manifolds is 5 or 6, and if

4
{u/"2go} are conformal metrics which are isospectral with respect to the Laplace

n—4_
operator, then {u;"~?} is a (pre)compact set in H; where M is any compact,
orientable connected manifold and gg is any Riemannian metric with constant scalar
curvature.

The idea for the proof of Theorem 1 is to use the curvature assumption and
the relationship between new curvature tensors and the background one to get
the bound we want. Of course, we have to be more careful in order to use the
integration by parts technique. For the proof of Theorem 2, it is standard to apply
heat invariants to bound the square norm of scalar curvatures, thus reduce it to
Theorem 1. The proof will be given in §3 after we have set down Theorem 1 in §2.

2. PROOF OF THEOREM 1

Let (M, go) be a compact Riemannian manifold with Riemannian metric go.
Consider the new metric g = wie go for a smooth positive function v on M. Then
the relation of scalar curvatures between two metrics is known to be

(1) Sg = u (sou — cpnAu)
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where A denotes the Laplace operator with respect to the metric gy and ¢, =
4(n—1)
n—2 -

By a well-known theorem, we can and will assume that go has constant scalar

curvature sg. Our starting point is the following

Lemma 1. Ifn>35, [, sgdvg < Cp and [, w2 dvg < C1, then there is a positive
constant Cy > 0 depending on Co, C1 and the geometry of the manifold (M, go) such
that

(2) /M(Au)2u1_pdvo <y
where p = Z—‘_”é
Proof.

—2(n+2) 2n
/szdvg:/ w2 (spu — ey Au)2un—2 dug
M M

- / w2 [s2u® — 2epsoulu + 2 (Au)?]duvg
M

e ne Au)?
(3) :/ s%uﬂnf;) dU0—2cnso/ un_fg(Au)dvo—i—ci/ ( ZJ) dvg
M M

M un-2
2(n—4 Au 2 1 2(n—4)
2/ 8(2)11/ n—2 dUO —{ECEL/ ( 4) d’U0+ - 53U n—2 dUO}
M M un—2 €Jm
Au)?
+Ci/ %dl]o.
M un—2

From (3) and by choosing € = % we can easily see that

Au)? n—
ci/ ( Z) dvy < 2/ sadvg +2/ sgumnf;) dvg
M un-2 M M

2(n—4)

§200+25(2J/ u =2 dug

M
<20, + 2531 uff"zdvo}%{/ dvo}
M M

n—4
< 20y + 2s2C, 7 (vol(M)) ™
= Cgci.

4
n—2’

Since p—1 = the proof of Lemma 1 is completed.

Let us denote the traceless Ricci tensor for the metric go by Bo;j. By the well-
known Weitzenbock formula, we have

Lemma 2.
Y Au)? 2(n + 2 Vul
/ (Zu?j)unf2dvoz/ ( Ti) dvo + (n 2>/ | :i' duvg
M M un—2 (n — 2) M un-2

6 9 _nt2 _—4
”—2/1\4 Au|Vulu ”*2dvo—/MZBOijuiujunﬂdvo

1 _
- —/ 50|Vu|2un_f2dv0.
nJm

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



318 XINGWANG XU

Proof. By the Weitzenbock formula, we have

%A|Vu|2 =S+ Y (A

(4)
S0
+ ZB()”‘UZ"UJJ' + E|V’UJ|2

Multiply both sides of equation (4) by w2 and integrate to get

1 —a 2 =4 2 =4
/M Fu™e AlVul*dvy = /M un—2 Zuijdvo + /M un=2 Z(Au)iuidvo

—4 S0 =4 2
+/ BO--u-u-unf2dvo+/ —un=2[Vu|“duvy.
MZ R M

Use integration by parts to obtain

1 4 _n+2 4(TL + 2) —2n
S vali- AU+ T2 Va2 )d
2/M| u*{ U u—|—(n_2)2u |Vu|*}dvg

=4 2 =4 2 4 _nt2 2
= [ ur: us:dvg —/ un=2 (Au)*dvy + —/ u” =2 Au|Vu|“dvg
/M Z ! M n—=2Ju

=4 S0 —4 2
+/ un—2 BOi<uiu»dU0+—/ w2 |Vu|*duvy.
w2y Bogusugdvo + 25

Simplify this to get Lemma 2.

Lemma 3. If fM u%dvo < Cy andn > 5, then
(5) / |Vu|4u;_z75dvo < C’g/ (AU)QU%dUQ +Cy
M M

for some positive constants C3 and Cy, depending only on Ci,n and the geometry
Of (M7 gO)
Proof. Consider

1
hij = pij — pip; — E{Aw — Vel }g0is,

where ¢ = %logu. Thus
2wy 2 ujuy
hij = - (14 ——)2
/ n—2{u (+n—2> u2}
2 Au 2 |Vul?
- = 1 LN U/
n(n—2){u ( +n—2> u? Foou
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Hence we have gotten
> o= Zgéagébhijhab
(=)D ™ + () V-
2n -3 -1 n 2, —212
— Zuijuiuju - g[(Au)u - m|Vu| u”?)*}
)2{2 UZ_U—Z + TL(TL — 1) |Vu|4u_4
* (n—2)2

2 1
n2 Z uijuiuju_3 - —(Au)2u_2
- n

2
+ mAu|Vu|2u_3}.
From equation (6), we have

_ (n—2)? 2y, 2=t
A:T/M(E 2 )u i dug
n— — 1 —2n
:/ g u?ju—2u2n,24 dvo+%/]\\4|vu|4un22dvo

M
2n _ 2(n—4 1 =4
- n_2/ [Zuijuiuj]u R dvo—E/MU"*2 (Au)?dug
(7) +_/ Au|Vu|2 _3uﬁdv0 by Lemma 2

- 1 4 —an
_nr / (Au) wn= 2dvo + %/ |Vu|4u"—32dvo
noJm (n—2) M

_n+2 4 _n+2
Ujuiuflu” =2 dvg — —— Au|Vu|*u™n=2 dvg
jUiUG U
Cn— 2 n—2 Ju
_ S0 _4
—/ un,2 E Boijuiujdvg — —/ un-2 |Vu|2d1’0-
M n Jm

Now apply integration by parts to obtain

/[Zuijuiuj]u_%dvo
M
*—/ Au|Vu|2u_%dvo—/ [Zuijuiuj]u_z_ﬁdvo
M M

2 —2n
+ 2 * / |Vu|4u"_32dvo.
n—2 M

Therefore we have

nt2 n-+2 —2n 1 n+2
s uT e dyy = ——— Vultum—2dvy — = AulVul2u~"=2dv,.
/M[E Wi Uit |u Vo 5 —9) /M| ul*u w5 /M u|Vul*u Vo
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Substitute this equation into equation (7) to get

-1 4 —2n
A= n / (Au) wn— 2d’l}0 + %/ |Vu|4u%dv0
noJum (n—2) M

2)
(nn_——|—2/ |Vu|tun—2 2dvo—|——/ Au|Vul?u ~52 dug

—/ = E BOijuiudeO__/ uﬁ|Vu|2dv0
M nJMm

n—1 —a n—4 —2n
= Au)un—2 = 4, w5
/M( u)*u™=2 dvg =2 /M [Vul*u==2duvg

n

_n+2
u~ n—2dvg

=4 So =4 2
_ un—2 E BOijuindUO - — ’U,"*2|VU| dvg.
M nJm

Thus

n—4 —2n
T M

-1
:_A_|_n

n

—/ U%ZBOijuiudeO_ %/ u%|Vu|2dvo
-1 -
/(Au)zun_f?dvo
M

<-A+l
/ |Vu|4u% dvg + 2(n — 4)/ (AU)QU% dvo
M

— — 4 n
/ (Au)2un_—42dvo + %/ Au|Vu|2u_n—f§dvo
M —2JMm

n

+ﬁ

+ (61— — / |Vu|?un=2 2 dug

where 61 = MaXge M |BOij|'
Since A > 0, we thus obtain

1 —an
5/ |Vu|4un_32dv0
M

< {4(n—2)2+2(n;(i_ }/ (Au)?un= 2dv0
el — |{ }/ IVl a5 dug
Loy - sol 20220 }/u%éwo

If |31 — 22| = 0, then we have nothing to worry about. If |31 — 22| # 0, then we
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m. Thus we have obtained that

1 n
= / |Vu|4u_%dvo
M

can choose € to be

2
<{4(n_2)2+2(nn(711—_n—2}/ (Au)?u= 2dv0
8(n
+16 - 2P 2{/
<{4(n—2)2+2(nn_(1n—_}/ (Auw)?un- =5 g

16— |278(( )> o1 vold

2(n — 1)(n —2)?
n(n —

}/ (Au)*u= 2dvo—|— C’4

Multiply the above equation by 2 and set 2{4(n — 2)% + W} = Cj5 to
get Lemma 3.

Proof of Theorem 1. Apply Lemma 1 and Lemma 3 to get

9) / |Vu|4u%dv0 <Cs
M

where C5 = 2{4(n — 2)% + %}02 + C4. This is equivalent to

16(n — 2)* o
5

(e 5] 4 <
(10) /M Vu vy < 2

n—4
2(n—2)"
Now set p = 2a; to get

/|Vu“|2dv0=/ | Va2 |2 dug
M M

:4/ |Vu [Pu dug
M

§4{/ |vua1|4dv0}%{/ W dug)
M M

where a7 =

But 4aq = 2(" 24) < 22 thus we should have

(11) / U4a1d’00 S 06
M

for some constant Cs. Thus we get

(12) / IV 2dvy < C.
M
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Now we also have
/ (Aut)?dvg
M
= 4/ {u™ (Au®) + |Vu®t|?}2 dog
M
< 8/ (u™)? (Au® )% dvg + 8/ |Vut|*dvg
M M
= 8/ (u* )2 {aru® " Au+ a1 (ag — D)u 2| Vul*}2dug
M
+ 8/ |Vut|*dvg
M
< 166@/ u*®72(Au)?dvg + 1603 (ag — 1)2u** 4| Vu|*duy
M
+ 8/ |Vut [*duvg.
M

Notice that

2(n —4) 4

B R
and 2 5 5
n — n

R RS

After applying Lemma 1, (9) and (10), it is not too hard to see that there is a
constant Cg such that

(13) /M(Au“)2dv0 <G

Combining (11), (12) and (13) , we conclude the proof of Theorem 1.

3. PROOF OF THEOREM 2

As an application of our Theorem 1, we would like to prove Theorem 2 here.
Thus one would like to use the spectrum to control the square integral of the scalar
curvature. To this end, the main tool one could use is the heat invariants, i.e., the
coefficients a; in the asymptotic expansion of the trace of the heat kernel

Z(t) = Ze_)‘it o~ (471_1]5)% Zaiti

as t — 0. The coefficients a; are spectral invariants with the first few given by

Lemma 4.
ap(g) = vol(M, g);

1
ai(g) = 6 /M Sgdvg;

1 6—n 5n? —Tn+6
oale) = g5 [ IWE + =51 + T T LR,
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Proof. This is well known.

Now it is clear that when n < 6, each term in the expression of as is positive. In
particular, we have the square integral bound of scalar curvature while [ M wnss dvg
is exactly the volume of the new metric which has bound from ay. Thus our
Theorem 1 can be applied to this case.

Remark. If we make an assumption, we can get a further application of our Theorem
1:

Theorem 3. Ifn > 7 and {u] *go} is an isospectral family with respect to both
Laplace and conformal Laplace operators, then {uf'} is a compact set in Hf topology.

4
n

Proof. When we write down the third heat invariant as with respect to both op-
erators, we can see that their difference is the square integral norm of the scalar
curvature. Volume bound comes out the same as above. Thus we still can use
our Theorem 1 to get Theorem 3. More details about ay for a conformal Laplace
operator may be found in [PR].
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