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ABSTRACT. Under suitable conditions on f(¢, ), the boundary value problem

(B) w(t) + f(t,u(t) = 0 in (0,1),
(BVP) au(0) — Bu'(0) =0,
(BC
yu(l) + éu’(1) =0
has at least one positive solution. Moreover, we also apply this main result

to establish several existence theorems of multiple positive solutions for some
nonlinear (elliptic) differential equations.

1. INTRODUCTION

There has recently been an increased interest in studying the existence of positive
solutions of the following boundary value problem

(E) u"(t) + f(t,u(t)) = 0in (0,1),
(BVP) (BO) { au(0) — fu’(0) =0,
yu(l) +6u'(1) =0

in the last fifteen to twenty-five years; see, for example, Bandle, Coffman and
Marcus [1], Bandle and Kwong [2], Coffman and Marcus [3], H. Dang and K. Schmit
[4], Erbe [6], Erbe, Hu and Wang [7], Erbe and Wang [8], Garaizar [9], Ifland [11],
Santanilla [13], Wang [14] and Wong [15].

In 1994, Erbe, Hu and Wang [7, 8] showed the following excellent results:

Theorem A (Erbe and Wang [8]). Suppose that
(A.1) f € C([0,1] x [0,00); [0, 00)),
(A2) o,83,7,6 >0 and p =08+ ay+ ad > 0.
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Then, (BV P) has at least one positive solution in the case
f( ) f( )

(i) Hm mazieo =0 and lim mincp 1) = oo (superlinear), or

u—0t U— 00

(i) lim mingep,1 f(t “ = o0 and lim Matco,1)° ( =0 (sublinear).

u—0t U—00

Theorem B (Erbe, Hu and Wang [7]). Assume that (A1), (A2) and the following

assumptions hold:
(A.3) uli%l+ mine(o,1] f(’;’u) = uhm mingeo, 1 M

(A.4) there is a p > 0 such that

= 00,

f(t,u) <np on [0,1] x [0, p],

_ 1 -1 _ 6p ; ’
where n = ([, G(s,s)ds)™" = ST Ao T3as - Here G(t,s) is the Green’s

function of

u”’(t) =0 in (0,1)

with respect to the boundary value condition (BC).
Then, (BV P) has at least two positive solutions w1 and us such that

0 <[lm|l <p < |luzll

Theorem C (Erbe, Hu and Wang [7]). Assume that (A1), (Az2) and the following

assumptions hold:

(t u) 0,

(A.5) uli%l+ maTieo,) f(Z’") ulim maeo, 1)

(A.6) there is a p > 0 such that

f(t,u) 2 Xp on 7, 2] x [op, ],

where A = (fl% G(%, s)ds)~! and o = min{ 47;:%2 , f‘;rfg)}
4

Then, (BV P) has at least two positive solutions w1 and us such that
0 < ur]] < p <|luz|].

Let

. f(t,u)
maxfo:= lim max

fo Jim telo)

) . ) t,u)
minfo:= lim min —
fo S, minge(o) = —
t,u
maz foo := lim maxte[o)l]f( ’ ),

U— 00 u

and

f(t )

min foo := lm mingeo 1]
U—00

Then, it follows from Theorems A, B and C that
(I) max fo = 0 and min foo = oo implies (BVP) has at least one positive solution,
(IT) min fo = oo and max foo = 0 implies (BVP) has at least one positive solution,
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(I11)

f(t,u) <npon [0,1] x [0, p]

implies (BVP) has at least two positive solutions,
(IV)

{minfo = minfoo, = 00,

mazfo = marfe =0,
f(t,u) = Ap on [0,1] x [op, ]

implies (BVP) has at least two positive solutions.

Seeing such a fact, we can not but ask “whether or not we can obtain a
similar conclusion, if max fo, min fo, max foo, min foo & {0, 00}.” Inspired by the
above-mentioned results, we attempt to establish a simple criterion for the existence
of positive solutions of (BVP), which is a generalization of Theorems A, B, and C
and gives a positive answer to the question stated above.

2. MAIN RESULTS

Let a,8,7,6 > 0 and p := 78+ ay + ad > 0. In order to abbreviate our
discussion, throughout this paper, we suppose that the following assumptions hold:
(C1) k(t,s) is the Green’s function of the differential equation

(1) W"(t) =0 in (0,1)

with respect to the boundary value condition (BC);
L . 46 a+4 .
(C2) 0< M := mzn{z'(:y’_%é), 4(:+g)} <1
(03) f € C([O7 1] X [0700); [0700))
In order to discuss our main result (Theorem 1 below), we need the following
two useful lemmas:

Lemma D. Suppose that k(t, s) is defined as in (C1). Then we have the following
results:

<1, fortel0,1] and s € 0,1],

t,s 13
) > -2 )
(R2) k(s,s)—Mg fOTt€[4,4] andsE[O,l]
Proof. Let
o(t) == (y+ 6 —~t) and 9(t) :== B+ at for t € [0,1].
Then,
Lotys), 0<s <t <,
k(t,s) = i’
—p(s)U(t), 0<t<s<1,
which implies
()
—, 0<s<t <1,
kts) _ ) ols)
k(s,s) Y hci<s<1

<

—~
»

=
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Hence, we obtain the following desired results:

k(t,s)
<
Fos) = 1fort e [0,1],
and + 46 3
"
L > M,0<s<t<?Z.
B(ts) ) A +9) =Rt
k(s,s) = )| a+4p 1
— T S<t<s<l
Hatp = Mgstsssd

Lemma E (Deimling [5] and Krasnoselskii [12]). Let E be a Banach space, and let
K C E be a cone in E. Assume Q1,9 are open subsets of E with 0 € Ql,Q_l C Qo,
and let

A:KN(Q\Q) — K

be a completely continuous operator such that either
1) [JAu|| < ||lul|, v e KN and ||Au|| > ||u||, v € K NIQe; or
(i) ||Aul| > ||ul], we KNI and ||Au|| < ||ul], v € K NINs.

Then A has a fized point in K N (Q2\Q1).
Now, we can state and prove our main result.

Theorem 1. Assume that there exist two distinct positive constants A\, n such that

(2) fltu) < )\(/0 k(s,s)ds)™ on [0,1] x [0, A],
and
3) ftow = ([ kGs)ds) ™ on (3,5 (M.l

Then (BV P) has at least one positive solution u such that ||u|| between X and 1),
where ||ul| := suptejo,1j|u(t)]-

Proof. Without loss of generality, we may assume that A < 7. It is clear that
(BVP) has a solution v = u(t) if, and only if, w is the solution of the operator
equation

1
u(t) = / k(t,s)f(s,u(s))ds := Au(t), v € C[0,1].
0
Let K be a cone in C|0, 1] given by
K = {u € C[0,1]u(t) = 0, minyp2 syu(t) = M|lul[}.

It follows from the definition of K and Lemma D that
1
minegs, (Au)(0) = miners sy [ k) u)ds
1
>0 [ k(o) (s, u(s))ds (using ()
0

1
ZM/O k(t,s)f(s,u(s))ds (using(Ry)).
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Hence, mine 1 3(Au)(t) = M|[Au||, which implies AK" C K. Furthermore, it is
easy to check that A : K — K is completely continuous. In order to complete the
proof, we separate the rest of the proof into the following two steps:

Step (I)  Let Q := {u € K||Ju|| < A}. It follows from (2) and Lemma D that for
u € 0,

1

(Au)(t) = /O k(t, ) f (s, u(s))ds
1

< / (s, 5) f(s, u(s))ds

<[ ks ([ ks 5

= [lul]-

Hence,
[|Aul| < ||u|| for u € 9.

Step (II)  Let Q9 := {u € K]|||u|| < n}. It follows from the definitions of ||u|| and
K that
u(t) < ||ul| =n for t € [0,1],

u(t) = minggs 3

13
u(t) > M||ul| = Mn for t € [Z’Z]’

for u € 09, which implies
13
Mn<u(t)<nforte [Z’ Z]

Hence, by (3),

= [[ul].
Thus,
[|Aul| > ||u|| for u € 0.
Therefore, by the first part of Lemma E, we complete the proof.

Remark 2. Since

1
_ 6p
k(s,s)ds) ™' == A=
(/0 (s, 5)ds) 6603 + 378 + ay + 3ad’
and .
a1 _ 8p
k(<,s)ds)™! =B =
(/i (278) ) 466 + 287 + ary + 2ab’
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then, we have the following results:
(a) Suppose that mazfy := Cy € [0, A). Taking e = A — C; > 0, there exists
A1 > 0 (A1 can be chosen small arbitrarily) such that

t

max M <e+Cp=Aon (0,)\]

tef01]  u
Hence,

flt,u) < Au < AXy on [0,1] x [0, Aq],
which satisfies the hypothesis (2) of Theorem 1.

(b) Suppose that minfs = Ca € (£, 00]. Taking € = C3 — £ > 0, there exists

m > 0 (n1 can be chosen large arbitrarily) such that

St u) B
CAUL) — 2 on[M .
min =2 €+ 0z = 57 on [Mn,00)
Hence,
B B 13
f(tuu) > MU > MMnl = Bnl on [17 Z] X [Mnlanl] - [07 1] X [M’I]l,OO),
which satisfies the hypothesis (3) of Theorem 1.
(c) Suppose that minfy := C3 € (£, 00]. Taking € = C3 — £ > 0, there exists
72 > 0 (n2 can be chosen small arbitrarily) such that
fw B
AT S _ = )
trer[l(lfll] 2 e+ Cs T (0,7m92)
Hence,
B B 1
f(tvu) > MU > MMTIQ = BTIQ on [Zv %] X [MTI27772] c [Oa 1] X [07772]7
which satisfies the hypothesis (3) of Theorem 1.
(d) Suppose that mazfe := Cy € [0, A). Taking e = A — Cy > 0, there exists
6 > 0 (6 can be chosen large arbitrarily) such that

(4) maxM§e+C’4:Aon [6, 00).
tef0,]]  u

Hence, we have the following two cases:
Case (I).  Assume that max.cpo11f(t,u) is bounded, say,

f(t,u) < L on[0,1] x [0, 00).

Taking Ao = % (since L can be chosen large arbitrarily, A2 can be chosen large
arbitrarily, too),

ft,u) < L= Al on [0,1] x [0, A2] € [0,1] x [0, 00).

Case (II).  Assume that mazcjo,1)f(f,u) is unbounded, hence, there exists
A2 > 6 (Mg can be chosen large arbitrarily) and ¢y € [0, 1] such that

f(tuu) < f(t07 )‘2) on [07 1] X [07)‘2]
It follows from Ag > 6 and (4) that
f(t,u) < f(t(),)\Q) < A)\Q on [O, 1] X [0, )\2]

By Cases (I) and (IT), the hypothesis (2) of Theorem 1 is satisfied.
It follows from Remark 2 that the following corollaries hold. They are general-
izations of Theorems A, B and C, respectively.
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Corollary 3. Let A and B be defined as in Remark 2. Then, (BV P) has at least
one positive solution in the case

(1) mazfo = Ci € [0,A) and minfo = Ca € (£, 00|, or

(2) minfy=Cs € (£,00] and mazfo = Cy € [0, A).
Proof. Tt follows from Remark 2 and Theorem 1 that the desired result holds,
immediately.

Corollary 4. Let A and B be defined as in Remark 2. Then, (BV P) has at least
two positive solutions uy; and us such that

0 < [lual] <A™ < Juel],

if the following hypotheses hold:
(Hy) minfoo = Co, minfo=Cs € (%,oo],
(Hg) there exists A* > 0 such that

ft,u) < AX* on [0,1] x [0, A*].

Proof. Tt follows from Remark 2 that there exist two real numbers 77 and 7y satis-

fying
0<n< A< ni,

13
f(tuu) > B’Ih on [Za Z] X [Mnlanl]a

and 13
f(tuu) > B772 on [Za Z] X [M’I]Q,T]g].

Hence, by Theorem 1, we see that (BVP) has two positive solutions u; and ug such
that
n2 < [lual] < A" <|luzl[ <.

Thus, we complete the proof.

Corollary 5. Let A and B be defined as in Remark 2. Then, (BV P) has at least
two positive solutions w1 and us such that

0 < fluall <n™ < Juzl,

if the following hypotheses hold:
(H3) max fo = C1, maxfo = Cy € [0, A),
(Hy) there exists n* > 0 such that

f(t,u) > Bn* on [Z’Z] x [Mn*,n*].

Proof. Tt follows from Remark 2 that there exist two real numbers A; and Ao sat-
isfying
0 <A1 <n" < Ag,

f(t,u) < AXxp on [0,1] x [0, \],
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[ [
[ [
[ [

maz foo I , maz fo

[ [
[ [
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T |
P one - -
| impossible | - - 7 I
PRI solution
N AT |

man feo
FIiGURE 2.1

and

f(t,u) < Ao on [0, 1] x [0, Aa].

Hence, by Theorem 1, we see that (BVP) has two positive solutions u; and us such
that

A < Jua]| <n" < uz|| < Az
Thus, we complete the proof.

Remark 6. There are many functions f(¢,u) which do not satisfy “mazxfo, minfo,

mazx foo, Min foo € {0,00}”, for example, f(t,u) := i_—;; (mazfo = 1 and minfy =
), f(t,u) == (t+1)sinhu (maz fo = 2 and minfo = 1), f(t,u) := u+t>e™" (max fo

=00, minfy = marfeo = minfe = 1).
Remark 7. Tt follows from Corollaries 3, 4, 5 that we obtain Figure 2.1.

Remark 8. If we consider the radial solutions to the boundary value problem of the
following semilinear elliptic equation of the form

Au+g(|z])f(u) =0,0 < Ry < |z| < Ra, N >2,
ou
(BVP.1) au(z) = f5-(z) =0, |z| = R,
(BC.1) ;
U

u(w) — 85 (2) =0, Ja] = R,
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then (BVP .1) can be reduced to the following boundary problem:

u”’(r) + N 1u'(7") +g(r)f(u(r)) =0,0< Ry <7 < Ra,
(BVPQ) au(Rl) — ﬁg—Z(Rl) = 0,
(BC.2) 5
Yu(Rs) — 85-(Ry) = 0.
Setting s = — [ (1/tN"1)dt, v(s) = u(r(s),m = — [p"(1/tN"1)dt, (BVP 2) is

equivalent to
V"(5) + 2NV g(r(s)) f(v(s) = 0, m < 5 <0,
av(m Ri*No'(m) =0,
(BVP.3) (BC.3) v(m) + BBy (m)
v(0) — 8RN0’ (0) = 0.

Furthermore, if ¢t = (mnf) ,2(t) = v(s), then (BVP .3) can be transformed into
() +mPrPN D [m(1 = )]glr(m(1 — )]f(=(t)) =0, 0< t < 1,

Rll—N
(BVP.4) az(0) = f———=2'(0) =0,
(BC.4)
RllfN

Hence, we can apply Theorem 1 and Corollaries 3, 4, 5 to (BVP .4), and thereby
study the existence of positive radial solutions for (BVP .1).
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