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ABSTRACT. Let E be a real Banach space with norm || - || and let {zn},,>0 be
a nonexpansive sequence in E (i.e., [|[x;41 —x 11| < ||z; — ;|| for all ¢, j > 0).
Let K = N2, c{{zi — zi—1}i>n}. We deal with the mean point of {Z=}
concerning a Banach limit. We show that if E is reflexive and d = d(0, K),
then d = d(0,co{ Z2—*0}) and there exists a unique point zo with [|z0]| = d
such that zp € co{*2—2}. This result is applied to obtain the weak and
strong convergence of {72}

1. INTRODUCTION

Let E be a real Banach space with norm || - || and let {z,, }»>0 be a nonexpansive
sequence in E (i.e., ||xi41 — xj+1]| < ||z — z;|| for all 4, j > 0). Recently, Djafari
Rouhani [2] obtained an interesting result on the weak convergence of {#=} under
the assumption that E is reflexive and strictly convex.

In this paper, we deal with his result without the assumption of strict convexity
of E. That is, instead of the weak limit of {#2}, we deal with the mean point of
{#2} concerning a Banach limit under the assumption that F is reflexive. Using the
mean point, we obtain the weak convergence of {#2}, in which case E is reflexive
and strictly convex. Also we obtain the strong convergence of {#=}, in which
case E* has a Fréchet differentiable norm. Our results improve and extend the
corresponding results in [5, 6, 7, 8, 9, 10] as in [2].

2. PRELIMINARIES

Let E be a real Banach space with norm | - || and dual (E*, || - ||). The duality
pairing between E and E* will be denoted by (-,:). The duality mapping J from
FE into the family of nonempty closed convex subsets of E* is defined by

J(x) ={z" € E" : (z,2") = ||=]|* = [l2"|*}.
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Note that we have for z, y € E and j € J(z),

. . 1 , 1
(@ =9.3) = l2l* = (w,5) = ll=l* = 5yl* + 151%) = S l=l* = lw1)-

We recall that if F is reflexive and strictly convex and K is a nonempty closed
convex subset of E, the nearest point projection mapping Pk of F onto K is well
defined, i.e., K is a Chebyshev set (see [1, 4]).

We say that the sequence {x,, },>0 is nonexpansive if ||z; 41 — 41| < ||z — ;]|
for all z, j > 0.

Let p be a mean on integers N, i.e., a continuous linear functional on £°° satisfying
[l]l = 1 = p(1). Then we know that u is a mean on N if and only if

inf{a, : n € N} < u(a) <sup{a, : n € N}

for every a = (a1,az2,---) € £°. According to time and circumstances, we use
tn(ay) instead of p(a). A mean p on N is called a Banach limit if

Hn (an) = Hn (an+1)

for every a = (a1,as9,--+) € £*°. Using the Hahn-Banach theorem, we can prove
the existence of a Banach limit. We know that if 4 is a Banach limit, then

liminf a,, < pp(a,) < limsupa,
n—oo

n—oo

for every a = (ay,ag,---) € £°.
Let E be a reflexive Banach space and let {z,} be a bounded sequence in E.
Then, for a Banach limit u, we can obtain a point zg in E such that

fin(Tn, 2*) = (20, 27)
for all * € E*. In fact, the function p,(z,,2*) is linear in a*. Further, since

b (2, 27| < (sup [[znl]) - [l27]],
n

the function p,(x,,2*) is also bounded in z*. So, we have z{* € E** such that
tn (Tn, x*) = (af*,x*) for every z* € E*. Since FE is reflexive, we obtain ¢y € E
such that p,(xn,z*) = (zg,z*) for all £* € E*. This point zg is called a mean
point of {z,} concerning p. We also know that this mean point xq is contained in
N5, co{z,}. In fact, if not, there exists ng € N such that zg ¢ co{z, : n > no}.
By separation theorem, we obtain a point z* € E* such that

(xo,2*) < inf{(z,2%) : z € Go{xy : n > no}}.
So, we have
tn (T, %) = (z, ™) < Inf{(zp,z*) : n > np}
< pnf{(@n, ) 1 = not = pp(Tn, 7).
This is a contradiction. For these facts, see [11].
Let S = {x € E : ||z|| = 1}. Then the norm of E is Fréchet differentiable if for

each x € S, the limit

ety o]

t—0 t
exists uniformly for each y € S. The following lemma is well known (cf. [3]).
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Lemma 2.1. E* has a Fréchet differentiable norm if and only if E is reflexive
and strictly convex, and has the following property : if the weak lim, .o x, = x
and limy, o0 ||2n|| = ||2|| for a sequence {x,} in E, then {x,} converges strongly
to x.

Finally, let D be a subset of E. Then we denote the closure of D by D and the
closed convex hull of D by ¢oD, respectively. We also denote its distance from a
point = in E by d(z,D) = infycp ||z —y]|.

3. MAIN RESULT

In this section, for a nonexpansive sequence {x,} in E, we study the mean point
of {#=} concerning a Banach limit.
We begin with the known result which will play a crucial role in our result.

Lemma 3.1 [2]. Let E be a Banach space and let {x,} be a nonexrpansive
sequence in E. Then

z_n” exists and lim HI—nH = inf HM
n n—oo N n>1 n

lim ||
n—oo

The following result is essentially in spirit of Djafari Rouhani [2]. For complete-
ness, we give the proof.

Lemma 3.2. Let E be a reflexive Banach space and let {x,} be a nonexpansive
sequence in E. Let

K= ﬂ co{{w; —xi—1}izn}-

Then lim, . || Z2]] = d(0, K) = inf,>; || 2222

Proof. Let k > 1 be fixed and j, € J(x,, — 2x—1) for n > k. Then we have for
n>k>1

. 1 1
(T — Th—1,Jn) > =0 — 2p1]]® — = |l2n — 28|
2 2

Y

1 1
Slan = zp-1]l* = 5 llon—1 — ze-1]*.
2 2

Hence we obtain

2 - Tn — Tg—1
(3.1) F(wk - xk—laZ]i) 2 HT||2-
i=k

Let S, = % ", j; for n > k. Then we have

n

2 2 o Li — Th—1
1Sl < 3 Z zi — zk—1] = 3 ZZHfH
i=k i=k

and so {S,} is bounded since {2} is bounded by Lemma 3.1. Thus from the
weak—star compactness of the closed unit ball of E*, it follows that the sequence
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{S,} has a weak—star cluster point j € E* (obviously independent of k > 1). Now
by Lemma 3.1 and (3.1), we obtain

. . X
(zk — Th—1,7) > lim [|==]°
n—oo n
for £ > 1 and hence

(3-2) (

for all n > 1. We also have

711 < lglminfllsnl\

n

< hmsup Z — Tkt —— | = lim ||%||

n—00
i=k

Ty — To

,j) = lim ||—||2

n n— o0

and so 2
(@~ zicd) 2l 522 > )
for all k > 1. So, for any z € co{{z;+1 — z;}i>0},
1 . 1 1
5 Jim ||—||2 —||ZH2 §||JH2 SlI=I1?
(3.3) nee
> (2,4) = lim H—||2 > [I5]1%.

Since K C eo{{xiy1 — xi}i>0}, it follows from (3.3) that

I’n. .
i < L — || < inf =d(0 .
Il < Jim |22 < in [12] = d(0, K)

On the other hand, since {%=} is bounded and E is reflexive, {#2~*2} contains a
weakly convergent subsequence {"l—zo} Let {m"l 2} converge weakly to ¢ € K.
Then we have
. a1, Tn
llall < hlmmeiH = lim [[—|
—00 n n

and hence lim,, .o || %2 = d(0, K'). This completes the proof.
Now, using Lemmas 3.1 and 3.2, we obtain the main result.

Theorem 3.3. Let E be a reflexive Banach space and let {x,,} be a nonexpansive
sequence in E. Let

K= ﬂ co{{x; — wi—1}i>n}
n=1

and d = d(0,K). Then d = d(0,co{ *—*2}) and there exists a point zo with ||zo| =
d such that zg € co{*=—*0}.

Proof. Since limy, oo || %2 = lim,, . || *=~*2|| = d by Lemma 3.2, we may assume
that {#=—=2} is bounded. So, it follows from reflexivity of E that for a Banach
limit p, there exists zg € ¢o{ *=—*2} such that

Tn — To

(3.4) i (

n 756*) = (20756*)
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for every z* € E*. For jg € J(29), where J is the duality mapping of E, we have
Ty — X

ll20l1* = (20, jo) = #n(T,Jo)

T

< pin(ll— ol = d - lljoll = d - || z0ll;

and hence ||zp]] < d. On the other hand, by the proof of Lemma 3.2 and (3.2),
there exists a functional j € E* with ||j|| < d such that

(3.5) (
for all n > 1. Hence we have (29,5) > d?. Since ||j| < d, we obtain
d* > || zol| - Ijll = (20,4) > d?

and hence ||zo| = ||j|| = d. Tt also follows from (3.5) that (z,5) > d? for every
z € co{*=—*0} and so

In =20 5> a2
n

1]l -d = llz]l - 5]l = (2,) > d*.

Hence we have ||z|| > d for every z € ¢o{ *»—*2}. Then we obtain

d= d(o,@{@}).

Let wo be another point satisfying (3.4). Then for j € J(zp — wo), we have

3 Iy — X Ty — o .
HZO*w0H2:(ZO*w0,J):Mn( nn - nn ,J):O,

and hence zg = wp. This completes the proof.

Corollary 3.4. With the same assumptions as in Theorem 3.3, we have the
following :

(i) If E is strictly convex, then the weak lim, .o, “* exists and coincides with
PKO with ||PKOH =d.

(ii) If E* has a Fréchet differentiable norm, then the strong lim, .o, Z* exists
and coincides with PgO.

Proof. (i) Since a reflexive Banach space E is strictly convex, the set
_Tn — 0
{zew{——}: |zl = d}

consists of exactly one point and d(0, K') = || Px0]||. This point equals z¢ in Theorem
Tn n Tn
3.3. Let {1} be a subsequence of { %=} such that { =} converges weakly to p € K.
Then since " .
Ipll < liminf [|[== || = Tim_ [[==] = || PO,
ny n—oo n

we have p = zp = Pk0. This implies that {#=} converges weakly to P0, which
completes the proof.
(ii) It follows from Lemma 2.1 that {Z=} converges strongly to Pg0.

Remark. (1) Since our study is equivalent to the study of the asymptotic behavior
of the sequence { T;””} in F/, where T is a nonexpansive mapping from an arbitrary
subset C' of E into itself and x € C, Theorem 3.3 is an improvement of Theorem 5
in [11].

(2) Corollary 3.4 is of interest in view of using the mean point. Compare this
with Corollary 3.2 in [2].

(3) Corollary 3.4 also contains the previous corresponding results in [5, 6, 7, 8,

9, 10].
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