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NONNORMAL SPACES Cp(X) WITH COUNTABLE EXTENT
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(Communicated by Franklin D. Tall)

Abstract. Examples of spaces X are constructed for which Cp(X) is not
normal but all closed discrete subsets are countable. A monolithic example
is constructed in ZFC and a separable first countable example is constructed
using ♦.

1. Introduction

Reznichenko [R] has shown that if e(Cp(X)) > ℵ0, then Cp(X) is not normal.
The question arises whether every space of the form Cp(X) with countable extent is
normal. For Lindelöf Σ-spacesX , e(Cp(X)) = ℵ0 does imply Cp(X) is Lindelöf (and
therefore, normal) (D.P.Baturov). In fact, Baturov proved that e(Y ) = l(Y ) for
every Y ⊆ Cp(X) with X a Lindelöf Σ-space [Ba]. Therefore Reznichenko’s theorem
implies that for the class of Lindelöf Σ-spaces, countable extent, normality and the
Lindelöf property all coincide. However, if X is the one-point Lindelöfication of ω1

with the discrete topology, then Cp(X) is normal (and, therefore, e(Cp(X)) = ℵ0),
but it is not Lindelöf. It is of general interest to specify classes of spaces for which
countable extent and normality or the Lindelöf property are well correlated. For
example, it would be interesting to know whether the countable version of the
Baturov Theorem remains true for countably compact or pseudocompact spaces
and whether there exists an example of a Lindelöf space X for which Cp(X) is not
normal and has countable extent. (Both questions are due to Reznichenko).

In this note we construct two examples of spaces X for which Cp(X) is not
normal and the extent of Cp(X) is countable. One example is constructed in ZFC
but is monolithic and of character ω1, and the other, while both separable and
first countable, is constructed from the combinatorial principle ♦. These examples
answer a question of Reznichenko (problem 57 in [A2]).

For the background material on function spaces see [A1], and for the set theoretic
concepts such as ♦ and almost disjoint families we refer the reader to [K]. For a
good introduction to elementary submodel techniques we recommend [D].
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2. A ZFC example

Let τ be a cardinal number. A space X is called τ -monolithic if the net weight of
the closure of any subset of X with cardinality at most τ does not exceed τ . A space
is monolithic if it is τ -monolithic for all τ . In other words, a space is monolithic
iff the net weight of any its subspace does not exceed the density of the subspace.
Thus, for spaces having uncountable net weight the property of being monolithic is
opposite in a certain sense to the property of being separable.

Example 2.1. There is a monolithic space X such that Cp(X) is nonnormal and
e(Cp(X)) ≤ ℵ0.

Let ω1 be endowed with the discrete topology, and let L(ω1) = ω1 ∪ {∗} be
its one point Lindelöfication. Neighborhoods of points α ∈ ω1 are isolated while
neighborhoods of ∗ are cocountable. We let Y denote the space L(ω1) × (ω + 1)
and let X = L(ω1)× (ω+ 1) \ {(∗, ω)} be given the subspace topology. Clearly, the
closure of any countable subset of X is countable, and therefore X is monolithic.

Claim 2.2. Cp(Y ) is normal.

Proof. Note that Cp(Y ) can be embedded naturally into (Cp(ω+ 1))L(ω1): to each
f ∈ Cp(Y ) there corresponds {fx}x∈L(ω1), where fx is the restriction of f to {(x, n) :
n < ω} for each x ∈ L(ω1). Let 0∗ denote the function on {(∗, n) : n < ω}
identically equal to zero, and let

Z = {f ∈ Cp(Y ) : f∗ = 0∗}.
Then to each f from Z there corresponds {fx}x∈L(ω1) such that fx is identically
equal to zero for all but countably many x and for x = ∗ in particular. Thus,

Z =
{
{fx}x∈L(ω1) ∈ Cp(ω + 1)L(ω1) : f∗ ≡ 0&|{x : fx 6≡ 0}| ≤ ℵ0

}
=

{
{fα}α<ω1 ∈ Cp(ω + 1)ω1 : |{α : fα 6≡ 0}| ≤ ℵ0

}
× {0∗}

∼=
{
{fα}α<ω1 ∈ Cp(ω + 1)ω1 : |{α : fα 6≡ 0}| ≤ ℵ0

}
= Σ(0) ⊂ Cp(ω + 1)ω1 ,

where 0 is the element of Cp(ω+1)ω1 all the coordinates of which are zero and Σ(0)
is the usual Σ-product of ω1 copies of Cp(ω+ 1) about 0. To complete the proof, it
suffices to note that the space Cp(ω+ 1)×Σ(0) is a Σ-product of metrizable spaces
and therefore normal ([G], [Ru]), and that Cp(Y ) is homeomorphic to Cp(ω + 1)×
Σ(0): a homeomorphism can be defined by f 7→ (f − (f∗)

ω1 , f∗).
It is easy to see that X is C-embedded in Y . Hence the projection map π :

Cp(Y )→ Cp(X) is onto. By [R], Cp(Y ) has countable extent; hence its continuous
image Cp(X) does too. Clearly the closure of any countable subset of X is countable
and therefore X is monolithic.

Lemma 2.3. Cp(X) is not normal.

Proof. Let Z be the space ω1 with the discrete topology. Z is embedded as a closed
subset of X , so by a theorem of Uspenskii (I.6.2 in [A1]) it suffices to prove that
Cp(X |Z) is not normal. It is easy to see that Cp(X |Z) is just the collection of real
valued functions from ω1 that are eventually constant. The fact that this space is
not normal follows from the standard proof that ωω1 is not normal. Indeed, if we
let

K0 = {f ∈ ωω1 : ∃α < ω1 f � α is 1-1 and f(ω1 \ α) = {0}}
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and

K1 = {f ∈ ωω1 : ∃α < ω1 f � α is 1-1 and f(ω1 \ α) = {1}},

then K0 and K1 are disjoint closed sets that can’t be separated (see 2.7 in [P]).

3. A separable example from ♦
Example 3.1. Assuming ♦, there is a first countable separable space X such that
Cp(X) is not normal and e(Cp(X)) = ℵ0.

Question 3.2. Can one construct a space as in 3.1 in ZFC alone?

Definition 3.3. Let F ⊆ P (ω). We call F an ω1-p-ultrafilter if F satisfies the
following conditions:

(a) F is an ultrafilter.
(b) There exists a sequence (pξ : ξ < ω1) of infinite subsets of ω such that

∀ξ < η < ω1:
(b1) pη ⊆∗ pξ,
(b2) |pξ \ pη| = ℵ0, and
(b3) ∀a ∈ F ∃ξ pξ ⊆∗ a.

The existence of an ω1-p-ultrafilter follows from CH, and is also consistent with
the negation of CH, but it is not a theorem of ZFC.

Let F be an ω1-p-ultrafilter and let (pξ : ξ < ω1) be a sequence that witnesses (b)
of the definition. For every ξ fix an infinite set aξ ⊆ pξ \ pξ+1. Note that the sets
aξ are pairwise almost disjoint (i.e., if ξ 6= η, then aξ ∩ aη is finite). Now let
A = {aξ : ξ < ω1} and construct X = Ψ(A), where Ψ(A) is the Mrówka-Isbell
space induced by A. To be specific, let

X = Ψ(A) = ω ∪ {âξ : ξ < ω1}

Each n ∈ ω is isolated in X , and the basic neighborhoods of âξ are the sets

Vξ,k = {âξ} ∪ aξ \ k.

We will call any Mrówka-Isbell space built along a ω1-p-ultrafilter as above a p-Ψ-
space.

The exposition of Example 3.1 now splits into two parts. We first show that
if X is any p-Ψ-space, then Cp(X) is not normal. We then employ ♦ to build a
particular p-Ψ-space X such that Cp(X) also has countable extent.

Let us now describe Cp(X) for X as above. Any basic open set U in Cp(X) has
a finite support supp(U) ⊆ X . For every x ∈ supp(U) there is an open interval
with rational endpoints Ix such that

U = {f : ∀x ∈ supp(U), f(x) ∈ Ix}.

If supp(U) = {x0, ..., xk}, then we write

U = U(x0, Ix0 , ..., xk, Ixk) = U(xi, Ixi : i ≤ k).

Claim 3.4. Let r ∈ R, C be a countable subset of ω1, F be a finite subset of ω,
and let f : C ∪F → R be any function into the reals. Then there exists g ∈ Cp(X)
such that g(âξ) = f(ξ) for each ξ ∈ C, g(n) = f(n) for each n ∈ F , and g(âξ) = r
for each ξ 6∈ C.
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Proof. Without loss of generality, C = α for some ordinal α. For every ξ ∈ C,
choose nξ such that if a′ξ = (aξ \ nξ), then a′ξ ∩ pα = ∅ and a′ξ ∩ a′η = ∅ for each
ξ < η < α.

Define g : Ψ(A)→ R by

g(x) =


f(ξ), if x = âξ or x ∈ a′ξ \ F and ξ < α;

f(x), if x ∈ F ;

r, otherwise.

It is easy to check that g is continuous and is as required.

Claim 3.5. Let f ∈ Cp(X). Then there exist an α < ω1 and an r ∈ R such that
f(âξ) = r for each ξ ≥ α.

Proof. Let f ∈ Cp(X) and consider the set S = {f(n) : n ∈ ω}. For every basic
open interval (a, b) ⊂ R, let D(a, b) = {n : f(n) ∈ (a, b)} and let

E(a, b) = {ξ ∈ ω1 : âξ ∈ cl(D(a, b))}.
We leave it to the reader to check that for reals a < b < c < d, at most one of the
sets E(a, b) and E(c, d) is uncountable. This completes the proof of 3.5.

Lemma 3.6. If X is any p-Ψ-space as above, then Cp(X) is not normal.

Proof. By claims 3.4 and 3.5, the proof is identical to the proof of 2.3.

Now we use ♦ to construct an almost disjoint family A such that Ψ(A) is a
p-Ψ-space and so that Cp(Ψ(A)) will have countable extent. We fix a ♦-sequence
designed to capture potential uncountable discrete subsets of our space. Fix {Dα :
α < ω1} such that for each α < ω1, Dα is a countable collection of real-valued
functions and dom(f) = ω × {0} ∪ α × {1} for each f ∈ Dα. For every collection
D = {dα : α < ω1} of real-valued functions on ω × {0} ∪ ω1 × {1},

{α ∈ ω1 : Dα = {dβ | (ω × {0} ∪ α× {1}) : β < α}}
is stationary.

We construct {pα : α < ω1} and {aα : α < ω1} by recursion on α < ω1. We will
let A = {aα : α < ω1} and we will require that {pα : α < ω1} be a base for an
ω1-p-ultrafilter as in (b) of Definition 3.3. Also, we will require that aα ⊆ pα \pα+1

for each α < ω1.
Fix an enumeration {xα : α < ω1} of [ω]ω. Suppose that α is a limit ordinal

and that {pξ : ξ < α} and {aξ : ξ < α} have been defined. Let Aα = {aξ : ξ < α}.
Each f ∈ Dα induces a gf : Ψ(Aα)→ R defined by

(a) gf (n) = f((n, 0)), and
(b) gf(âξ) = f((ξ, 1)).
Let Eα = {gf : f ∈ Dα}.

Case 1. If gf is not continuous for some f ∈ Dα, then choose pα arbitrary so that
pα ⊆∗ pξ for each ξ < α.

Case 2. If gf is continuous for each f ∈ Dα, then we ask whether the following
statement holds:

(∗) For each g ∈ Eα there is an η < α and a real number rg such that g �
{âξ : η ≤ ξ < α} is constant with value rg. Furthermore, there exist h ∈
Cp(Ψ(Aα)), S ⊂ ω, and a real number r such that
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(c) ∀ξ < α S ⊆∗ pξ,
(d) h(S) is a sequence convergent to r, and
(e) for every neighborhood U of h and each interval I containing r, the set
{g ∈ Eα : g ∈ U and rg ∈ I} is infinite.

If (∗) holds, fix hα, rα and Sα which witness it, and let pα ⊆ Sα.
If (∗) doesn’t hold, as in Case 1 choose pα an arbitrary pseudo-intersection of the

pξ’s. In all cases we make sure that either pα ⊆ xα or pα∩xα = ∅. This guarantees
that {pα : α < ω1} will be a base for an ultrafilter. Also, we let aα be any infinite
co-infinite subset of pα.

For successor ordinals α = β + 1, as long as αβ was chosen to be a co-infinite
subset of pβ we can let pβ+1 = pβ \ aβ.

This completes the recursive construction of A. We let X = Ψ(A).

Lemma 3.7. e(Cp(X)) = ℵ0.

Proof. Fix an uncountable D ⊆ Cp(X). We will show that D cannot be closed and
discrete by constructing a function h ∈ Cp(X) such that every neighborhood of h
intersects D in an infinite set.

Enumerate D as {fα : α < ω1}. For each f ∈ D there is a function f ′ :
ω × {0} ∪ ω1 × {1} → R coding f as in (a) and (b) above. Let D′ = {f ′α : α < ω1}
be the set of codes for the elements in D. It is sets of the form D′ that our ♦-
sequence was designed to capture. Fix an elementary submodel M of some H(λ)
for λ large enough so that M contains everything in sight (e.g., D, D′, A, ...). By ♦
we can also require that if α = M ∩ω; then Dα = {f ′ξ | (ω×{0}∪α×{1}) : ξ < α}.
Note that, following our previous notation, Eα = {fξ | (ω ∪Aα) : ξ < α}.
Claim 3.8. For M , D, and α as above, (∗) held at stage α of the recursive con-
struction.

Proof. Let M , D, and α be as in the assumptions. Fix a sequence of positive reals
(εn) → 0. We construct S = {mn : n < ω} ⊂ ω by induction on n. Enumerate
{aξ : ξ < α} as {aξn : n < ω}. By adding or removing a finite set from each aξ,
let {a′n : n < ω} be pairwise disjoint such that aξn =∗ a′n for each n < ω, and such
that ω =

⋃
n<ω a

′
n.

Note that for each n, both a′n and {a′k : k < n} are elements of M . Also
enumerate {pξ : ξ < α} as {bn : n < ω}. Each d ∈ D is eventually constant on
A, so fix η(d) ∈ ω1 and rd ∈ R such that d(âξ) = rd for each ξ ≥ η(d). For each
open interval I containing rd, let Sd(I) = {n ∈ pη(d) : d(n) ∈ I} and note that
Sd(I) ⊃∗ aξ for each ξ ≥ η(d). Therefore Sd(I) is in the ultrafilter (otherwise there
would be a ξ ≥ η(d) for which pξ ∩ Sd(I) is finite, contradicting aξ ⊆ pξ).

By induction on n < ω we construct the following.

(1) Integers k0 < k1 < ... < kn;
(2) Integers m0 < m1 < ... < mn;
(3) Basic open intervals Pn, {P in : i ≤ n}, {Iin : i ≤ n} and {J ix,n : i ≤ n, x ∈

(a′i ∩ kn) \ {mi : i ≤ n}};
(4) Uncountable subsets Dn of D such that Dn ∈M .

The objects constructed will have the following properties:

(h) If Un = U(âξ0 , I
0
n, ...âξn , I

n
n ) ∩ U(x, J ix,n : i ≤ n, x ∈ (a′i ∩ kn) \ {mi : i ≤ n})

∩ U(m0, P
0
n , ...,mn, P

n
n ), then Dn ⊆ Un, and moreover rd ∈ Pn for each

d ∈ Dn;
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(i) i < j ≤ n⇒ Uj ⊂ Ui and Dj ⊂ Di;
(j) For each d ∈ Dn and each i ≤ n, mi ∈ pη(d), d(mi) ∈ P in and rd ∈ Pn;

(k) Pn, P
i
n, I

i
n, J

i
x,n are all of length ≤ εn;

(l) For each i ≤ n′ < n and each x ∈ (ai ∩ kn) \ {mi : i ≤ n}, we have cl(Pn) ⊂
Pn′ , cl(P

i
n) ⊆ P in′ , cl(Iin) ⊆ Iin′ , and cl(J ix,n) ⊆ J ix,n′ . Also let Pnn = Pn.

The Inductive Step. Assume that for each i < j ≤ n, kj , mj, and Pj , {Iij : i ≤
j}, {J ix,j : i ≤ j, x ∈ (ai ∩ kj) \ {mi : i ≤ j}}, {P ij : i ≤ j} and Dj have been
defined. We apply the pigeonhole principle repeatedly to Dn.

Step 1. Choose a basic open interval Pn+1 ⊂ cl(Pn+1) ⊂ Pn of length εn+1 such
that

D′n+1 = {d ∈ Dn+1 : rd ∈ Pn+1}
is uncountable.

Step 2. Since rd ∈ Pn+1 for each d ∈ D′n+1,

S′d = Sd(Pn+1) ∩
⋂
i≤n

bi \
⋃
i≤n

a′i

is an element of our ultrafilter. Therefore, since D′n+1 is uncountable, there is an
mn+1 > mn such that

D′′n+1 = {d ∈ D′n+1 : mn+1 ∈ S′d}

is uncountable. Clearly D′n+1 and hence D′′n+1 are both in M . We let Pn+1
n+1 = Pn+1.

Step 3. Choose a basic open interval In+1
n+1 of length < εn+1 such that

U ′n+1 = Un ∩ U(âξn+1 , I
n+1
n+1 )

has uncountable intersection with D′′n+1.

Step 4. For each i ≤ n choose basic open intervals Iin+1 ⊂ cl(Iin+1) ⊂ Iin of length
< εn+1 such that

U ′′n+1 = U ′n ∩ U(âξ0 , I
0
n+1, ..., âξn , I

n
n+1)

has uncountable intersection with D′′n+1.

Step 5. For each i ≤ n choose intervals P in+1 of length< εn+1 so that cl(P in+1) ⊂ P in
and so that

U ′′′n+1 = U ′′n+1 ∩ U(mi, P
i
n+1 : i ≤ n)

has uncountable intersection with D′′n+1.

Step 6. By Step 4 we can choose a kn+1 > kn such that

D′′′n+1 = {d ∈ D′′n+1 ∩ U ′′′n+1 : ∀i ≤ n+ 1 d(a′i \ kn+1) ⊂ Iin+1}
is uncountable.

Step 7. For each i ≤ n + 1 and each x ∈ (a′i ∩ kn+1 \ {mi : i ≤ n + 1}) choose a
basic open interval J ix,n+1 of length < εn+1 so that

(7a) If i ≤ n and x ∈ ai ∩ kn, then cl(J ix,n+1) ⊂ J ix,n;

(7b) If i ≤ n and x ∈ ai ∩ [kn, kn+1), then cl(J ix,n+1) ⊂ Iin;
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(7c) Letting Un+1 = U ′′′n+1 ∩ U(x, J ix,n+1 : x ∈ a′i ∩ kn+1 \ {mi : i ≤ n + 1}), then
Un+1 has uncountable intersection with D′′′n+1.

Letting Dn+1 = Un+1 ∩D′′′n+1 completes the inductive construction of S = {mn :
n < ω}. By Step 1 of the construction, S ⊆∗ bn for each n < ω. Therefore S
satisfies clause (c) of (∗).

Now we define h ∈ Cp(Ψ(Aα)) and r ∈ R. For each m < ω, let h(âξm) be
the unique real number in

⋂
m<n<ω I

m
n . The stipulation that (εn) → 0 and the

inductive hypothesis (l) guarantee that h � Aα is well defined. For each mi ∈ S let
h(mi) be the unique element of

⋂
n<ω P

i
n, and for each x ∈ a′i \ S let h(x) be the

unique element of
⋂
n<ω J

i
x,n. Again, inductive hypothesis (l) assures that h is well

defined.

From the construction, namely from inductive hypothesis (l) and clauses (7a)
and (7b), it is easy to verify that for each n, (h(k))k∈aξn → h(âξn) and that
(h(mi))→ r. This implies that h is a continuous function on Ψ(Aα). The fact that
(h(mi)) → r implies that clause (d) of (∗) holds. By construction, {Un : n < ω}
forms a local neighborhood base at h in Cp(Ψ(Aα)). Therefore by (h), for each
neighborhood U of h and each interval I containing r, the set {g ∈ Eα : g ∈ U
and rg ∈ I} is infinite (in fact, if U is basic open and I has rational endpoints,
then U, I ∈M and M models that this set is uncountable). Therefore (∗) holds, as
required.

Claim 3.9. For M and α as above, there is an h ∈ Cp(X) such that every neigh-
borhood of h intersects D in an infinite set.

Proof. If (∗) held, then we fix a function hα and a real rα. Define h ∈ Cp(X) as
follows:
h � ({âξ : ξ < α} ∪ ω) = hα, and
h � {âξ : ξ ≥ α} is constant with value rα.
We claim that every neighborhood of h intersects D in an infinite set. Fix a

basic open set U containing h. Then U = U0 ∩ U1, where

(f) supp(U1) ⊆ {âξ : ξ ≥ α} and
(g) U0 ∈M , hence supp(U0) ⊆ {âξ : ξ < α} ∪ ω.

By shrinking U if necessary we can assume that supp(U1) is nonempty. Recall our
notation: for each x ∈ supp(U) there is an interval Ix with rational endpoints such
that

U = U(x, Ix : x ∈ supp(U)).

Since h has constant value rα on supp(U1), by shrinking U again we can assume
without loss of generality that there is an interval I containing rα such that Ix = I
for each x ∈ supp(U1). For each β < α, since fβ is an element of M and M |=
“fβ ∈ Cp(X),” by Claim 5, there is a η < α and a real rfβ ∈ M such that
M |= ∀ξ ≥ η fβ(âξ) = rfβ . Therefore by elementarity this holds for all η < ξ < ω1.
If we consider U0 as an open neighborhood in Cp(Ψ(Aα)), then hα ∈ U0. Therefore,
{f ∈ Eα : f ∈ U and rf ∈ I} is infinite. Fix β < α such that both fβ � Ψ(Aα) ∈
Eα ∩ U0 and rβ ∈ I. Now this implies that fβ ∈ U , and thus D ∩ U is infinite.

4. Separable Luzin gaps

Collections A and B of subsets of ω are said to be separated if there exists a set
X ⊆ ω such that a ⊆∗ X for each a ∈ A and b∩X =∗ ∅ for each b ∈ B. An almost
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disjoint family A = (aα : α < ω1) of infinite subsets of ω is said to be a Luzin gap
if (aα : α ∈ B) and (aα : α ∈ ω1 \ B) cannot be separated for each uncountable
B ⊆ ω1 such that ω1 \B is also uncountable.

Luzin constructed such a family in ZFC [L]. It is straightforward to verify that if
for all α < ω1 and m < ω the set {β < α : aα∩aβ ⊆ m} is finite, then (aα : α < ω1)
is a Luzin gap (see [vD]). Henceforth we call any such Luzin gap standard.

If A is a Luzin gap, then each continuous f : Ψ(A) 7→ R is eventually constant.
If A has the additional property that every countable subset of A can be separated
from its complement (call such a Luzin gap separable), then each eventually con-

stant function f : A 7→ R can be extended to a continuous function f̂ : Ψ(A) 7→ R.
This latter property implies that Cp(Ψ(A)) is not normal.

The proof of the following proposition can be found in [vD].

Proposition 4.1. b > ω1 implies that every Luzin gap is separable.

The proof of the following proposition is implicit in the proofs of Claims 3.4 and
3.5.

Proposition 4.2. If (pα : α < ω1) is a base for an ultrafilter such that α < β
implies that pβ ⊆∗ pα and if aα ⊆ pα \ pα+1 is infinite for each α < ω1, then
(aα : α < ω1) is a separable Luzin gap.

In the previous section we went to great lengths to construct an almost disjoint
family as in 3.2 so that e(Cp(Ψ(A)) was countable. We don’t know the answer to
the following question.

Question 4.3. Is e(Cp(Ψ(A)) ≤ ℵ0 whenever A is a separable Luzin gap?

The following theorem implies that a positive answer to this question would yield
a ZFC example of a separable X for which Cp(X) is not normal and has countable
extent. The theorem is due to J. Baumgartner and independently to P. Nyikos.
However neither published the result, so we include a proof here.

Theorem 4.4 (ZFC). There exists a separable standard Luzin gap.

Proof (Sketch). The idea is to construct inductively (aα : α < ω1), (bα : α < ω1),
and (uβα : β < α < ω1) such that for all β < β′ < α < γ < ω1:

(1) uβα is a finite subset of ω;

(2) (aβ \ uβα) ∩ (aβ′ \ uβ
′

α ) = ∅;
(3) uβα ∩ uβ

′

α = ∅;
(4) |{β < α : uβα ∩ aβ ∩ aα = ∅}| < ℵ0;
(5) aβ ⊆∗ bα;
(6) uβα ∩ bα = ∅ and |{δ < γ : uδγ ∩ bα 6= ∅}| < ℵ0;

(7) aα ⊂
⋃
β<α u

β
α.

This suffices: Consider A = (aα : α < ω1). By (1) and (2), this is a family of
pairwise almost disjoint subsets of ω. By (3) and (4), A is standard. By (5), (6),
and (7), bα separates (aβ : β < α) from (aγ : α ≤ γ) for each α < ω1.

We shall construct the aα’s, bα’s, and uβα’s so that for all β < α < γ < ω1:

(8) |{δ < α : aβ ∩ uδα 6= ∅}| < ℵ0;
(9) ∀n < ω |{δ < α : |aδ ∩ uδα| < n}| < ℵ0;

(10) |{δ < α : uδα 6⊇ uδγ}| < ℵ0.
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Notice that (8) is actually a consequence of (3), (5), and (6).
Now suppose that aβ , bβ , and uδβ have already been constructed for δ < β < α,

and conditions (1)–(10) are satisfied up to stage α. Let us assume that α is a limit
ordinal (the case of a successor ordinal is easier), and let (βn)n∈ω be an increasing
sequence of ordinals converging to α. Set β−1 = 0. Use diagonalization to find
(uβα : β < α) such that (1), (2), (3), (8) hold and such that for every n ∈ ω:

(11) ∀βn−1 ≤ β < βn |aβ ∩ uβα| > n;
(12) ∀m < ω |{β : βn−1 ≤ β < βn : |aβ ∩ uβα| < m}| < ℵ0;

(13) |{β < βn : uββn 6⊇ u
β
α}| < ℵ0;

(14) ∀k < n∀βn−1 ≤ β (uβα \ u
β
βn
⊂ aβ \ bβk).

Now let bα = ω \
⋃
β<α u

β
α, and choose aα ⊂

⋃
β<α u

β
α in such a way that

|aα ∩ uβα| = 1 for each β < α.
It is obvious that the objects constructed in this way satisfy conditions (4), (7),

and the first half of condition (6). Condition (5) follows from (8), condition (9)
follows from (11) and (12), and (10) is a consequence of (13) and the inductive
assumption (10) itself. Finally, the second part of condition (6) follows from (13)
and (14).
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[P] T. C. Przymusiński, Products of normal spaces, In: The Handbook of Set Theoretic Topology,

North Holland (1984), pp. 781–826. MR 86c:54007
[R] E. A. Reznichenko, Normality and collectionwise normality in function spaces, Moscow Univ.

Math. Bull. 45 no. 6 (1990) 25-26. MR 92b:46003
[Ru] M. E. Rudin, Σ-products of metric spaces are normal, Preprint 1977.

(W. Just and P. J. Szeptycki) Department of Mathematics, Ohio University, Athens,

Ohio 45701

E-mail address: just@ace.cs.ohiou.edu

E-mail address:szeptyck@ace.cs.ohiou.edu

(O. V. Sipacheva) Chair of General Topology and Geometry, Mechanics and Mathe-

matics Faculty, Moscow State University, 119899 Moscow, Russia

E-mail address: sipa@glas.apc.org


