PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 4, April 1996

RIGHT ADJOINT FOR THE SMASH PRODUCT FUNCTOR
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(Communicated by Andreas R. Blass)

ABSTRACT. The smash-product functor (—) A (X, o) in the category Top  of
pointed topological spaces has a right adjoint for any choice of the base point
zo, if and only if the topological space X is quasi-locally compact, that is, if
and only if the product functor (=) x X has a right adjoint in the category
Top of topological spaces.

INTRODUCTION

A space X is cartesian in the category of topological spaces and continuous maps
if the product functor () x X has a right adjoint. This means that there exists a
proper and admissible topology on the space of maps Y between X and Y (for
any topological space Y') [D]. Cartesian objects in Top were characterized by Day
and Kelly [D-K]. They are the quasi-locally compact spaces [H-L].

The problem of the existence of a proper and admissible topology on the function
space (Y, yo)(X’w") consisting of the maps of YX preserving base points is related
to the adjointness of the smash-product functor. It is known that this functor
has a right adjoint whenever X is locally compact and Hausdorff; in this case the

topology on (Y, yo)(X’zo) is the compact open topology [M].

In this paper, it is proved that the spaces (X, x) for which the functor (=) A
(X, x0) has a right adjoint are exactly the spaces X which are cartesian in Top,
independently of the choice of xy. That is, the existence of a proper and admissible

topology on (Y, yo)(X’zo) for any (Y, o) is equivalent to the existence of a proper
and admissible topology on the whole space of maps from X to Y, for any Y.

SMASH-PRODUCT AND ADJUNCTION

We can consider, in Top , the endofunctor (-) A (X, o) and ask when it has a
right adjoint. When it exists we will call it G(x 4)-

In the case of X cartesian in Top, we indicate by YX the power object and by
(Y, yo)(X’w") the subspace of YX given by {f € YX|f(z0) = yo} with base point
the constant yp-valued map.

Theorem 1. If X is cartesian in Top, then (-) A (X,x0) has a right adjoint, for
every xg in X. Moreover Gix .,)(Y,v0) = (Y, yo)(X,mo)'
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Proof. Suppose X is cartesian in Top and take any space Y; let é: YX x X —

Y be the evaluation map. Consider in YX the subspace G(x20)Ysy0) = {f €
YX|f(x0) = yo} and the restriction e1 of é to G(x 4)(Y,y0) x (X,20) which is a
map in Top . The map e; is compatible with the quotient in the definition of the
smash-product, and so we can consider the map e: Gix 4.)(Y,%0) A(X, z0) — (Y, %0)
induced by e;. We note that e(f,z) = f(x).

Let f: (Z,20) A (X,20) — (Y,y0) be a map in Top_ and consider the quotient
p: (Z,20) X (X,20) = (Z,20) A (X, 20) which gives the smash-product. Since X is
cartesian in Top, related to fp: (Z,z0) x (X, 2z0) — (Y,y0) there is an (fp);: Z —
Y X such that é((fp)1 xidx) = fp. The map (fp); preserves the base points and its
image is a subspace of G(x ;,)(Y, o), so we can factor (fp): through the inclusion
of G(x,20) (Y, y0) in YX and consider the first factor (fp)s as a map in Top . In
such a way we obtain (fp)2 x idx: (Z,20) X (X,z9) — (Y,90). By construction
(fp)2 x idx is compatible with the quotient p, and the proof is complete.

Theorem 2. If the functor (=) A(X, o) has a right adjoint, then G(x 1,)(Y, o) is a

space whose underlying set is in natural bijective correspondence with (Y, yo)(X’xo),

the counit of the adjunction is the map e: G(x 2,)(Y,y0) A (X, 20) — (Y,y0) such
that e(f,xz) = f(x) and the base point corresponds to the constant function valued
at Yo-

Proof. Let D5 be the space with two points a, b and the discrete topology. By the
adjunction, there is a bijection between (Y, yo) P2 X:%0) 4nq (Gx,20) (Y, 90)) P2,
and on the other side (Di,a) A (X,z¢) is homeomorphic to (X,zy) and
(G(x,20)(Y, 0))P>® is in bijection with G(x,20)(Y;y0); so the first part of the
theorem is proved.

Any map f: (X,z9) — (Y,yo) can be considered as a map from (Da,a) A
(X,x0) into (Y,y0). As a consequence, by the adjunction, for any f, there is an
J1: (D2,a) — Gix,20)(Y,90) such that e(f1 Aidx) = f; so e(f,z) = f(z). Finally,
given the one point space e, and the map h : o A (X,z9) — (Y,yo), there is a
map hy : @ — Gx ) (Y,90) such that hy(e) is the base point of G(x 4,)(Y, o). This
completes the proof.

We denote by S the Sierpinski space with the two points 0 and 1 and {0} the
nontrivial open set. If the functor (—) A (X, 2o) has a right adjoint, as a consequence
of Theorem 2, Gx »,)(5,0) can be identified with the set of the open sets U of X
such that zo € U and base point the open set X. On the other hand, G(x ,)(S,1)
can be identified with the set of the open sets U of X such that z¢ ¢ U and base
point the empty set.

The following Lemma characterizes convergent nets of the spaces Gx,z,)(S,0)
(respectively, G(x 44)(S5, 1)), while Lemma 4 proves that the open sets of these spaces
are Scott-open [H-L].

Lemma 3. Suppose (<) A (X, zo) admits a right adjoint. A net U; converges to U
in G(x,00)(S,0) (respectively, G(x,z0)(S, 1)) if and only if:
(%) for each x € U and for each net xx converging to x in

X, there is an i’ and a N such that xx € U;, for every

1> and A > N,
Proof. Let U; converge to U in G(x 4,)(S,0) (respectively, G(x z4)(5, 1)),z € U and
xy converge to x in X. Consider the counit of the adjunction e: G(x ,)(S,0) A
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(X,m0) — (5,0) (respectively, (5,1)) and the quotient map p: G(x,a,)(S,0) x
(X,m0) — G(x.20)(5,0) A (X, 20) (respectively, (S,1)). Since (Us;,xx) converges
to (U, z) and the map ep is continuous with ep(U, z) = 0, then ep(U;, x)) converges
to 0. In S the nets converging to 0 are eventually constant, so there is an i’ and a
X such that, for every ¢ > i’ and A > X, ep(U;, z5) = 0, that is x\ € U;.

Vice versa, suppose U; is a net in G x 50)(S,0) and U € Gx 5,)(S,0) (respectively,
G(x,20)(S,1)) fulfilling condition (). Consider the space I U {e}, where I is the
direct set of the net U;, e is a maximum point whose base-neighborhoods are the
sets of the form I; = {e}U{i € I'|i > j}, j € I, and the points of I are isolated.
We can assume, without changing the nature of the net U;, that there exists a point
ip € I, such that U;; = X (respectively, U;, = 0)). Moreover, we consider the map
a: (IU{e},ig) = G(x,2,)(S,0) (respectively, G(x ,)(S; 1)) so defined by a(i) = U;
a(e) = U. We prove that the map « is continuous, which implies the convergence
of the net U; to U. By the existence of the right adjoint, « is continuous if and
only if the corresponding map e(a Aldx) = @: (I U {e},ip) A (X,z0) — (S,0)
(respectively, (S, 1)) is continuous; so we will prove the continuity of @. To this aim
we can consider the quotient map ¢: (TU{e},i0) X (X, xz9) — (I U{e},ip) A (X, o)
induced by the smash-product and prove the continuity of @g. By the adjunction
(aq)~1(0) = {(i,x) | v € U;, i € I} U {(e,x) | z € U}. Since every point of
I is isolated and each U; is open, the set {(i,z) | + € U;, i € I} is open since
it is union of open sets, therefore each (i,z) of (aq)~1(0) belongs to its interior.
Take now (e,z) € (ag)~1(0) (that is € U); the topology defined on (I U {e})
and condition (*) implies that any net converging to (e,z) in the product space
(IU{e},i0) x (X, x0) is eventually in (@q)~*(0), that is, (e, x) belongs to the interior
of (@g)~1(0). We can conclude that (ag)~!(0) is open and so, « is continuous.

Lemma 4. Suppose () A (X, xo) admits a right adjoint, and suppose H is open in
G(x,20)(S,0) (respectively, Gix 54)(S,1)); then H is Scott-open [H-L], i.e.:

(a) If U, U’ are open in X, U € H and U' D U (with o ¢ U’ when H is open in
Q(nyo)(S, 1)), then U’ € H.

(b) If V={U; | i € I} is a family of open subsets of X and U = | J{U; | i €
I} € H, there exists a finite subfamily of V' whose union belongs to H.

Proof. (a) Suppose U, U’ open in X,U € H and U’ D U (x¢ ¢ U’ in the case when
H is open in G(x 4,)(S,1)). The constant sequence whose value is U’ converges to
U in G(x,2,)(S,0) (respectively, G(x,z,)(S,1)) because it fulfils the condition (*) in
Lemma 3. Since H is open and U belongs to H, there must be an element of the
constant sequence belonging to H; consequently U’ € H.

(b) Let U = [U{Ui | i € I} € H. If H is open in G(x 4,)(S,0), it follows that
ro € Uj; therefore there exists an i’ such that xq € Uy. Consider in G(x 4,)(S,0)
the net whose direct set is {(i1,42,...,%n) | @1,%2,...,4n € I} with the relation
(il,ig,...,in) - (jl,jg,...,jm) lfU“ UUiQU"'UUZ‘n :_)Uj1 UUjQU"'UUJ‘m and
image of (i1,149,...,4n) equal to Uy UU;, UU;, U---UU, . This net, according to
(*), converges to U in Gx 5,)(5,0); as a consequence, since H is an open set which
contains the limit of the net, there exists (i1, i2, . . ., 4y ) such that Uy UU;, UU;,U- - -U
Ui, € H. When H is open in G(x 4,)(S,1),z0 ¢ U and therefore, o ¢ Uj, for each
i € I. In this case, we can consider the net with the same direct set as above and
with the image of (i1, 42, . . . , i, ) equal to U;; UU;, U- - -UU;,, . The same argument of
the first case proves that there is (i1, 42, . .., i, ) such that U;, UU;,, U---UU;, € H.
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Definition 5. A space X is quasi-locally compact if for every z in X and for every
neighbourhood U of x there is a neighbourhood of V' C U of = such that every open
cover of U has a finite subcover of V.

Theorem 6. Let X be a topological space. The following statements are equivalent :
(1) There exists xo in X such that the functor (=) A (X, zo): Top_— Top_ has
a right adjoint.
(2) X is cartesian in Top, that is X is quasi-locally compact.
(3) For any xo in X, the functor (-)A(X,zo): Top_— Top_ has a right adjoint.

Proof. (1) — (2) Since the continuity of the counit of the adjunction e: G(x 5,)(S,0)
A (X,z0) — (S,0) implies the continuity of the evaluation map e’: G(x 54)(5,0) x
(X, 70) — (S,0), it follows that (¢’)~1(0) is an open set with e'(W, xq) = 0, for any
W e Q(X,zo)(S, 0).

Take a point x € X and fix U open in X with x € U.

Suppose x € cl{zg}; then 29 € U. Consequently U belongs to Gix .,)(S,0)
and ¢/ (U, z) = 0. Since (¢/)7(0) is open, there is an H, open in G(x,44)(S;0), with
U € H and a neighbourhood V' of x such that (¢/)~1(0) D Hx V. Since ¢/(W,y) =0
when y € W, any element of H contains V. Now, consider an open cover of U,
{U; | i € I't and consider U" = | J{U; | i € I'}. Since U’ D U, by Lemma 4a), U’ € H
and by Lemma 4b) there are 41,12, ...,4, € I such that U;, UU;, U---UU; € H
and this implies that U;, UU;, U---UU; D V.

Suppose now z ¢ cl{xo}. Therefore, there is an open A of X, such that z € A and
xo ¢ A. The open set U N A € Gix 5,)(5,1); the map e: Gix .)(S, 1) A (X, m0) —
(S,1) is continuous and e(U N A,z) = 0. Replacing U' = J{U; | i € I} by
U ={U;NA|ie€ I} in the argument used before proves that there exists a
neighbourhood V' of  with U N A D V, such that any open cover of U (and then
of UN A), admits a finite subcover for V.

(2) — (3) Theorem 1.

(3) — (1) Trivial.
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