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ABSTRACT. This paper studies the problem of uniqueness of entire functions
that share real zeros and real ones. An example is provided to show that a
result of Czubiak and Gundersen is not completely correct. Results in this
paper correct the result of Czubiak and Gundersen, and also correct a result
of Osgood and Yang.

1. INTRODUCTION AND MAIN RESULTS

We say that two entire functions f(z) and g(z) share the value ¢ provided that
f(z) = ¢ if and only if g(z) = ¢. We distinguish between sharing a value CM
(counting multiplicities) and IM (ignoring multiplicities).

Let IC be the class of all nonconstant entire functions which have only real zeros
and real ones. T. P. Czubiak and G. G. Gundersen obtained the following result:

Theorem A ([1, Theorem]). If f and g are in K and share 0 and 1 IM, then
we necessarily have one of the following siz cases where a # 0 and b are real

constants:
(i) f=g
(ii) f(z) =sin®(az+b) and g(z) = —isin(az + b)e'@*+);

_ sin®(p(az + b))
(i) f(z) = sin?(az + b)

for p= -2 and for p = -3;
(9(z) —1)°

(IV) f(Z) =1- BQIM'(T-H?) and g(Z)

for p =3 and for p = 4.

and g(z) =

Sin(p(az + b)) i(p—1)(az+b)
sin(az + b)

e

_ Sin(@z +8)) ip-1)(az+)
sin(az + b)

€

From Theorem A Czubiak and Gundersen obtained the following result.

Theorem B ([1, Corollary 1]). If f and g are in K and share 0 and 1 CM, then

=g
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The above results of Czubiak and Gundersen, however, are not true for f(z) =
(3 +id)(1 — e’®) and g(z) = (3 — id)(1 — e~*), where d is a real constant.

In this note, we prove the following theorems which are corrections of Theorem
A and Theorem B.

Theorem 1. If f and g are in K and share O and 1 IM, then f and g must satisfy
exactly one of the following relations:

() =g

sin(b — ¢)

_osin(az+08) ey (1 —2i(az+b)
9(2) = sin(b — c) € S\ 2 d){1—e )

where a,b, c,d are real constants, and a # 0, sin(b—¢) #0, d = %cot(b —¢);

f(z) = Mei(a2+c) — (% + 1d) (1 _ e?i(az—&-b))7
(ii)

 sin(p(a D) oo
fz) = sin(az + b) ‘

_sin(p(az +0)) _ip—1)(aztb)
9(2) = sin(az + b) ‘

(iii)
where p is an integer, a, b are real constants, and p # 0,1, a # 0;
(iv) f(z) =sin®(az +b) and g(z) = —isin(az + b)e’@*+?)
where a # 0 and b are real constants;

sin?(p(az + b))

sin(p(az +0)) ;—1)(az+b)
_ d _ 2 \P\m= T 7)) (p az
(v) f(z) sin(az + b) and  g(z) sin(az + b) € 7
for p=—2 and for p = =3, where a # 0, b are real constants;
oy =1 (P —D(ez +b))
= R 2 )
) sin“(az + b)
(o) = S0 £) 1y
sin(az + b) ,

for p =3 and for p =4, where a # 0, b are real constants.

Theorem 2. If f and g are in KC and share 0 and 1 CM, then f and g must satisfy
exactly one of the relations (i), (i), and (iii) of Theorem 1.

2. SOME LEMMAS
In order to prove our theorems, we need the following lemmas.

Lemma 1 (cf. [2, Corollary of Theorem 2]). If f is in K, then the order of f is at
most one.

Lemma 2 (cf. [2, Proposition 1]). If f is in K, and f is not real for some real
value of z, then f is necessarily of one of the following two forms:

_ sin(az + b)

(i) f(z) = 00 eile=+e) - gin(b—¢) # 0,
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where a # 0, b and ¢ are real constants;

. _ Sin(p(az + b)) i(p—1)(az+b)
(i) Hz) = sin(az + b) © ’
where p # 0,1 is an integer, and a # 0, b are real constants.

Lemma 3 ([3, Theorem 2]). Let Q1(z) and Q2(z) be nonconstant polynomials of
the same degree. If
e@1(x) 1
f(z) = e@2(2) _ 1
is a nonconstant entire function, then
Q1(2) = pQ2(2) + 2qri,

where p # 0,1 and q are integers.

3. PROOF OF THEOREM 2

Since f and g are in K, by Lemma 1 we have order(f) < 1 and order(g) < 1.
From the fact that f and g share the values 0,1 CM, we obtain

(1) f(Z) — ealz—i-bl f(Z) -1 _ ea2z+b2
9(z) g9(z) — 1
where a1, a9,b1, and by are constants. Suppose that f # g. Then from (1) we
deduce that
e@22+ba _ 1 e—(azz+b2) _ 1

(2) f(z> = cazztbs _ 1’ g(z> = e—(asz+b3) _ 1’

where a3 = ay — ay, bz = by — by are constants, and e®*7s 2 1, ay # 0.
Assume that a3 = 0 and e* = K. Then K # 0,1. From (2) we have

1 K
(3) f(z) = m(eazz+b2 -1),  g(x)= m(e_(aﬂ“m) = 1).
Hence, z1 = (2mi/as) — (b2/a2) and 2o = 21 + (27i/as) are two zeros of f. Since z;
and zo are real, we obtain Re(az) = Re(be) = 0. Let a = as/2i and b = be/2i; then
a # 0 and b are real constants. Again from (3), we get

(4) f(z)= ﬁ(e%(“*b) ~1), g(2) = %(e—%(az-i-b) —1).
Thus
® F) 1= e g

Let K1 +i1Ky = %log K, where K7 and K are real constants. From (5), we obtain
z0 = (K2 —b)/a — iK1 /a is a one-point of f. Since zq is real, we obtain K; = 0.
Let ¢ = b — Ko; then c is a real constant. Again from (4), we have

f(z) = e2ilb—c) _1 sin(b — ¢) 7
ezi(b—c)
9(2) =1 _20-9

2i(az+b) _ 1 : b) .
e sin(az + )el(az_w)

_ 81T1(az +b) —ilazte)
sin(b — ¢)
Assume that as # 0. Applying Lemma 3 to (2), we have
azz + by = p(azz + bs) + 2qmi,

(e—Zi(az+b) _ 1)
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where p # 0,1 and ¢ are integers. Thus
eP(azz+bs) _ e—plasz+bs) _ 1
(6) @)= mm— 9= e

If p # —1, then 23 = 2mni/pas — bs/as (m is an integer # 0, mod(p)) and z4 =
z3 + 2mi/ag are two zeros of f. If p = —1, then 25 = wi/az — bs/as and zg =
z5 + 2mi/as are two one-points of f. Since z3, z4, 25, and zg are real, we obtain
Re(as) = Re(bs) = 0. Let a = a3/2i and b = b3/2i; then a # 0 and b are real
constants. Again from (6), we get

) 26217-’L'(az+b) -1 sin(p(az + b))ei(p_l)(aerb)
e2i(az+b) _ 1 sin(az + b) ’

) _e—2pi(az+b) —1  sin(p(az + b))e_i(p_l)(a”b)
I =itz 1 sin(az + b) '

This completes the proof of Theorem 2.

4. PROOF OF THEOREM 1
We note that in [1] in fact Czubiak and Gundersen proved the following results:

Theorem C. If f and g are in K and share 0 and 1 IM and they are also both real
on the real axis, then f and g share 0 and 1 CM.

Theorem D. If f and g are in K and share 0 and 1 IM and f is real for real z
and g is not real for some real value of z, then f and g must satisfy exactly one of
the following relations:

(i) f(z) =sin*(az +b) and g(z) = —isin(az + b)e @+,
where a # 0 and b are real constants;
) .

. _ sin®(p(az + b)) _sin(p(az +0)) p—1)(az+b)
@ IO ="y Y= wr) |
for p=—2 and for p = =3, where a # 0, b are real constants;

fl) =1 (9(z) = 1)? _ | sin®((p — )(az 1))
(i) e2piaz+b) sin?(az + b) 7
(2) = sin(p(az + b))ez'(p—l)(aerb)7

sin(az + b)

for p =3 and for p =4, where a # 0, b are real constants.
Using Lemma 2, we have the following result:

Theorem 3. If f and g are in K and share 0 and 1 IM and neither f nor g is real
for all real z, then f and g share 0 and 1 CM.

Proof. Since f and g are in K and neither f nor g is real for all real z, f and g must
have the forms in Lemma 2. Therefore, f and g have only simple zeros. To see that
f and ¢ have only simple one-points, one can consider F =1— fand G =1—-g¢g
and use the same reasoning. Theorem 3 follows. O

It is obvious that the functions f(z) and g(z) in the relations (ii) and (iii) of
Theorem 1 are not real for all real z. From Theorem 2, Theorem C, and Theorem
3, we have the following results:



ON RESULTS OF CZUBIAK-GUNDERSEN AND OSGOOD-YANG 589
Theorem C'. If f and g are in K and share 0 and 1 IM and they are also both
real on the real axis, then f = g.

Theorem 3'. If f and g are in K and share 0 and 1 IM and neither f nor g is
real for all real z, then f and g must satisfy exactly one of the relations (i), (ii),
and (iii) of Theorem 1.

Now using Theorem C’, Theorem 3’, and Theorem D, we finally obtain the
conclusion of Theorem 1.

5. CORRECTION OF A RESULT OF OSGOOD AND YANG

In [1], Czubiak and Gundersen used the following result obtained by C. F. Osgood
and C. C. Yang:

Theorem E ([3, Theorem 3]). If f and g are nonconstant entire functions of finite
order and share 0 and 1 CM, then either f = g or

flz)=1+ eQ 4. 4@ = (1- enQ)/(l - €Q)
and
g(z)=14+e 94 e D= (1-e7"9)/(1-e9),

or more generally

and

)

g(z) _ (1 _ e27riP(Q))/(e27ri(P(Q)—Q) _ e27riP(Q))

where Q is a polynomial in z and P(z) is a polynomial in z with rational numbers
as the coefficients.

The above result of Osgood and Yang, however, is not true for
1 - 1 .
f(z) = (5 + id) (1—¢€%) and g(z)= (5 - id) (1—e7"),
where d is a real constant. The following result is a correction of Theorem E:

Theorem E’. If f and g are nonconstant entire functions of finite order and share
0 and 1 CM, then f and g must satisfy exactly one of the following relations:

(i) f=g

(ii) f(z) = Kl— - €P® 1) and g(z) = — K(e—P(z) —1),

where K # 0,1 is a constant, and P(z) is a nonconstant polynomial ;
f(2) = (1= n@) /(1 = 909,

9() = (1= 7)1 — =2,

where n # 0,1 is an integer, and Q(z) is a nonconstant polynomial;
£(2) = (1 = TP@ED) /(1 — 2700,

g(2) = (1= e 2miPQE) (1 — e2miale),

where Q(z) is a nonconstant polynomial in z, and P(2) is a polynomial in z with
rational numbers as the coefficients, and deg(P) > 2.

K

(iii)

(iv)
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We may rewrite the functions f(z) and g(z) in the relation (iii) of Theorem E’

in the following forms:
f(z) _ 1_|_6Q(Z)_|_..._|_e("—1)Q(Z),
(iii) g(2) = 146~ f ... 4 ~(1=1Q).

where n > 2;

F(2) = —e™RG) _ o= (m=1QG) _ .. _ o~Q(),
(iid)o g(z) = —emRE) _ ((mDRE) ... _ Q)
where m = —n > 1.

Next we proceed to prove Theorem E’.
By the assumption of Theorem E’, we have two polynomials, R(z) and S(z),
such that

(7) f=gef and f—1=(g—1)e°.

Suppose that f # g. Then e # 1 and e®~® # 1. Thus from (7) we obtain
£(2) = (1= e50) /(1 = 5=,
9(2) = (1= =5 /(1 = (M=),

We discuss the following two cases.
(A) Assume that e%(*)=E(*) = K where K is a constant. Then K # 0,1. Thus
from (8) we have

(8)

f(2) = 7 (P9~ 1) and g(z) =
where P(z) = S(z) is a nonconstant polynomial.
(B) Assume that ¢%(*)=%(*) is not a constant. In [3], in fact Osgood and Yang
proved that in this case f(z) and g(z) must satisfy exactly one of the relations (iii)
and (iv) of Theorem E’. Theorem E’ is thus proved.

K
1-K

(e_P(Z) - 1)?
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