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(Communicated by Peter Li )

Abstract. In this article we show that there exists a rational number µ,
depending only on the dimension n (≥ 5) of the manifold such that the µth-
power of the conformal factor is bounded in H2

2 norm in terms of volume bound
and the square norm bound of the scalar curvature of the conformal metrics.
Some applications are also given.

1. Introduction

Let (M, g0) be a compact connected oriented Riemannian manifold. According
to the solution of the well-known Yamabe problem, we can assume that the scalar
curvature of the metric g0 is a constant. We are going to show in this paper the
following

Theorem 1. Let (M, g0) be as above. Let g = u
4

n−2 g0 be a new metric with
conformal factor u. Assume n ≥ 5 and set µ = n−4

(n−2) . If
∫
M s2

gdvg ≤ C0

and
∫
M u

2n
n−2 dv0 ≤ C1, there exists a constant C = C(C0, C1, g0) > 0 such that

‖uµ‖H2
2
≤ C.

Recently there has been increasing interest in compactness theorems for Rie-
mannian manifolds under various geometric assumptions (see, among others, [GLP],
[GW], [P], [Ga1,2]). More recently, it has been found that the boundedness condi-
tions on the curvature as in [GLP],[GW] and [P] can be replaced by some integral
bounds of the full curvature tensors [Ga1,2]. One of the often used integral bounds
is the Lp bound on the curvature tensor, with p ≥ n

2 , where n is real dimension of
the underlying manifolds. For instance, in [Ga1] and [Mo], the authors show that
if {(Mi, gi)} is a sequence of Einstein manifolds of real dimension 2n satisfying

(i) Diam(Mi, gi) ≤ µ,
(ii)

∫
M
‖Rm(gi)‖ngidvgi ≤ µ and

(iii) Vol(Mi, gi) ≥ 1
µ ,

where µ is a uniform constant, then the subsequence of {(Mi, gi)} converges to an
Einstein orbifold with finitely many isolated singular points.

On the other hand, M. Gromov points out that any compact manifold carries
Riemannian metrics of volume 1 with Lp-norm of the curvature tensor as small as
you like for p < n

2 . Our Theorem 1 shows that if we restrict the metrics in the same
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conformal class, those metrics are not so wild in a certain sense. Of course, it is
clear that one can not expect to have C0 compactness without further assumptions.

Our Theorem 1 also should be compared with M. Gursky’s results. He used the
Lp bound of the full curvature tensors to control H2

2 norm of the conformal factor
with p > n

2 . Of course, his results are stronger than ours even in dimension 5 or 6.
But his assumption is much stronger than ours.

The second motivation for us to prove Theorem 1 is the compactness of the
isospectral family of conformal metrics. In [CY1,2],[BPY],[G],[An], they show that
for dimension 3, the isospectral family of conformal metrics is C∞ compact. As
M. Anderson points out, in order to get C∞ compactness for isospectral metrics
of Riemannian manifolds of dimension three, we only need to assume that the
Sobolev constants have uniform lower bound; it is not necessary to restrict metrics
in the same conformal class. Dimension three is special because 2 > 3

2 ; by the

above compactness theorem, we only need to have L2 bounds on the full curvature
tensors, which is already contained in the heat invariants.

Notice that this L2 bound of the full curvature tensors from spectrum is not only
true for three dimensional manifolds; it is also true for manifolds of dimension less
than six. Dimension four is the delicate case since L2 norm of the full curvature
tensor is topological invariant. In [BCY], T. Branson, A. Chang and P. Yang
consider dimension four with respect to comformal Laplace operator. They show
that in terms of log determinent of conformal Laplace, the H2

2 norm of conformal
factor can be bounded for a 4-dimensional compact symmetric Einstein manifold
which is neither the standard 4-sphere nor a hyperbolic space. In [X], we show
that the isospectral family of conformal metrics of the negative conformal class
is compact in C∞ topology if L4 norm of the scalar curvatures of new conformal
metrics is bounded. For the standard 4-sphere, up to conformal group, the same
statement holds.

When we look at higher dimensional manifolds, we obtain as a corollary the
following

Theorem 2. If the dimension n of the Riemannian manifolds is 5 or 6, and if

{u
4

n−2

i g0} are conformal metrics which are isospectral with respect to the Laplace

operator, then {u
n−4

(n−2)

i } is a (pre)compact set in H2
1 where M is any compact,

orientable connected manifold and g0 is any Riemannian metric with constant scalar
curvature.

The idea for the proof of Theorem 1 is to use the curvature assumption and
the relationship between new curvature tensors and the background one to get
the bound we want. Of course, we have to be more careful in order to use the
integration by parts technique. For the proof of Theorem 2, it is standard to apply
heat invariants to bound the square norm of scalar curvatures, thus reduce it to
Theorem 1. The proof will be given in §3 after we have set down Theorem 1 in §2.

2. Proof of Theorem 1

Let (M, g0) be a compact Riemannian manifold with Riemannian metric g0.

Consider the new metric g = u
4

n−2 g0 for a smooth positive function u on M . Then
the relation of scalar curvatures between two metrics is known to be

(1) sg = u−
n+2
n−2 (s0u− cn∆u)
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where ∆ denotes the Laplace operator with respect to the metric g0 and cn =
4(n−1)
n−2 .

By a well-known theorem, we can and will assume that g0 has constant scalar
curvature s0. Our starting point is the following

Lemma 1. If n ≥ 5,
∫
M s2

gdvg ≤ C0 and
∫
M u

2n
n−2 dv0 ≤ C1, then there is a positive

constant C2 > 0 depending on C0, C1 and the geometry of the manifold (M, g0) such
that

(2)

∫
M

(∆u)2u1−pdv0 ≤ C2

where p = n+2
n−2 .

Proof.

(3)

∫
M

s2
gdvg =

∫
M

u
−2(n+2)
n−2 (s0u− cn∆u)2u

2n
n−2 dv0

=

∫
M

u
−4
n−2 [s2

0u
2 − 2cns0u∆u+ c2n(∆u)2]dv0

=

∫
M

s2
0u

2(n−4)
n−2 dv0 − 2cns0

∫
M

u
n−6
n−2 (∆u)dv0 + c2n

∫
M

(∆u)2

u
4

n−2

dv0

≥
∫
M

s2
0u

2(n−4)
n−2 dv0 − {εc2n

∫
M

(∆u)2

u
4

n−2

dv0 +
1

ε

∫
M

s2
0u

2(n−4)
n−2 dv0}

+ c2n

∫
M

(∆u)2

u
4

n−2

dv0.

From (3) and by choosing ε = 1
2 we can easily see that

c2n

∫
M

(∆u)2

u
4

n−2

dv0 ≤ 2

∫
M

s2
gdvg + 2

∫
M

s2
0u

2(n−4)
n−2 dv0

≤ 2C0 + 2s2
0

∫
M

u
2(n−4)
n−2 dv0

≤ 2C0 + 2s2
0{
∫
M

u
2n
n−2dv0}

n−4
n {
∫
M

dv0}
4
n

≤ 2C0 + 2s2
0C

n−4
n

1 (vol(M))
4
n

≡ C2c
2
n.

Since p− 1 = 4
n−2 , the proof of Lemma 1 is completed.

Let us denote the traceless Ricci tensor for the metric g0 by B0ij . By the well-
known Weitzenbock formula, we have

Lemma 2.∫
M

(
∑

u2
ij)u

−4
n−2 dv0 =

∫
M

(∆u)2

u
4

n−2

dv0 +
2(n+ 2)

(n− 2)2

∫
M

|∇u|4

u
2n
n−2

dv0

− 6

n− 2

∫
M

∆u|∇u|2u−
n+2
n−2 dv0 −

∫
M

∑
B0ijuiuju

−4
n−2 dv0

− 1

n

∫
M

s0|∇u|2u
−4
n−2dv0.
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Proof. By the Weitzenbock formula, we have

(4)

1

2
∆|∇u|2 =

∑
u2
ij +

∑
(∆u)iui

+
∑

B0ijuiuj +
s0

n
|∇u|2.

Multiply both sides of equation (4) by u
−4
n−2 and integrate to get

∫
M

1

2
u
−4
n−2 ∆|∇u|2dv0 =

∫
M

u
−4
n−2

∑
u2
ijdv0 +

∫
M

u
−4
n−2

∑
(∆u)iuidv0

+

∫
M

∑
B0ijuiuju

−4
n−2 dv0 +

∫
M

s0

n
u
−4
n−2 |∇u|2dv0.

Use integration by parts to obtain

1

2

∫
M

|∇u|2{− 4

n− 2
u−

n+2
n−2 ∆u+

4(n+ 2)

(n− 2)2
u
−2n
n−2 |∇u|2}dv0

=

∫
M

u
−4
n−2

∑
u2
ijdv0 −

∫
M

u
−4
n−2 (∆u)2dv0 +

4

n− 2

∫
M

u−
n+2
n−2 ∆u|∇u|2dv0

+

∫
M

u
−4
n−2

∑
B0ijuiujdv0 +

s0

n

∫
M

u
−4
n−2 |∇u|2dv0.

Simplify this to get Lemma 2.

Lemma 3. If
∫
M u

2n
n−2 dv0 ≤ C1 and n ≥ 5, then

(5)

∫
M

|∇u|4u
−2n
n−2 dv0 ≤ C3

∫
M

(∆u)2u
−4
n−2 dv0 + C4

for some positive constants C3 and C4, depending only on C1, n and the geometry
of (M, g0).

Proof. Consider

hij = ϕij − ϕiϕj −
1

n
{∆ϕ− |∇ϕ|2}g0ij ,

where ϕ = 2
n−2 logu. Thus

hij =
2

n− 2
{uij
u
− (1 +

2

n− 2
)
uiuj
u2
}

− 2

n(n− 2)
{∆u

u
− (1 +

2

n− 2
)
|∇u|2
u2
}g0ij .
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Hence we have gotten

(6)

∑
h2
ij =

∑
gia0 g

jb
0 hijhab

= (
2

n− 2
)2{
∑

u2
iju
−2 + (

n

n− 2
)2|∇u|4u−4

− 2n

n− 2

∑
uijuiuju

−3 − 1

n
[(∆u)u−1 − n

n− 2
|∇u|2u−2]2}

= (
2

n− 2
)2{
∑

u2
iju
−2 +

n(n− 1)

(n− 2)2
|∇u|4u−4

− 2n

n− 2

∑
uijuiuju

−3 − 1

n
(∆u)2u−2

+
2

n− 2
∆u|∇u|2u−3}.

From equation (6), we have

(7)

A ≡ (n− 2)2

4

∫
M

(
∑

h2
ij)u

2(n−4)
n−2 dv0

=

∫
M

∑
u2
iju
−2u

2(n−4)
n−2 dv0 +

n(n− 1)

(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0

− 2n

n− 2

∫
M

[
∑

uijuiuj]u
−3u

2(n−4)
n−2 dv0 −

1

n

∫
M

u
−4
n−2 (∆u)2dv0

+
2

n− 2

∫
M

∆u|∇u|2u−3u
2(n−4)
n−2 dv0 by Lemma 2

=
n− 1

n

∫
M

(∆u)2u
−4
n−2 dv0 +

n2 + n+ 4

(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0

− 2n

n− 2

∫
M

[
∑

uijuiuj]u
−n+2
n−2 dv0 −

4

n− 2

∫
M

∆u|∇u|2u−
n+2
n−2 dv0

−
∫
M

u
−4
n−2

∑
B0ijuiujdv0 −

s0

n

∫
M

u
−4
n−2 |∇u|2dv0.

Now apply integration by parts to obtain∫
M

[
∑

uijuiuj]u
−n+2
n−2 dv0

= −
∫
M

∆u|∇u|2u−
n+2
n−2 dv0 −

∫
M

[
∑

uijuiuj ]u
−n+2
n−2 dv0

+
n+ 2

n− 2

∫
M

|∇u|4u
−2n
n−2dv0.

Therefore we have∫
M

[
∑

uijuiuj]u
−n+2
n−2 dv0 =

n+ 2

2(n− 2)

∫
M

|∇u|4u
−2n
n−2 dv0−

1

2

∫
M

∆u|∇u|2u−
n+2
n−2 dv0.
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Substitute this equation into equation (7) to get

A =
n− 1

n

∫
M

(∆u)2u
−4
n−2 dv0 +

n2 + n+ 4

(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0

− n(n+ 2)

(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0 +

n− 4

n− 2

∫
M

∆u|∇u|2u−
n+2
n−2 dv0

−
∫
M

u
−4
n−2

∑
B0ijuiujdv0 −

s0

n

∫
M

u
−4
n−2 |∇u|2dv0

=
n− 1

n

∫
M

(∆u)2u
−4
n−2 dv0 −

n− 4

(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0

+
n− 4

n− 2

∫
M

∆u|∇u|2u−
n+2
n−2dv0

−
∫
M

u
−4
n−2

∑
B0ijuiujdv0 −

s0

n

∫
M

u
−4
n−2 |∇u|2dv0.

Thus

(8)

n− 4

(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0

= −A+
n− 1

n

∫
M

(∆u)2u
−4
n−2dv0 +

n− 4

n− 2

∫
M

∆u|∇u|2u−
n+2
n−2 dv0

−
∫
M

u
−4
n−2

∑
B0ijuiujdv0 −

s0

n

∫
M

u
−4
n−2 |∇u|2dv0

≤ −A+
n− 1

n

∫
M

(∆u)2u
−4
n−2dv0

+
n− 4

2(n− 2)2

∫
M

|∇u|4u
−2n
n−2 dv0 + 2(n− 4)

∫
M

(∆u)2u
−4
n−2 dv0

+ (β1 −
s0

n
)

∫
M

|∇u|2u
−4
n−2 dv0

where β1 = maxx∈M |B0ij |.
Since A ≥ 0, we thus obtain

1

2

∫
M

|∇u|4u
−2n
n−2 dv0

≤ {4(n− 2)2 +
2(n− 1)(n− 2)2

n(n− 4)
}
∫
M

(∆u)2u
−4
n−2 dv0

+ ε|β1 −
s0

n
|{2(n− 2)2

n− 4
}
∫
M

|∇u|4u
−2n
n−2 dv0

+
1

ε
|β1 − s0|{

2(n− 2)2

n− 4
}
∫
M

u
2(n−4)
n−2 dv0.

If |β1 − s0
n | = 0, then we have nothing to worry about. If |β1 − s0

n | 6= 0, then we
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can choose ε to be (n−4)

|β1− s0n |(n−2)2 . Thus we have obtained that

1

2

∫
M

|∇u|4u− 2n
n−2 dv0

≤ {4(n− 2)2 +
2(n− 1)(n− 2)2

n(n− 4)
}
∫
M

(∆u)2u
−4
n−2 dv0

+ |β1 −
s0

n
|2 8(n− 2)4

(n− 4)2
{
∫
M

u
2n
n−2 dv0}

n−4
n {
∫
M

dv0}
4
n

≤ {4(n− 2)2 +
2(n− 1)(n− 2)2

n(n− 4)
}
∫
M

(∆u)2u
−4
n−2 dv0

+ |β1 −
s0

n
|2 8(n− 2)4

(n− 4)2
C
n−4
n

1 vol
4
n

≡ {4(n− 2)2 +
2(n− 1)(n− 2)2

n(n− 4)
}
∫
M

(∆u)2u
−4
n−2 dv0 +

1

2
C4.

Multiply the above equation by 2 and set 2{4(n− 2)2 + 2(n−1)(n−2)2

n(n−4) } = C3 to

get Lemma 3.

Proof of Theorem 1. Apply Lemma 1 and Lemma 3 to get

(9)

∫
M

|∇u|4u
−2n
n−2 dv0 ≤ C5

where C5 = 2{4(n− 2)2 + 2(n−1)(n−2)2

n(n−4) }C2 + C4. This is equivalent to

(10)

∫
M

|∇uα1 |4dv0 ≤
16(n− 2)4

(n− 4)4
C5

where α1 = n−4
2(n−2) .

Now set µ = 2α1 to get∫
M

|∇uµ|2dv0 =

∫
M

|∇u2α1 |2dv0

= 4

∫
M

|∇uα1 |2u2α1dv0

≤ 4{
∫
M

|∇uα1 |4dv0}
1
2 {
∫
M

u4α1dv0}
1
2 .

But 4α1 = 2(n−4)
n−2 ≤

2n
n−2 , thus we should have

(11)

∫
M

u4α1dv0 ≤ C6

for some constant C6. Thus we get

(12)

∫
M

|∇uµ|2dv0 ≤ C7.
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Now we also have∫
M

(∆uµ)2dv0

= 4

∫
M

{uα1(∆uα1) + |∇uα1 |2}2 dv0

≤ 8

∫
M

(uα1)2(∆uα1)2dv0 + 8

∫
M

|∇uα1 |4dv0

= 8

∫
M

(uα1)2{α1u
α1−1∆u+ α1(α1 − 1)uα1−2|∇u|2}2dv0

+ 8

∫
M

|∇uα1 |4dv0

≤ 16α2
1

∫
M

u4α1−2(∆u)2dv0 + 16α2
1(α1 − 1)2u4α1−4|∇u|4dv0

+ 8

∫
M

|∇uα1 |4dv0.

Notice that

4α1 − 2 =
2(n− 4)

n− 2
− 2 = − 4

n− 2

and

4α1 − 4 =
2(n− 4)

n− 2
− 4 = − 2n

n− 2
.

After applying Lemma 1, (9) and (10), it is not too hard to see that there is a
constant C8 such that

(13)

∫
M

(∆uµ)2dv0 ≤ C8.

Combining (11), (12) and (13) , we conclude the proof of Theorem 1.

3. Proof of Theorem 2

As an application of our Theorem 1, we would like to prove Theorem 2 here.
Thus one would like to use the spectrum to control the square integral of the scalar
curvature. To this end, the main tool one could use is the heat invariants, i.e., the
coefficients ai in the asymptotic expansion of the trace of the heat kernel

Z(t) =
∑

e−λit ' 1

(4πt)
n
2

∑
ait

i

as t→ 0. The coefficients ai are spectral invariants with the first few given by

Lemma 4.
a0(g) = vol(M, g);

a1(g) =
1

6

∫
M

sgdvg;

a2(g) =
1

180

∫
M

[|W |2 +
6− n
n− 2

|B|2 +
5n2 − 7n+ 6

2n(n− 1)
s2
g]dvg.
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Proof. This is well known.

Now it is clear that when n ≤ 6, each term in the expression of a2 is positive. In

particular, we have the square integral bound of scalar curvature while
∫
M u

2n
n−2 dv0

is exactly the volume of the new metric which has bound from a0. Thus our
Theorem 1 can be applied to this case.

Remark. If we make an assumption, we can get a further application of our Theorem
1:

Theorem 3. If n ≥ 7 and {u
4

n−2

i g0} is an isospectral family with respect to both
Laplace and conformal Laplace operators, then {uµi } is a compact set in H2

1 topology.

Proof. When we write down the third heat invariant a2 with respect to both op-
erators, we can see that their difference is the square integral norm of the scalar
curvature. Volume bound comes out the same as above. Thus we still can use
our Theorem 1 to get Theorem 3. More details about a2 for a conformal Laplace
operator may be found in [PR].
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