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FINITE AND w-RESOLVABILITY

ALEJANDRO ILLANES

(Communicated by Franklin D. Tall)

ABSTRACT. A topological space is k-resolvable (2 < k < w) if X has k disjoint
dense subsets. In this paper, we prove that if X is k-resolvable for each positive
integer k, then X is w-resolvable.

INTRODUCTION

In [4], E. Hewitt defined a topological space to be resolvable (resp. irresolvable)
if it is (resp. is not) the union of two disjoint dense subsets. Since then, more
general notions related to resolvability have been studied by several topologists.
For 0 < k < w, a space X is k-resolvable if X has k disjoint dense subsets and X
is k-irresolvable if X is not k-resolvable. For k < w, spaces which are k-resolvable
but not (k + 1)-resolvable have been constructed in [1], [3] and [5]. In this paper,
we prove that if X is k-resolvable for each k < w, then X is w-resolvable. The
referee has communicated to the author that this theorem was proven by Eric K.
Van Douwen but apparently never published.

Definition 1. A space X is hereditarily irresolvable if every nonempty open subset
of X is irresolvable.

Lemma 2. Suppose that X = D1U---UD,,, where the sets D1,--- , D,, are pairwise
disjoint and hereditarily irresolvable. Then X is (n + 1)-irresolvable.

Proof. First, we will prove the following assertion:

(%) Suppose that X = Fy U---U E,, where Fy,--- , E, are
pairwise disjoint. Let U be a nonempty open subset of
X; then there exists ¢ € {1,...,r} and there exists a
nonempty open subset V of U such that VN D; C E;.

In order to prove (%), we may assume that D; N U # @. From the
“Baire Category Theorem” for finite sets, there exists ¢ € {1,...,r} such that
Int(p,nvy (Clip,nuy (D1 NU N E;)) # 0. Let Vi be an open subset of X such that
Vi c U and ViN Dy = Intp,nv)(Clip,nvy (D1 NU N E;)). Since V3 N Dy is irresolv-
able and V; N Dy N E; is a dense subset of V3 N Dy, then V1 N Dy — E; is not dense in
Vi N Dy. Therefore there exists an open subset V of V; such that ) £V ND; C E;.
This ends the proof of the assertion (k).
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We are ready to prove the lemma. Suppose that X = FyU---UE,, 11, where the
sets E, ..., Eyy1 are pairwise disjoint and dense in X.

From (x), there exists a nonempty open subset U; of X and there exists i; €
{1,...,n+1} such that UyND; C E;,. Applying (*) again, there exists a nonempty
open subset Us of Uy and there exists i2 € {1,...,n+ 1} such that Us N Dy C E;,.
Proceeding in this way, we have that there exists a sequence Uy D Uz D -+ D U,
of nonempty open subsets of X and there exists a sequence {i1,...,i,} of elements
of {1,...,n+ 1} such that Uy N Dy C E;, for every k.

Fixie{l,...,n+ 1} — {i1,...,in}; then

U,NE; C ((Ul le)U"'U(Uann))ﬁEi C (Eil U...UEin)ﬁEizw.
This contradicts the density of F; and completes the proof of the lemma.

Lemma 3. [Compare with Fact 3.1 in [5]] If X is irresolvable, then there exists a
nonempty, hereditarily irresolvable open subset of X.

Proof. Let U = [J{V: V is a resolvable open subset of X}. From the main
theorem in [2], U is resolvable. Then Cl(U) is resolvable and X # Cl(U). Hence
W = X — CI(U) is a nonempty, hereditarily irresolvable open subset of X.

Lemma 4. Let X be a topological space. Then there exists an open subset W of
X such that X — CI(W) is w-resolvable and W contains a hereditarily irresolvable
dense subset. (W could be equal to X or to the empty set.)

Proof. Let Y = {U C X: U is a nonempty open subset of X and U contains a
hereditarily irresolvable dense subset}.

If U # 0, let A be a maximal family of nonempty, pairwise disjoint elements of
U. W =U{U: U € A}. In the case that U = (), define W = 0.

For each U € A, let Dy be a hereditarily irresolvable dense subset of U. Let
Do ={Dv: U € A}. Clearly Dy is a hereditarily irresolvable dense subset of W.

Now, we will show that every dense subset of X — CI(WW) is resolvable. For
this, let D be a dense subset of X — CI(W). Assume, on the contrary, that D
is irresolvable. From Lemma 3, there exists a nonempty, hereditarily irresolvable
open subset Uy of D. Let Uy be an open subset of X such that U; = Uy N D
and Uy C X — CI(W). Then U; is dense in Uy, so Uy € U. This contradicts the
maximality of A and completes the proof of the assertion.

Finally, we will prove that X — Cl(W) is w-resolvable. The assertion implies that
there exist disjoint dense subsets Dy and E; of X —Cl(W). Applying it again, there
exist disjoint dense subsets Do and Fo of Fy such that E; = Dy U E5. Proceeding
in this way, sequences {Dy,}, and {E,}, can be constructed such that, for each
n, D41 and E, 11 are disjoint dense subsets of E,, such that E, = Dy, 11 U FE,11.
Then

X = CUW) = (D1 U((X = CUW)) = {Dn: n>2}))UDUD3U---.

The sets in this union are dense pairwise disjoint subsets of X — CI(W). Hence
X — CY(W) is w-resolvable.

Theorem 5. If X is n-resolvable for each n, then X is w-resolvable.

Proof. From Lemma 4, there exists an open subset W7 in X and there exists a
hereditarily irresolvable dense subset D7 of W7 such that X —CI1(¥7) is w-resolvable.
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Let X —Cl(W1) = Efl) UEél) U---, where Efl), Eél), ... are pairwise disjoint dense
subsets of X — Cl(W7). Let X = X.

Let X; = Wy — D;. Applying again Lemma 4, there exists an open subset
W of X; such that W5 contains a hereditarily irresolvable dense subset Dy and
X1 — Clx, (W3) is w-resolvable.

Proceeding in this way, it is possible to find sequences { X, }n, {Why }n, and {Dy, }»
such that X,, = W,, — D,,, W, 41 is an open subset of X,,, D, is a hereditarily
irresolvable dense subset of W,, and X,, — Clx, (W,,4+1) is w-resolvable. For each

n, let X, — Clx, (Wni1) = ESTVUENEY U where BV, YL are
pairwise disjoint dense subsets of X,, — Clx, (W, 11).

Define F} = E%l) U D;. For each n > 2, define F,, = EPNU--.UE™UD,. And
define F1 = Ff U (X —U{Fn: n>2}). Clearly, X = | {F,: n>1}.

Ifn < m, B C X1 € Xy € Wy and BV C X1 — W,,. Hence the

elements of the family {E,(c"): n € N and k > n} are pairwise disjoint. If n < m,
D,, C Wy, C Xpe1 C X,y € Wy, — Dy, s0 Dy, Do, ... are pairwise disjoint. If
m > n, Dy C Wy, € Wy, and B € X,y — W, then E N D,, = @, if m < n,
E,(c") cXp1CXy, =W, —D,,, so E,(c") N D,, = &. Therefore, I, F5,... are
pairwise disjoint.

We will prove that X,, is dense in W,. Suppose, on the contrary, that there
exists an open subset V of X such that & # VnW, Cc W, — X,. For each
k=1,...,n, let Z; be an open subset of X such that Wi, = Z; N X;_1. Define
Uy=VNzZiNn---NZ,. We assert that Uy C D1 U---U D,. If there exists a point
p E UQ—(DlU"'UDn), thenpe Z1 =Z1NXg=Wi,s0p € X1 NZy = Wo.
Proceeding in this way, we obtain that p € VNW,, C W,, — X,,. This contradiction
proves that Uy = (UpND1)U---U(UpND,,). Since & £ VNW,, C W,,_1 C --- C Wy,
then Uy is nonempty. Foreach k =1,...,n,VNW, C UyNW}y. Then UyNW} is a
nonempty subset of Wy; thus UyN Dy, is a nonempty open subset of Dy. Since Dy, is
hereditarily irresolvable, then UyN Dy, is hereditarily irresolvable. From Lemma 2 we
have that Uy is not (n+ 1)-resolvable. This implies that X is not (n+ 1)-resolvable.
This contradiction proves that X, is dense in W,,.

Finally, we will prove that F,, is dense in X. For this, let U be a nonempty
subset of X. If U ¢ X — CI(W}), then @ # U N ESY ¢ U N F,. Then, we may
assume that U NW; # @, then UNX; # @. f UNX; C X; — Clx, (Ws). Then
g #UNX, NEY c UNF,. Then we may assume that UNWs # @, so UNXq # .
Proceeding in this way we have that U N F,, # @ or U N W,, # &. In the second
case, @ #UNW,ND, C UNF,. This proves that F,, is dense in X and completes
the proof of the theorem.
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