PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 3, March 1996
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ABSTRACT. The familiar fixed-point theorem of Kakutani is strengthened by
weakening the hypotheses on the set-valued mapping. Applications are made
for UV™ and UV“ decompositions of compact metric spaces.

1. INTRODUCTION
A central position in this paper occupies the following result.

Theorem 1.1. Let X be a metric space with dim(X) < n+1, and Y a compact
metric AR, and let ¢ : X — F(Y) be u.s.c. such that o(x) is UV™ for all x € X.
Then for every continuous g : Y — X there exists a point yo € Y such that

Yo € »(9(v0))-

Here, F(Y) denotes {S C Y : S # &, S closed in Y}. A set-valued mapping
¢ : X — F(Y) is upper semi-continuous, or u.s.c., if p# (W) = {x € X : p(x) C W}
is open in X for every open W in Y. A metric space Y is called an AR if it is
a retract of every metric space Z containing it as a closed subset. Let n > —1;
a compact metric space A is UV™ provided it embeds in the Hilbert cube @ so
that for each neighbourhood U of A in @) there is a smaller one V' such that every
continuous image of a k-sphere (k < n) in V is contractible in U.

There are several interesting consequences of the above result. Among them,
let us first especially mention the following “dimension type-restriction” version of
Kakutani’s fixed-point theorem [3], which is so simple that we shall prove it right
here.

Theorem 1.2. Let X be a compact metric AR with dim(X) < n+ 1, and let
v : X — F(X) be u.s.c. such that () is UV™ for all x € X. Then there is a
point xo € X such that xo € p(xo).

Proof. Immediately from Theorem 1.1 by taking ¥ = X and g to be the identity
of X. O

Before stating our next consequence, there is a little to be said about the UV™
requirement in Theorems 1.1 and 1.2. Denote B"*! to be the (n + 1)-ball and S™
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946 V. G. GUTEV

to be the n-sphere. In [2], Dranishnikov constructed a u.s.c. retraction
@ :B" — F(S") c F(B™T)

(p(z) = {x} for all z € S™) such that p(z) is UV™ for every x € B"T1\{0} but ¢(0)
is only UV™ 1. This is, in fact, a good example, showing that both Theorems 1.1
and 1.2 become false if “p(z) is UV™” fails for at least one point z € X.

A compact metric space A is UVY provided it is UV™ for all n > —1. An-
other consequence of Theorem 1.1, which seems also especially interesting, is the
following generalization of Kakutani’s theorem [3] (when there is no dimensional
requirement).

Theorem 1.3. Let X be a compact metric AR and let ¢ : X — F(X) be u.s.c.
such that @(x) is UVY for all x € X. Then there is a point xo € X such that
2o € @(xg).

The proof of Theorem 1.3 is contained in Section 6. The proof of Theorem 1.1
takes up most of this paper—Sections 2-5. In Section 7, we apply Theorems 1.1, 1.2

and 1.3 to prove a list of fixed-point theorems for UV"™ and UV“ decompositions
of compact metric spaces.

2. UV™ SETS IN COMPACT METRIC ARS

Let n > —1. For subsets U and V of a space Y we shall write that V' U if
every continuous image of a k-sphere (k < n) in V is contractible in U.

Proposition 2.1. Let U,G,W,V C Y be such that V C W & G c U. Then
VS U,

Proof. Routine verification. O

Let (Y, d) be a compact metric AR. For A € F(Y) and € > 0, we use B.(4) to
denote the e-neighbourhood of A in (Y,d), i.e. Bc(4A) ={y €Y :d(y,A) < e}.
Denote UV™*(Y) ={A e F(Y): Ais UV™}. Note that A € UV™(Y) if and only if

every neighbourhood U of A in Y contains this one V' such that V' U,

Proposition 2.2. Let (Y,d) be a compact metric AR and let A € F(Y'). Then the
following two conditions are equivalent:

(a) AeUV™(Y).

(b) To every e > 0 there corresponds a 6(¢) € (0,¢) such that Bs)(A) < B.(A).

Proof. That (b) — (a) is obvious.

(a) — (b). Let € > 0. By definition, there is a neighourhood V. of A such that
7ARNN B.(A). Next, for every a € A, fix a 6(¢,a) € (0,¢) with Bas(c q)(a) C Ve.
Since A is compact, there is a finite Ag C A such that A C (J{Bs,q)(a) : a € Ao}
Then 6(g) = min{é(e,a) : a € Ap} works because

Bg(g) (A) C U{Bé(a7a)+5(a) (a) a € Ao} C U{B%(a,a) (a) a € Ao} cV:

and therefore, by Proposition 2.1, Bs.)(A) < B.(A). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A FIXED-POINT THEOREM FOR UV™ USCO MAPS 947

3. SOME LEMMAS ABOUT U.S.C. MAPPINGS

For a space X, we denote:
Cov(X) = {W : W is an open cover of X}
and
f-Cov(X) = {W € Cov(X) : W is finite}.
Let W € Cov(X). We shall say that a map ¢ : W — X is W-cross provided
(W) e W for every W e W.

Lemma 3.1. Let X be a compact space, (Y,d) a metric space, V € Cov(X), and
v : X — F) be u.s.c. Then for every map p : X — (0,400) there exists a
star-refinement W € £-Cov(X) of V and a W-cross map ¢: W — X such that

o(x) C Byyewy)(e(c(W)))  for everyx € W € W.

Proof. Let U € Cov(X) be a star-refinement of V which exists because of the
compactness of X. Next, for every x € X, pick a fixed U, € U with x € U,, and
then set

W, = {Z el <p(z) - B;L(J:)(Sp(x))} =U; N 90#(3#($)(90($)))'
Since ¢ is u.s.c., W, is a neighbourhood of x. Therefore, there is a finite subset
A C X such that X = |J{W, : a € A}. Then set W = {W, : a € A}. As for the
map c¢: W — X, for every W € W, take ¢(W) € X to be such that W' = W y.
That this works follows immediately from the definition of the sets W € W. O

Lemma 3.2. Let X be a compact space, (Y,d) a compact metric AR, and ¢ :
X — UV™Y) be u.s.c. Then for every V € Cov(X) and every € > 0 there is
a star-refinement W € £-Cov(X) of V, a W-cross map ¢ : W — X, and a map
v: W — (0,¢) such that, for every W € W,

By aw) (9(c(W))) < Be(p(c(W)))
and

Bywy2(p(x)) C Byw)(e(c(W)))  whenever x € W.

Proof. Since p(z) € UV™(Y), by Proposition 2.2, there is a é(¢,z) € (0,¢) for
which By o (o(z)) & Be(p(z)). Next, by Lemma 3.1 with pu(x) = 6(e, z)/2, we
get a star-refinement W € f-Cov(X) of V and a W-cross map ¢ : W — X such
that, for every x € W € W,

Bs(e,c(wy)2(@(2)) C Bs(e,e(wy) ((c(W))).
Then setting (W) = 6(e, ¢(W)), we finish the proof. |
Let W,V € Cov(X). For a subset A C X, we use Styy(A) to denote the star of

A with respect to W, i.e. Sty (A) = U{W e W: WnNA# o}, We shall say that
amap t: W — V is star-refining, or s.r., if Styw(W) C t(W) for every W € W.

Lemma 3.3. Let X be a compact space, (Y,d) a compact metric AR, and ¢ : X —
UV™(Y) be u.s.c. Suppose Wyo € £-Cov(X) and Y42 : Wht2 — (0,+00). Then,
for every k =0,1,...,n+ 1, there exist

(i) a Wy, € f-Cov(X),
(il) an s.r. map tg : Wi — W1,
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(iil) @ Wy-cross map ¢, : Wy, — X, and
(iv) a map v : W — (0, min{~yx1(W)/2: W € Wii1})

such that, for every W € W,

(2) Byyqw) (#(cr(W))) = By, (w2 (#(ck(W))), and
(b) By, w)2(e(x)) C By, (wy(p(ck(W))) whenever x € W.

Proof. By finite induction. Using Lemma 3.2, with V = W12 and with ¢ =
min{vy,4+2(W)/2 : W € Wy42}, we find that a star-refinement W, 41 € £-Cov(X)
of Wyita, a Wyy1-cross map cpi1 @ Whe1 — X, and a map vp41 @ Whe1 —
(0, min{yp4+2(W)/2 : W € W,,12}) such that, for every W € Wy, 41,

By, ow)(@(ent1(W))) = Be(p(eari (W)

and

B, . ow)2e() C B,y w)(@(cny1(W)))  whenever x € .

Next, for every W € W41 pick a fixed t,41(W) € Wyio with Sty (W) C
tpt1(W). Thus, we get an s.r. map tp41 @ Wpt1 — Wito. Note that ¢ <
Ynt2(tnt1(W))/2 and therefore, by Proposition 2.1,

By (v (@(Cns1 (W) < Boy s (onss () 2(0(Cng1 (W)))

which, in effect, completes the first step of our induction. Since the next steps are
now obvious, the lemma is proved. O

4. A LEMMA ABOUT NERVES OF COVERINGS

Whenever M is a finite simplicial complex, we use |M| to denote the polytope
on M and M to denote the k-skeleton of M. For a simplex ¢ € M we use 9|0
to denote the boundary of 0. Note that d|o| = |0 N M*| in case o € M*+1\MF.
Finally, for W € {-Cov(X), by N (W) we denote the nerve of W, i.e., the simplicial
complex NOW) ={oc C W : (o # @}.

Lemma 4.1. Let X be a compact space, (Y,d) a compact metric AR, and ¢ : X —
UV™(Y) be u.s.c. Then for every V € {-Cov(X) and every ¢ > 0 there exists a
W € f-Cov(X), an s.r. map p: W — V, a continuous w : IN"FL(W)| - Y, and a
map s : N(W) — X such that, for every simplex o € N"T1(W),

s(0) € (\p(o) and w(|o]) C Be(p(s(c))).

Proof. Let Wk, tg, ¢k, and vy, (k =0,1,...,n+1) be as in Lemma 3.3 applied with
Wit2 =V and with y,12(W) =&, W € Wy 42. Set W =W, and let py : W — W)
be the identity. Also, let qo : N (W) — W be such that go(c) € po(o), 0 € N(W).
Next, for every £k =0,1,...,n+ 1, we define the following;:

(p) s.x. maps pry1: W — Wigr by Dry1 = tr 0 pi;

(¢) maps gg+1 : N (W) — Wyy1 such that, for every o € N(W),

Q+1(0) € pry1(o) and  Yii1(ger1(0)) = max{ye41(W) : W € prr1(0)};

(s) maps sg : N(W) — X by s, = ¢ o q; and
(r) maps rg : NOW) — (0, min{rg+1(0)/2: 0 € N(W)}) by

Tk =7k 0oqr and Tpi2 = Ynt2 O qnyo.
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Note, first of all, that the definition of (r) is correct. Indeed, by 3.3(iv), k € N (W)
implies
k() = V(g (k) < max{y(W): W € Wy}

<min{yg+1(W)/2: W € Wiy}
< min{ve41(qe+1(0))/2 : 0 € N(W)}
=min{rg11(0)/2: 0 € NOW)}.

Now let 0 < k < n, and let k,0 € N (W) with k C 0. The following holds:

1) Peer (8) < s 0

Indeed, piy1(k) C pr+1(o) implies
Tht1(K) = Yrt1(qr41 (k) = max{yes1 (W) : W € prya(r)}
< max{ve+1(W) : W € pry1(0)} = Y41 (qe+1(0)) = re1(0).

(2) By, r)/2(0(s6(K))) C Bry (o) (9(8k41(0)))-
Note, first of all, that |Jpx(0) C (pr+1(0o). Indeed, whenever W € py (o), 3.3(ii)
implies |Jpi (o) C Styy, (W) C t(W) and therefore (see (p))
Upr(e) < ({te(W) : W € pi(0)} = (tr(pr(0) = [\ prs1(0)-

According then to 3.3(iii), this implies that
sk(k) = cr(ar(%)) € ar(x) €| Jpr(w) € Jpr(o) C(\prsa1(0) C gra (o).
Finally, by (1) and 3.3(b), we get

BTkJrl("”w)/Q(SO(Sk(K;))) - Brk+1(o)/2(90(5k(f€))) = B%+1(qk+1(o))/2(<ﬁ(8k(H)))
C By (grsr (o) (P(eht1(qr+1(0)))) = By (o) (0(Sk41(0)))-

3) Bry 1) (9(5541(0)) = Bryy(o)/2(¢(5511(0)))-
To show this we first note that txy1(qr+1(0)) € prt2(o) (see (p) and (¢)), and
therefore Y12 (tk+1(qk+1(0))) < Ve+2(qrt2(0)) = ri42(0). Then, by 3.3(a),
Bmﬂ(o) (p(sk+1(0))) = B’Ykﬂ(qkﬂ(ﬂ))(‘»o(ck-i-l(qk+1 (@))))

- B’Yk+2(tk+1(4k+1(0')))/2 (Sp(ckﬁ-l (Qk—i-l (U>>>)
- BTk+2(U)/2 ((P(Sk-f-l (0)))
So, Proposition 2.1 completes the verification of (3).
Now take p = ppi2 : W — W10 = V and s = sp41 : N(W) — X. Suppose
o € N(W). Since gn+1(0) € pnt1(0), we get that p,41(W)Ngnt1(0) # & for every
W € o, and therefore
5(0) = ent1(@n11(0)) € gny1(0) C Stw,, ., (P2 (W)))
C tnt1(Prt1(W)) = prs2 (W) = p(W).
That is, s(o) € {p(W) : W € ¢}, which completes the first part of the proof.
As for now the map w : [N""1(W)| — Y, we shall construct this map by
induction. First, we define W% : INO(W)| — Y by wo(W) € p(co(W)), W € W =
NOOW) = |INO(W)|. Since qo(W) = W for every W € W, it follows that

WO(W) € p(co(W)) = @(co(qo(W))) = @(s0(W)) C Byywy2(¢(s0(W))).
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Let us now suppose that, for some 0 < k < n, w* : IN¥(W)| — Y is continuous
such that

Wk(|a|) C Brk+1(0)/2((p(5k(6)))1 o€ Nk:(w),
and let us extend W* to a continuous w**! : IN*+1(W)| — Y such that
W (o)) C Bry ooy 2(9(sk41(0))), o € NEFE W)
To this end, take a ¢ € N*TL(W). If 0 € N* (W), let wE+! = wF||o|. Then, by (2),

wit (lo]) = w*(|o]) C By, (0)/2(¢(58(9))) C By s (o) (9(5841(0)))
C BTk+2(U)/2(<)O(Sk+1 (U)))

because, by definition (see (1)), rx11(0) < rrg2(0)/2. Incase o e NETLW)\NF (W)
note that, by (2), k € N¥(W) and k C o implies

Wk(|"{|) C BTk+1(N)/2(<)O(Sk(H))) - BTk+1(0') (@(Sk—kl(g))),

and therefore W*(0|o|) C B, ., (o) (¢(sk+1(c))). Then, by virtue of (3), there is a
continuous extension Wit |o| — B, (0)/2(¢(sk+1(0))) of w¥|d]o|. Finally, we
define w*tL: INFHL(W)| — Y by letting wFT||o| = wht! for every o € NF+HL(W).
Thus, in effect, we have already defined a continuous w™*!: Nt (W)| — Y such
that, for every o € N™"TH W), wt(|o]) C B, ,,(0)/2(¢(5n41(0))) C Be(¢(s(0))).
Then, setting w = w"*!, we finish the proof. O

Remark. The idea for Lemma 4.1 is taken from [4, Lemma 6.1]. Concerning the
proof of this lemma, the author would like to express his sincere appreciation to
the referee for the helpful suggestions that fixed up some of its elements.

5. PROOF OF THEOREM 1.1

Lemma 5.1. Let (Z,p) be a metric space with dim(Z) < n+1, (Y,d) be a compact
metric AR, g : Y — Z be continuous, and ¢ : Z — UV™(Y) be u.s.c. Then
to every € > 0 there corresponds a continuous map fi/. : g(Y) — Y and a map
hije : g(Y) — g(Y) such that p(z,hy)c()) < ¢ and f1/.(x) € Be(p(hy/e())) for
every z € g(Y).

Proof. Let € > 0. Set X = g(Y) and let V € {-Cov(X) be such that, with respect
to p, diam(V) < ¢ for every V' € V. Such V certainly exists because X is compact.
Now using Lemma 4.1 with these particular X and V, we get a W € {-Cov(X), an
s.r. map p: W — V, a continuous w : [IN"T(W)| — X, and a map s : N(W) — X
such that

s(o) € ﬂp(o) and w(|o]) C Bo(p(s(0))) for every o € N"TH(W).
Since dim(X) < n+1, W has an open index-refinement {Uy : W € W} of (indexed)
order < n+ 2. That is, o, = {W € W : 2 € Uy} € N" (W) for every point
x € X. Then define hy /. : X — X by hy/.(2) = s(0,), x € X. Next, take a point
x € X and let W, € W be such that € Uy,. Then,

hije(@) = s(02) € (\p(ox) = [ {{p(W) : & € Uw} C p(Ws)

and therefore p(z, hy/.(2)) < € because diam(p(W,)) < e.
As for the map fi/. : X — Y, define first a canonical map & : X — [N(W)|
obtained by using a partition of unity {{w : W € W} on X subordinated to {Uw :
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W e W}. That is, &(z) = S {&w(z) - W : W € W}. Then &: X — [N*HL(W)|
because () € |o,| for every x € X. Thus, we can define f;,. = wo§. Hence,

frje(z) = w(E(z)) € w(low|) C Be(p(s(02))) = Be(o(hi/e(x))),
which completes the proof. O

Having established Lemma 5.1, we finish the proof of Theorem 1.1 following the
proof of Kakutani’s theorem [3]. Namely, suppose X,Y, and ¢ are as in Theorem 1.1
and let g : Y — X be continuous. Let, in addition, p be a metric on X agreeing
with its topology and, respectively, d be a metric on Y agreeing with the topology
of Y. Let k£ > 0. First, by Lemma 5.1 with Z = X and with ¢ = 1/k, we find a
continuous map fi : g(Y) — Y and a map hy : g(Y) — ¢(Y) such that

p(x,hi(x)) <1/k and  fx(x) € Byp(@(hr(z))) for every z € g(Y).

Next, let yx € Y be such that fi(g(yx)) = yr, which exists because Y is a com-
pact metric AR. We may now assume that, without loss of generality, the so ob-
tained sequence {yj} converges to some point yo € Y. Claim that yo € ¢(g(yo)).
Indeed, let € > 0. Since p(g(yr), he(g(yr))) < 1/k, {hx(g(yr))} converges to
9(yo). Therefore, there is an m > 0 such that 1/m < /4, d(yo,ym) < €/4 and
hm(9(ym)) € ©* (Be/2(¢(9(y0)))). For this particular m we have:

d(yo, e(hm(9(Ym))))< d(yo, Ym) + d(Ym: @(hm(9(ym))))
= d(yo, ym) + d(fin(9(ym)), o(hm(9(ym))))

<e/d4+1/m

<e/d+e/4d =¢e/2
Hence yo € Be/a(@(hm(9(ym)))) C B:(¢(9(y0))), and therefore yo € ¢(g(yo)) be-
cause ¢(g(yo)) is closed. This completes the proof of Theorem 1.1. |

6. PROOF OF THEOREM 1.3

Since every compact metric space X is, in effect, a closed subset of the Hilbert
cube @, Theorem 1.3 is a simple consequence of the following fixed-point theorem.

Theorem 6.1. Let ¢ : Q — F(Q) be u.s.c. such that p(z) is UV for all x € Q.
Then there is a point xg € Q such that zg € p(z9).

In preparation for the proof of Theorem 6.1, we need some notation. As usual,
N denotes the set of all natural numbers and J denotes the interval [—1,1]. The
Hilbert cube @ is the countable infinite product [[{J,, : m € N}, where each J,,
is a copy of J. For each n € N, denote 7, to be the projection from @ onto its
nth factor. Set, moreover, g, : @ — [[{Jm : m < n} to be the projection, and
let J® = g,(Q). Finally, let h,, : J* — @ be the standard inclusion map (that is,
gn(hn(2)) = z and 7y, (hy(x)) = 0 for m > n).

Proof of Theorem 6.1. Suppose ¢ : @ — F(Q) is as in the theorem. Let n € N.
Define a set-valued mapping ¢, : J* — F(Q) by letting ¢, (z) = @(hy(z)) for
every x € J". First, note that ¢, is u.s.c. because h, is continuous. Next,
note that, in particular, ¢, : J* — UV 1(Q). Then, by Theorem 1.1 with
X=J"Y =Q, g=gn, and ¢ = @,, there is a point x,, € @ such that z, €
©n(gn(zn)). Because of the compactness of @, there now is a subsequence {zy, } of
{x,,} which converges to some point zo € . Claim that zg € p(zg). Indeed, since
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T (Zk, ) = Tm (b, (9k, (zk,))) for every n > m, it follows that {h, (gx, (zx,))}
converges to xg too. Therefore z9 € ¢(xg) because ¢ is u.s.c. closed-valued and
because xi, € ¢k, (9, (zK,)) = @(hi, (gr, (xk,))). This completes the proof of
Theorem 6.1. O

7. UV™ AND UV* DECOMPOSITIONS

For a space X, the statement that G is a UV™ (resp., UV*) decomposition of X
means that G is an upper semi-continuous decomposition of X into compact sets,
each with property UV™ (resp., UV¥). If G is a decomposition of a space X, then
X/G will denote the associated decomposition space, and P the natural projection
from X onto X/G.

The theorems to be proved in this section all sharpen (in some aspects) results

of [1].

Theorem 7.1. Let X be a compact metric AR with dim(X) <n+ 1 and let G be
a UV™ decomposition of X. Then X/G has the fixed-point property.

Proof. Suppose f : X/G — X/G is continuous. Then ¢ = P"1ofo P : X —
UV™(X) is us.c. and therefore, by Theorem 1.2, there is a point zg € X such
that xo € ¢(z0) = P7Y(f(P(x0))). Hence P(x¢) = f(P(z0)), which completes the
proof. O

Theorem 7.2. Let X be a compact metric AR and let G be a UV decomposition
of X. Then X/G has the fixed-point property.

Proof. Repeat precisely the proof of Theorem 7.1 but now using Theorem 1.3 in-
stead of Theorem 1.2. O

Theorem 7.3. Let Y be a compact metric AR and let G be a UV™ decomposition
of Y such that dim(Y/G) <n+1. Then Y/G has the fized-point property.

Proof. Suppose f : Y/G — Y/G is continuous. Then ¢ = P~lof : Y/G — UV"™(Y)
is u.s.c. and therefore, by Theorem 1.1 with X =Y /G and g = P, there is a point
Yo € Y such that yo € p(P(yo)) = P~ (f(P(y0))). Hence P(yo) = f(P(yo)), which
completes the proof. O
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