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REMOVABILITY OF THE SINGULAR SET

OF THE HEAT FLOW OF HARMONIC MAPS

YUNMEI CHEN AND LIVIO FLAMINIO

(Communicated by Peter Li)

Abstract. We show that the singular set of a weak stationary solution u of
the heat flow of harmonic maps between Riemannian manifolds M and N ,
with N compact, is removable if it has “parabolic codimension” greater than
two and the initial energy E(u0) is sufficiently small.

1. Introduction and preliminaries

Let (M, g) and (N,h) be smooth Riemannian manifolds of dimensions m and n,
respectively, with N compact without boundary. Using the Nash-Moser Theorem,
we embed N isometrically into RK .

We recall that the energy E(u) of a smooth map u : M → N is defined as

E(u) =
1

2

∫
M

|du|2dmg,

where dmg is the volume form induced by g and |du| is the Hilbert-Schmidt norm
of du considered as a section of TM∗ ⊗ u∗TN . A smooth function u : M → N is
said to be harmonic if it is a critical point of the energy, i.e. if d∗du = 0 (see [5]).
The heat flow for harmonic maps, with initial data u0 : M → N , is the solution to
the evolution equation corresponding to the harmonic map problem:

(∂t + d∗d)u = 0, u(0, ·) = u0(·).

Using the embedding N → RK the above equation can be rewritten as

∂tu+ ∆Mu = TrgAu(du, du), u(0, ·) = u0(·),(1.1)

where ∆M is the Laplace-Beltrami operator of (M, g); the expression Ap(·, ·) de-
notes the second fundamental form at p ∈ N of the embedding N → RK , and
Trg Au(du, du) at (t, x) is the trace of Au(t,x)(du(t, x), du(t, x)) with respect to gx,

which is a bilinear form on TxM with values in RK . The advantage of the form
(1.1) for the heat flow equation is that it allows us to formulate the problem in a
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weak sense. Define the space

H(R+ ×M,N) = {u ∈ L∞(R+ ×M,RK) : u(t, x) ∈ N a.e.,

∂tu ∈ L2(R+ ×M,RK), du ∈ L∞(R+, L2(M,RK))}.
Then a weak solution of the heat flow (1.1) is a function u ∈ H(R+ ×M,N) that
satisfies ∫

R+×M
{〈∂tu, η〉+ 〈du, dη〉 − 〈η,Trg A(du, du)〉} dmgdt(1.2)

for any η ∈ C∞0 (R+ ×M,RK) as well as the initial condition u(0, ·) = u0(·).
The global existence of a weak solution to the problem (1.1) is known; see for

example [3]. The weak solution obtained in [3] is smooth outside a set Σ(u) ⊆
R+ × M , the singular set, which is closed and has locally finite m-dimensional
Hausdorff measure (here and hereafter the Hausdorff measure on R+×M is defined
using the parabolic metric defined in §2). However, Coron showed in [4] that the
problem (1.1) may have infinitely many distinct weak solutions. Therefore the
partial regularity of weak solutions becomes an interesting problem.

In analogy with the notion of stationary harmonic map (see for example [12],
[13]), Feldman introduced in [7] the notion of stationary solution of the heat flow.
The stationarity condition can be formulated in the following way.

A vector field X on R+ ×M is future directed if dt(X) ≥ 0, where t is the first
coordinate function on R+ ×M .

If Z = (T,X) is a C1 vector field of compact support on R+ × M , define
ũZ,ε : R+ ×M → N as

ũZ,ε(t, x) = u(expt,x(εZ(t, x))) = u(t+ εT (t, x), expx(εX(t, x))).

1.1 Definition ([7]). A weak solution u of the heat flow (1.1) is said to be station-
ary if for any C1 future directed vector field Z on R+ ×M with compact support
we have ∫

R

∫
M

〈
∂tu,

∂

∂ε
uZ,ε

∣∣∣∣
ε=0

〉
dmgdt+

∂

∂ε

(∫
R+

E(uZ,ε) dt

)∣∣∣∣
ε=0

≤ 0.(1.3)

In [7], Feldman proved that if the target manifold N is the standard n-dimen-
sional sphere, then the singular set of a weak stationary solution u of (1.1) has zero
m-dimensional Hausdorff measure. Independently, Chen, Li and Lin [2] obtained
the same result by assuming, instead of stationarity, the monotonicity inequality
and energy inequality (see (2.1) and (2.7) in [2]).

Extending previous partial regularity results of Hélein [8], [9] and Evans [6],
Bethuel [1] proved that for stationary harmonic maps the singular set has zero
m-dimensional Hausdorff measure, provided that the solution is stationary.

Thus one would expect that for the heat flow the singular set of a weak stationary
solution of the heat flow into arbitrary target manifolds also has zero m-dimensional
Hausdorff measure. The purpose of this note is a partial result in this direction.

Roughly speaking, we will show that if a weak stationary solution u of the heat
flow has small initial energy E(u0) and if its singular set Σ(u) has co-dimension
greater than 2, then u is smooth. More precisely we have

1.2 Theorem. Let u ∈ H(R+ ×M,N) be a weak solution of the heat flow (1.1).
Assume that :

(1) The weak solution u is stationary.
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(2) The singular set Σ(u) of u satisfies the following regularity conditions :
(a) for some strictly positive δ0 < 1, the set Σ(u) is contained in M× [δ2

0,∞);
(b) the set Σ(u) has bounded uniform (m, q)-density with respect to the par-

abolic distance for q > 2.
(3) For some ε = ε(m,N, δ0) we have E(u0) < ε.

Then u is smooth in M .

For the definition of (m, q)-density see Definition 2.3 below. The condition of sta-
tionarity can be replaced by assuming the monotonicity inequality (4.5) below and
the energy inequality [2, (2.7)]. In fact, in [2] it was shown that these inequalities
imply the estimates (4.2) and (4.4) below from which Theorem 1.2 follows.

In §3 we shall prove that the condition of stationarity is automatically satisfied if
we assume that the codimension q of the singular set is strictly greater than 2 and
that |du| has higher integrability. See Theorem 3.1 below for a precise statement.

Our assumptions on the singular set are similar to Mou’s [11] who proved anal-
ogous results for p-harmonic maps.

1.3 Notation. Let Lm+1 = dmgdt. Whenever not explicitly indicated, integration
on subsets of M and of R+×M will always be intended with respect to the measures
dmg and Lm+1. By an absolute constant we intend a constant which may depend
only on (M, g) and (N,h). Occasionally we shall write a � b to mean that for
some absolute constant C we have a < Cb.

1.4 Notation. For u ∈ H(R+ ×M,N) we set u(t) = u(t, ·).

1.5 Notation. The metric dt2 ⊗ g induces a connection ~∇ on R+ ×M , for which
the hypersurfaces {t} ×M are totally geodesics. In particular the pull back of g

to R+ ×M (denoted g again) is parallel. We shall denote by ~du the differential of

u : R+ ×M → N , while reserving the symbol du to denote the restriction of ~du to

{t} × TM . Similarly ~δZ denotes the divergence ~δZ = −Tr ~∇Z.

1.6 Remark. The condition of stationarity yields immediately that u ∈
H(R+×M,N) is a stationary solution of the heat flow iff for any C1-future directed
vector field Z on R+ ×M with compact support we have:∫

R+×M

{
〈∂tu, ~du(Z)〉+ 〈du, ~du(~∇Z)〉+

1

2
〈du, du〉~δZ

}
≤ 0,(1.4)

where 〈·, ·〉 denotes the inner product on any of the various tensor bundles T (r,s)M⊗
u∗TN .

1.7 Lemma. If u ∈ H(R+ ×M,N) is a weak solution of the heat flow and u ∈
H2

loc(Ω0, N) for some open subset Ω0 ⊆ R+ ×M , then u is stationary on Ω0.

Proof (Feldman [7]). A weak solution of the heat flow in H2
loc(Ω0, N) is a strong

solution of the heat equation (1.1) on Ω0.
Let Z be a vector field of compact support in Ω0. Then, denoting by ≈ equality

up to divergence terms we have

1

2
‖du‖2~δZ ≈ 1

2
~∇Z(‖du‖2) = 〈~∇Zdu, du〉

= 〈∇(~du(Z))− ~du(~∇Z), du〉 = 〈~du(Z),∇∗du〉 − 〈~du(~∇Z), du〉
= −〈~du(Z), ∂tu〉 − 〈~du(~∆Z), du〉,
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where in the last line we have used the heat equation (1.1). After integration we
obtain the claim.

2.

2.1 Notation. For z1 = (t1, x1), z2 = (t2, x2) in R+ ×M , the parabolic distance of
z1 and z2 is defined as ρ(z1, z2) = max(|t1 − t2|1/2, |x1 − x2|). We set ρ(z,Σ) =
inf{ρ(z, z′)|z′ ∈ Σ}. For r > 0, denote

Σr = {z ∈ R+ ×M |ρ(z,Σ) < r},
Pr(z) = {z′ ∈ R×M |ρ(z, z′) < r}.

Recall that m denotes the dimension of M .

2.2 Definition. The upper Minkowski q-content of a set Σ ∈ R+×M with respect
to the parabolic metric ρ is the number

Mq

ρ(Σ) = lim sup
r→0

Lm+1(Σr)

rm+2−q .

We say that a set Σ ⊆ R+ ×M has locally finite upper Minkowski k-content, i.e.

for any compact set K we haveMk

ρ(Σ ∩K) <∞.

2.3 Definition. We say that a set Σ ⊆ R+×M has bounded uniform (m, q)-density
with respect to the parabolic distance if for some r0 > 0 the quantity

Φ(m,q)
r0 (Σ) = sup{Lm+1(Σr1 ∩ Pr2(z))/(rm+2−q

1 rq2) : r1 < r0, r2 < r0, z ∈ R+ ×M}
is finite.

Clearly if Σ ⊆ R+ ×M has bounded uniform (m, q)-density, then it has locally
finite upper Minkowski q-content. Both these notions are not vacuous. To see this
we give the following definition:

2.4 Definition. A closed set Σ ∈ R+ ×M is rectifiable of parabolic dimension q
if, for any compact set K ⊆ R+ ×M , there exist finitely many Lipshitzian maps
fi : Rq−1 → R+ ×M and gj : Rq → {tj} ×M and compact sets Ci ⊆ Rq−1 and
Dj ⊆ Rq such that Σ ∩K ⊆

⋃
i,j fi(Ci) ∪ gj(Dj).

Then, it is not difficult to see that we have:

2.5 Proposition. A rectifiable closed set Σ ∈ R+ × M of parabolic dimension
q has locally finite upper Minkowski q-content. Similarly a compact smooth set
Σ ∈ R+ ×M of parabolic dimension q has bounded uniform (m, q)-density.

3.

The goal of this section is to show that weak solutions of the heat flow are
stationary if the singular set is “sufficiently small and regular” and the derivative
du blows-up “slowly” near the singular set.

3.1 Theorem. If u ∈ H(R+ ×M,N) ∩ C∞(R+ ×M\Σ, N) is a weak solution of
the heat flow, then u is a stationary solution provided that

(a) The singular set Σ has locally finite upper Minkowski p-content for some
p < m.

(b) We have du ∈ Lq(R+ ×M,TN) with q = 2(m+ 2− p)/(m− p).
We also reach the same conclusion if
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(a′) The singular set Σ has null upper Minkowski (m− 2)-content.
(b′) We have |du(z)| � 1/ρ(z,Σ) for all z ∈ R+ ×M\Σ.

We shall make use of the following observation, whose proof is standard.

3.2 Remark. For each compact set K and positive r, there exists a smooth cut-off
function ψr : R+ ×M → [0, 1] with compact support such that ψr = 0 on Σr ∩K,
ψr = 1 on (Σ2r)

c ∩K, |∇ψr| < 2/r and |∂tψr| < 1/r2.

Proof of Theorem 3.1. Set p1 = (m + 2 − p)/(m − p) and p2 = (1 − 1/p1)−1 =
(m+2−p)/2. From (a) we have lim supr→0 Lm+1(Σr)/r

m+2−p <∞, which implies
lim supr→0 Lm+1(Σr)

1/p2/r2 < ∞. Since the measure of Σr goes to zero with r,
from (b) we have limr→0

∫
Σr
|du|2p1 = 0 and therefore, applying Hölder’s inequality,

we obtain

lim sup
r→0

1

r2

∫
Σr

|du|2dLm+1

≤ lim sup
r→0

1

r2

(∫
Σr

|du|2p1dLm+1

)1/p1

(Lm+1(Σr))
1/p2 = 0.

(3.1)

If we assume (a′) and (b′) instead, we obtain∫
Σr\Σ2r

|du|2dLm+1 � r−2Lm+1(Σ2r)

and limr→0 Lm+1(Σ2r)/r
4 = 0. Thus under both sets of hypotheses we have that

lim sup
r→0

1

r2

∫
Σ2r\Σr

|du|2dLm+1 = 0.(3.2)

Since ∂tu ∈ L2(R+ ×M,TN), equation (3.2) implies that

lim sup
r→0

1

r

∫
Σ2r\Σr

|du| |∂tu|dLm+1 = 0.(3.3)

Now, let Z be a C1 future-oriented vector field of compact support K on R+×M .
Fix r > 0 and let ψr : R+×M → [0, 1] be a smooth cut-off function as in Remark 3.2.
Then ψrZ is also future-oriented and C1, and supported in a region on which u is
smooth. Assuming that K ⊆ [t1, t2]×M , by Lemma 1.7, we have∫ t2

t1

∫
M

{
〈∂tu, ~du(ψrZ)〉+ 〈du, ~du(~∇ψrZ)〉+

1

2
〈du, du〉~δ(ψrZ)

}
≤ 0,(3.4)

from which we derive∫ t2

t1

∫
M

ψr

{
〈∂tu, ~du(Z)〉+ 〈du, ~du(~∇Z)〉+

1

2
〈du, du〉~δZ

}
≤
∫

Σ2r\Σr

{
〈du, ~du(Z)⊗ dψr〉 −

1

2
〈du, du〉~dψr(Z)

}
.

(3.5)

As we let r tend to 0 the left-hand side of (3.5) converges to∫ t2

t1

∫
M

{
〈∂tu, ~du(Z)〉+ 〈du, ~du(~∇Z)〉+

1

2
〈du, du〉~δZ

}
.

Thus, in order to establish the proposition, it is sufficient to show that the right-
hand side of (3.5) has a non-positive upper limit.
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Writing Z = T∂t +X with dt(X) = 0, the right-hand side of (3.5) is equal to∫
Σ2r\Σr

{
T 〈du, ∂tu⊗ dψr〉+ 〈du, du(X)⊗ dψr〉

−1

2
〈du, du〉(T∂tψr + dψr(X))

}
,

(3.6)

and, using |dψr| < 2/r and |∂tψr| < 1/r2, we obtain that the expression (3.6) is
dominated by

∫
Σ2r\Σr

{
2

r
|T | |du| |∂tu|+

2

r
|X | |du|2 +

1

2

1

r2
|T | |du|2 +

1

2

2

r
|X | |du|2

}
dLm+1

< 2‖Z‖∞
∫

Σ2r\Σr

{
1

r2
|du|2 +

1

r
|du| |∂tu|

}
dLm+1,

(3.7)

which by (3.2)–(3.3) goes to zero as r→ 0.

4.

Henceforth we assume, for simplicity, that M = Rm with the ordinary Euclidean
metric.

4.1 Lemma. If u ∈ H(R+ ×M,N) is a weak stationary solution of the heat flow,
then

(1) The energy is decreasing at almost all times:

E(u(t)) < E(u(0)) for a.e. t ∈ R+.(4.1)

(2) There is an absolute constant C1 such that :

r2−m
∫
Pr/2(z)

|∂tu|2 < C1r
−m
∫
Pr(z)

|du|2(4.2)

for any ball Pr(z) ⊂ R+ ×M .

Proof. These are Propositions 10–12 in [7].

4.2 Notation. For u ∈ H(R+ ×M,N) and any ball Pr(z) ⊆ R+ ×M we define the
normalized energy in the r-ball about z as

Nr(u, z) = N(u, Pr(z)) = r−m
∫
Pr(z)

|du|2.(4.3)

4.3 Lemma (Monotonicity property). There is an absolute constant C2 such that,
for any weak stationary solution of the heat flow u ∈ H(R+ ×M,N) and for any
ball Pr(z) ⊆ R+ ×M , we have:

Nr′(u, z
′) < C2Nr(u, z) for all z′ ∈ Pr/4(z) and r′ < r/8.(4.4)

Proof. Let β ∈ (0, 1) be a fixed constant and let φ : Rm → [0, 1] be a C∞ function
with support in (B1/4(0)) and with φ ≡ 1 on B1/8(0). For any z0 ∈ R+ ×M , and

any R ∈ (0,
√
t0

2β ), define

Φβ(R, u, z0) =
β2R2

2

∫
{t0−β2R2}×M

|du|2Gz0φ
2
βdmg,
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and

Ψβ(R, u, z0) =
1

2

∫ t0−β2R2

t0−4β2R2

∫
M

|du|2Gz0φ
2
βdLm+1,

where Gz0 : (−∞, t0]×M → R+ is the solution of the equation (∂t + ∆)Gz0 = 0 of
the backward heat flow on M which satisfies the final condition Gz0(t0) = δx0 , and
where we have set φβ(x) = φ(x−x0

β ).

We claim that there exists an absolute constant C > 0 such that for any z0 ∈
M ×R+, and 0 < R1 ≤ R2 ≤ min(

√
t0

2β , 1/4), we have

Ψβ(R1, u, z0) ≤ Ψβ(R2, u, z0) + Cβ−m
∫
Pβ/2(z0)

|du|2dLm+1.(4.5)

Since the equation (1.1) is invariant under the translation z → z − z0, we may
assume, to simplify the notation, that z0 = (0, 0). We denote G = G(0,0), Pr =
Pr(0, 0) and Br = Br(0).

By the argument in [7] (see the derivation of (24) and (25) in [7]), it is not
difficult to obtain the following estimates (take θ = tGφ2

β , ζ = xGφ2
β):∫

{t2}×M
−
∫
{t1}×M

t|du|2Gφ2
βdmg

≥
∫ t2

t1

∫
M

[
−|du|2

(
n− 2

2
+
|x|2
4t

)
− 〈∂tu⊗ x, du〉 − 2|∂tu|2t

]
Gφ2

βdLm+1 +D1

(4.6)

and

∫ t2

t1

∫
M

[
〈∂tu⊗ x,du〉 − |du|2

(
n− 2

2
+
|x|2
4t

)
+
|du · x|2

2t

]
Gφ2

βdLm+1 +D2 = 0,

(4.7)

where

D1 =

∫ t2

t1

∫
M

4t

β
〈∂tu⊗ dφ(x/β), du〉φβGdLm+1

=

∫ t2

t1

∫
M

4t

β
∂tu

α∂jφ(x/β)∂ju
αφβGdLm+1

and

D2 =

∫ t2

t1

∫
M

[
− 1

β
|du|2xj∂jφ(x/β)φβG+

2

β
∂ju

α∂ku
αxkφβ∂jφ(x/β)G

]
dLm+1.

Let t1 = −R2
2β

2, t2 = −R2
1β

2; we have

|D1| ≤
∫ −R2

1β
2

−R2
2β

2

∫
M

β2−m|t|m/2|∂tu|2Gφ2
βdLm+1

+ C

∫ −R2
1β

2

−R2
2β

2

∫
M

βm−4|t|(4−m)/2|du|2G|dφ|2
(
x

β

)
dLm+1

=D11 +D12.
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By Lemma 4.1,

|D11| ≤ C
∫ −R2

1β
2

−R2
2β

2

∫
Bβ/4

β2−m|∂tu|2dLm+1

≤ C
∫
Pβ/4

β2−m|∂tu|2dLm+1 ≤ Cβ−m
∫
Pβ/2

|du|2dLm+1.

(4.8)

Noticing that on {β/8 ≤ |x| ≤ β/4} × {−R2
2β

2 ≤ t ≤ −R2
1β

2},

|t|(4−m)/2G ≤ C|t|2−m exp

{
− β2

256|t|

}
≤ Cβ4−2m,

we obtain

|D12| ≤ Cβ−m
∫
Pβ/2

|du|2dLm+1.(4.9)

Formulas (4.8) and (4.9) lead to

|D1| ≤ Cβ−m
∫
Pβ/2

|du|2dLm+1.(4.10)

Similarly, we obtain

|D2| ≤ Cβ−m
∫
Pβ/2

|du|2dLm+1.(4.11)

Subtracting (4.7) from (4.6), and taking t1 = −R2
2β

2, t2 = −R2
1β

2, we obtain

Φβ(R2, u, 0)− Φβ(R1, u, 0)

≥
∫ −R2

1β
2

−R2
2β

2

∫
M

−
[
2∂tudu · x+

|du · x|2
2t

+ 2|∂tu|2t
]
Gφ2

βdLm+1 +D1 −D2.

(4.12)

From (4.10)–(4.11) and the inequality

|2〈∂tu⊗ x, du〉| ≤
|∂juxj |2

2t
+ 2|t| |∂tu|2,

we see that (4.12) yields

Φβ(R1, u, 0) ≤ Φβ(R2, u, 0) + Cβ−m
∫
Pβ/2

|du|2dLm+1.(4.13)

Observing that

Ψβ(R, u, 0) =
2

R

∫ 2R

R

Φβ(r, u, 0)dr,

we conclude from (4.13) that we have

Ψβ(R1, u, 0) ≤ Ψβ(R2, u, 0) + Cβ−m
∫
Pβ/2

|du|2dLm+1.

Thus the claim (4.5) is proved.
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As in the proof of Lemma 2.2 in [2], we have for any 0 < r′ ≤ r/8

r′−m
∫
Pr′ (z0)

|du|2dLm+1 ≤ CΨr(r
′/r, u, (x0, t0 + 2r′2))

≤ CΨr(1/4, u, (x0, t0 + 2r′2)) + Cr−m
∫
Pr/2(x0,t0+2r′2)

|du|2dLm+1

≤ Cr−m
∫
Pr/2(x0,t0+2r′2)

|du|2dLm+1 ≤ Cr−m
∫
Pr(z0)

|du|2dLm+1.

To prove Theorem 1.2 we will require two lemmata. The first lemma states that
in a region where u is smooth we can estimate |du|2 by its average.

4.4 Lemma. Let u ∈ H(R+×M,N) be a weak stationary solution of the heat flow.
There are absolute constants ε1 and C3 such that if u is smooth on Pr(z0) ⊆ R+×M
and Nr(u, z0) < ε1, then

sup
Pr/16(z0)

|du|2 < C3r
−m−2

∫
Pr(z)

|du|2.(4.14)

Proof. We follow Schoen and Uhlenbeck [12, Theorem 2.2]. Bochner’s formula for
∆|du|2 (see [5]) implies the estimate

(∂t −∆)|du|2 ≤ CN |du|4,
where CN is the norm of the Riemannian curvature of (N,h).

Let z′ ∈ Pr(z0) and Pα(z′) ⊆ Pr(z0). If on Pα(z′) we have |du|2 < B, then

(∂t −∆)|du|2 ≤ CNB|du|2, on Pα(z′),

and, applying Moser’s mean value inequality [10, Formula (3.12)] for parabolic
equations in the rectangle Pα(z′), we obtain

|du|2(z′) < γeCNBα
2

α−2Nα(u, z′),(4.15)

where the constant γ depends only on m.
Choose τ0 ∈ (0, r/8) so that

(r/8− τ0)2 sup
Pτ0 (z0)

|du|2 = max
0≤τ≤r/8

[
(r/8− τ)2 sup

Pτ (z0)

|du|2
]

(4.16)

and pick z ∈ Pτ0(z0) so that

|du|2(z) = max
Pτ0 (z0)

|du|2 = e0.(4.17)

Set ρ0 = 1
2 (r/8− τ0). Then τ0 + ρ0 ≤ r/8 and therefore

max
Pρ0 (z)

|du|2 ≤ max
Pρ0+τ0(z)

|du|2 ≤ (r/8− τ0)2

(r/8− ρ0 − τ0)2
|du|2(z) = 4e0.(4.18)

If ρ0 > (e0CN )−1/2, then applying (4.15) with z′ = z and α = (e0CN )−1/2 we
obtain

e0 = |du|2(z) < γe4e0CNN(e0CN )−1/2(u, z) < γe4e0CNC1Nr(u, z0).

In the last step, we have used the monotonicity inequality and the fact that
(e0CN )−1/2 < ρ0 < r/16 and z ∈ Pr/8(z0). The last inequality is a contradiction
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if Nr(u, z0) is smaller than ε1 = γ−1e−4C−1
N . Thus we can assume that ρ0 <

(e0CN )−1/2. Applying (4.15) with z′ = z and α = ρ0 we obtain

e0 = |du|2(z) < γe4ρ−2Nρ0(u, z) < γe4ρ−2C1Nr(u, z0)

and therefore

(r/8− τ)2 sup
Pτ (z0)

|du|2 ≤ 4ρ2e0 ≤ γe4C1Nr(u, z0).

Choosing τ = r/16 and C3 = 64γe4C1 we conclude that:

sup
Pτ (z0)

|du|2 ≤ C3r
−m−2

∫
Pr(z)

|du|2.

4.5 Lemma. Assume that u ∈ H(R+ ×M,N) is a weak stationary solution of the
heat flow with singular set Σ ⊆ R+ ×M satisfying the condition (2) of Theorem
1.2. There exist constants σ = σ(m,N, δ0) ∈ (0, 1/4) and ε1 = ε1(m,N, δ0) such
that for any z ∈ M × [δ2

0,∞) and r < min(1/4, δ0/4) the inequality Nr(u, z) < ε1

implies

Nσr(u, z) < 1
2Nr(u, z).(4.19)

Proof. Arguing by contradiction, we fix sequences εi and σi < 1/4 decreasing to
zero and we assume that there exist sequences of points zi ∈ [δ2

0 ,∞) × M and
ri < min(1/4, δ0/4) such that

λ2
i := 1

2Nri(u, zi) < εi for all i(4.20)

and

Nσiri(u, zi) ≥ 1
2Nri(u, zi) for all i.(4.21)

Define

ai =
1

Vol(Pr/2(zi))

∫
Pr/2(zi)

u

and set

vi(t, x) = λ−1
i u(r2

i t+ ti, rix+ xi).(4.22)

Then vi : P1 ⊆ R×M → N is a stationary solution of the heat flow satisfying

N1(vi, 0) = λ−2
i Nri(u, zi) = 1(4.23)

and

Nσi(vi, 0) = λ−2
i Nσiri(u, zi) ≥

λ−2
i

2
Nri(u, zi) =

1

2
.(4.24)

From (4.2) and (4.23) we obtain∫
P1/2

|∂tvi|2 < C1

and therefore, using the Poincaré inequality,∫
P1/2

|vi|2 < C2.



REMOVABILITY OF THE SINGULAR SET 523

We can assume then, by possibly passing to a subsequence, that as i→∞ we have

vi → v strongly in L2(P1/2,RK),(4.25)

dvi → dv weakly in L2(P1,RK),(4.26)

∂tvi → ∂tv weakly in L2(P1/2,RK).(4.27)

Choose any smooth map ω : R×M → RK with support in P1/2. Then since vi are
weak solutions of the heat equation (1.1) we have∫

R×M
〈∂tvi, ω〉+ 〈dvi, dω〉 = λi

∫
R×M

A(ai + λivi)(dvi, dvi)ω.

By the compactness of N the right-hand side is bounded by C3λiN1/2(vi)‖ω‖∞,
and therefore as i→∞ we obtain from (4.26), (4.27)∫

R×M
〈∂tv, ω〉+ 〈dv, dω〉 = 0.

Hence the limit v solves the heat equation (∂t+∆)v = 0 weakly and also classically.
From the local estimate of the parabolic equations and (4.23), (4.26) we obtain that

‖dv‖L∞(P1/4) ≤ C4N1/2(v).

4.6 Claim.

dvi → dv strongly in L2(P1/4,RK).

Fix σ so that Nσ(v) < 1/4. From Claim 4.6 and (4.24) we obtain
1
4 > Nσ(v) = lim

i
Nσ(vi) ≥ lim

i
Nσi(vi) ≥ 1

2 ,

which is a contradiction. Thus in order to conclude our proof, it suffices to prove
Claim 4.6.

Proof of Claim 4.6. Recall that Σ(u) denotes the singular set of u. For simplicity
we define for z = (t, x) ∈ P1

φi(t, x) = (r2
i t+ ti, rix+ xi).

Thus vi = λ−1
i u ◦ φi on P1.

Given an integer ν = 4l with l > 3, let Pν be the partition P1 into the paral-
lelepipeds with vertices on the lattice {(2ν−2j0, 2ν

−1j1, . . . , 2ν
−1jm) : (j0, j1, . . . , jm)

∈ Zm}. We say that a parallelepiped P ∈ Pν is vi-good if the function vi is smooth
on P and on all parallelepipeds contiguous to P .

By passing to a subsequence of vi, still denoted by vi, we have that each P is
either vi-good for all i or vi-bad for all i. Thus we can simply say that P ∈ P is
good or bad.

Denote by Gν the collection of good parallelepipeds meeting P1/4 and let Gν =⋃
P∈Gν P be their union. Let us also denote the collection of bad parallelepipeds

meeting P1/4 by Bν and their union by Bν .

Let P ∈ Gν . Clearly any point in P has parabolic distance greater than ν−1

from the singular set Σi = φ−1
i (Σ(u)) of vi. This implies that φi(P ) has parabolic

distance greater than riν
−1 from Σ(u). Therefore we obtain that for z ∈ P ,

|dvi|2(z) = λ−2
i r2

i |du|2(φi(z)).(4.28)
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By the monotonicity formula (4.4), we have

N16riν−1(u, φi(z)) < C2Nri/8(u, φi(z)) ≤ C2Nri(u, zi) = C2λ
2
i ,

and therefore for large i we have N16riν−1(u, φi(z)) < ε0, where ε0 is the constant
appearing in Lemma 4.4. Applying now this lemma we obtain that

|du|2(φi(z)) < C3(riν
−1)−2Nriν−1(u, φi(z))

< C2C3(riν
−1)−2N16riν−1(u, φi(z))

< C2C3(riν
−1)−2λ2

i .

(4.29)

Therefore (4.28) and (4.29) imply that for z ∈ P and P ∈ Gν
|dvi|2(z) < C2C3ν

2

and by passing to a subsequence we obtain that dvi converges strongly in L2 on
Gν .

Now we estimate
∫
Bν
|dvi|2. Observe that if z ∈ P1/4 belongs to a bad paral-

lelepiped P , then there is a point of Σi in P or in a parallelepiped contiguous to P .
Then we have ρ(z,Σi) < 2ν−1 and therefore ρ(φi(z),Σ(u)) < 2riν

−1. Then

Lm+1(Bν) < Lm+1(P1/4 ∩ (Σi)2ν−1) < r−m−2
i Lm+1(Pri/4(zi) ∩ Σ(u)2riν−1).

By our assumption on Σ(u) we have that

Lm+1(Pri/4(zi) ∩ Σ(u)2riν−1) < C(ri/4)m+2−q(2riν
−1)q = C′rm+2

i ν−q

and we conclude that

Lm+1(Bν) < C′ν−q.

Since each parallelepiped in P has L-measure equal to 2m+1ν−m−2, we obtain that
Bν has at most C′νm+2−q elements. Thus, denoting by c(P, i) the centre of φi(P )
we have ∫

Bν

|dvi|2 =
∑
P∈Bν

∫
P

|dvi|2 =
∑
P∈Bν

(Lm+1(P ))m/(m+2)N(vi, P )

= 2m(m+1)/(m+2)ν−m
∑
P∈Bν

N(vi, P )

= 2m(m+1)/(m+2)ν−m
∑
P∈Bν

λ−2
i N(u, φi(P ))

= 2m(m+1)/(m+2)ν−m
∑
P∈Bν

λ−2
i Nriν−1(u, c(P, i))

< 2mν−m
∑
P∈Bν

C2mλ−2
i Nri(u, zi)

= C22mν−m
∑
P∈Bν

1

< C22mν−mC′νm+2−q = 22mCC′ν2−q = C′′′ν2−q.

We conclude that

lim sup
i

∫
P1/4

|dvi|2 ≤
∫
Gν

|dv|2 + C′′′ν2−q.
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Since q > 2, letting ν →∞ we obtain that

lim sup
i

∫
P1/4

|dvi|2 ≤
∫
Gν

|dv|2.

This implies our claim.

Proof of Theorem 1.2. Since u is a weak stationary solution of the heat equation
(1.1), from the monotonicity inequality (4.4) and the energy inequality (4.1) we
have

Nr(u, z) < C2Nr0(u, z) < C2r
2−m
0 E(u0)

for any z = (x, t) ∈M × [δ2
0,∞) and any r < r0/8 = δ0/8.

Let ε1 be determined as in Lemma 4.5. Then, if E(u0) is smaller than ε1C
−1
2 rm−2

0 ,
we obtain that Nr(u, z) < ε1 for any z = (x, t) ∈ M × [δ2

0 ,∞) and any r < δ0/8.
Using Lemma 4.5 and a standard iteration argument (see [2, Lemma 5.1], for ex-
ample), we obtain the Morrey type estimate∫

Pr(z)

(|du|2 + r2|∂tu|2)� rm+α

which implies that u is Cα/2 in some ball around z. The fact that u is C∞ follows
as in [7, Lemma 21].
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