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ABSTRACT. Let A be a finite-dimensional commutative algebra over R and let
C7h(U), C¥(U,A) and O4(U) be the ring of A-differentiable functions of class
C", 0 < r < oo, the ring of real analytic mappings with values in A and the
ring of A-analytic functions, respectively, defined on an open subset U of A™.
We prove two basic results concerning A-differentiability and A-analyticity:
15t) OA(U) = CFU) (N C(U, A), 271) O4(U) = CF(U) if and only if A is
defined over C.

1. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

Let A be a finite-dimensional commutative R-algebra. Let us denote by G(A)
the group of units of A. Clearly, G(A) is an open dense subset of A and hence
it is endowed with a canonical structure of Lie group. Let U be an open subset
of A. A function f: U — A is said to be A-differentiable if for every a € U
there exists the limit f/'(a) = limy—o(f(z) — f(a))/(x —a),z —a € G(A). We
say that f is A-differentiable of class C" and set f € C%(U) if for every a €
U, f'(a), f"(a), ..., f)(a) exist and are continuous. For further properties on A-
differentiability we refer to [2, 3, 4].

As is well known, if V' is a finite-dimensional R-vector space, for each open subset
U C V we have a canonical isomorphism (,: V — T, (U) given by (. (v)(f) =
lim; o (f(z + tv) — f(z)) (directional derivative). In the particular case V = A
we can define a family of endomorphisms on each tangent space h,: T, (U) —
T.(U),a € A, ho(X) = Ce(a- (1 (X)). Then, it is proved that the definition of
the analyst coincides with that of the differential geometer (this is not the case
for non-commutative algebras, see [2]); i.e., a function f: U — A of class C™ is
A-differentiable if and only if for every a € A, x € U, the mapping fi: To(U) —
T.(U) commutes with h,.

The product in A induces an R-bilinear mapping pu: A x A — A. Let ¢y =
1,e1,...,em—1 be a basis of A as an R-vector space. Then, p(e;, e;) = Z;cn:_ol ufjek,
0 <14,j <m—1. Each function f: U — A can be written as f(z) = 22_01 fi(x)e;
and f is A-differentiable if and only if 0 f/0z; = (0f/0x¢) e; for every j =1, ...,m—
1; or more explicitly, 0f;/0z; = ZZ:Ol uﬁ'm—(@fh/axo), 1=0,....m—1;57=1,...m—
1 (Cauchy-Riemann equations). It follows that C7 (U) is a closed A-subalgebra of
C"(U, A) with respect to its natural topology of Fréchet algebra.
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The above definitions and results can also be extended to several variables. Let
U be an open subset of A™. A function F': U — A is said to be A-differentiable
if for every x = (x1,...,x,) € U and every i = 1, ..., n the function

Y= F($17 ey L1, Yy L1y +ey $n>7
defined on a neighbourhood of z;, is A-differentiable. Set x; = Z}":_Ol Tij€5, 1 =
1,...,n. We obtain: F' is A-differentiable if and only if
8F/8xij:(8F/8xi0)ej, izl,...,n;jzl,...,m—l.

Finally, F' is said to be A-analytic and then we set F' € O4(U) if for every 2° =
(29, ...,2%) € U there exists a series Y. cyn o (€1 —27)*" -+ (2, — 20 )* absolutely
convergent on |x;| < r;, i = 1,...,n, such that for every z = (z1,...,2,) € U,
|z; — 29| <r;, i=1,...,n, we have

F(z)= Y an(er—a)* - (@, —af)™.
aeN"™
Our basic results are the following two theorems:

Theorem 1. The ring of A-analytic functions on an open set U C A™ is the inter-
section of the ring of A-differentiable functions of class C*° on U and the ring of
real analytic A-valued mappings defined on U; i.e., O4(U) = CX(U)NC¥(U, A).

Theorem II. OA(U) = CY(U) if and only if A is defined over C.
The latter theorem can also be restated as follows:
Corollary. O4(U) = CP(U) if and only if G(A) is connected.
2. PrROOF OF THEOREM I

Lemma 1. Let F: U — A, U C A", be an A-differentiable function of class C".
For every system of indices i1, ...,y 1, -+, jk, Such that 1 <1ip <n,0 < j, < m-—1,
1< h<k<r, we have

O F _O'F
8wi1j1...8xikjk 8wi10...8:c¢k0

€jy " -

Proof. We proceed by recurrence on k. For k = 1, the above formula is nothing
but the Cauchy-Riemann equations for F' (cf. §1), and by virtue of the recurrence
hypothesis for every k > 1, we obtain

O F[0xi,j, ... 05, = 0/0x;, 5, (0" ' F/0xiyj, ... 0xi,j,)
=0/, (0¥ ' F/02450 . .. Oir0)ejs - - €4 )
= (0FF/0xi,0 ... 0xi0)ej, e, - €jp -
Proof of Theorem 1. First we prove O4(U) C CX(U)NC¥(U,A). T F:U — A

is A-analytic, given 29 = (29,...,2%) € U, there exists a series Y. aqz{"' - 22"

converging absolutely on |z;| < r;, 1 < i < n, such that for every x = (z1,... ,2,) €

U, |z, =29 <r;, 1 <i<n,wehave F(z) =Y cyn Ga (21 —20) - (2 — ).
m—1

With the above notations, i.e., x; = ijo zije5, 1 <4 < n, it is not difficult to see
that F'(x) can be expressed as an absolutely convergent series of the real variables
z;j — x;;(z°) taking values in A. Therefore, F € C*(U, A). Moreover, from the
standard properties of power series it follows that we can calculate 0F/dz;; simply
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taking derivatives term by term. As (9/0zi;)(zn — 290)* = k(x), — 29)5 1 6pi e, we
have:

_ oF
= 3 anai(m =) (=) T — D) e = 5y
Zi0

a€eNn
Thus, F' is A-differentiable.

Next we shall give two proofs of the second part of Theorem 1.

15t) Assume F: U — A is a function of class C*. Then, its components F =
ZZ:Ol F}, e;, can be expanded in power series on a neighbourhood of 2° € U:

o0

1 9IB1I+..+1Bnl
f%<x>::| | > BT oo — (@) (21 — 21 (2°)" - (2 —wn(2°))7,
Bl yreey ﬁn 0 n

where we have set:
Bi=(Bios-- Bim—r), i=1,...,n, Oz =dai° .. dalim !
(7 — 2i(a”))% = (wio — wio (%)) -+ (@im—1 — Tim—1(x”))m =1,
1Bil = Bio+ - - + Bijm—1, Bi! = Bio' - Biym—1!.
Furthermore, we set:

B= (B Bu)y Bl=PrlBal, (@ —2(a)’ = [[ (s — 2i(a®)™,

i=1
P Fy 0P = 9P I H10nl |y s .. 9P

Hence,

3

i 1| (0181 By, /027 (°) (z — x(xo))ﬁ €k,

0 IB\:O

b
Il

and by virtue of Lemma 1,

m—1
(0P F/2P)( Z (09 B /02%) (2°) ex
k=0
= (0117 0alB .. allely(g0) efro L frmar L o gfrmet
Hence,
1 oBF
Z Bl 9 1P] Bl (2°) (210 — z10(20))Pr0 - -
50 7019 -+ g
(@1t — T (20) e 0 el
. (fEnO - fEnO(;UO))ﬁnO - (xn,m—l — xn,m_1(gc0))5nym—1 egno o 657;11{71
PN . — 2018l
|7’L Z [ B ﬁn H
|8l= 06 |01|"'l9$|

as follows by applying to (z; — 20)1% = (X7 @ik — 2k (2°))ex) il the Leibniz’s
formula.
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By setting
a;=16i,i=1,...n,a=(a1,...,an),
ao = 1/m!"BU P F/02SY - - - 0% ) (20),

we have F(z) = Z(\)§|:0 ao(z1 — 29) -+ (2, — 22)%, thus proving that F is A-
analytic.

274) The second proof relies on the Taylor formula below which is of interest
by itself. Essentially this formula tells us that an A-differentiable function of class
C"*1 can be approximated around a point by a suitable A-polynomial of degree r
plus a remainder.

Proposition 1. Let F' be an A-differentiable function of class C™t! defined on a
neighbourhood |x — 2°| < € of a point 2° € A™. Then we have:

r |l
Py =Y 28T @ -ty
laj=0

Ya-trotE
+ Z /0 ( a' ) W ($O+t($—$0)) ($—$O)adt.
la|=r+1 :

Proof of Proposition 1. From Taylor’s formula with integral remainder we obtain
1
F(z)=>" HDkF(g;O)(:z: — %k x—20)
k=0

1

1-1)"

+ / %DT'HF (2% + t(z — 2%)) (x — 2%, OF 2 — 20)dt,
0 T

and we can conclude as in the proof of Theorem 2.3 of [4]; i.e., since F is A-

differentiable, we have

DF(2°)(z — 2°) =Y _(0F/0:)(2")(zi — 7),

D?*F(2%)(xz — 2%, 2 — 2%) = D(DF)(2°)(z — 2°)(z — 2°)
= (0°F/0w;0;)(2°)(w; — al)(z; — 29),

4,
and so on.

The proof of the second part of Theorem I is then a simple consequence of the
above formula. In fact, we know that if F' is real analytic, then there exist a
neighbourhood N of x and two positive constants M, p, such that for every x € N
and every o € N", we have |(a!)~! (91°1 F/92) ()| < M pl*l, and the result follows
by simply bounding the remainder term in Taylor’s formula.

3. PROOF OF THEOREM II AND OF THE COROLLARY

Lemma 2. Let A be a finite-dimensional commutative local R-algebra and let m be
its maximal ideal. If A/m = C, then A admits a structure of C-algebra compatible
with its structure of R-algebra.
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Proof. As m is nilpotent, it is clear that A is m-adic complete. From a classical
result by I. S. Cohen (see e.g., [1, I1.8.25A]) there is a subfield K C A, containing
R, such that K — A/m is an isomorphism.

Lemma 3. Let A be a finite-dimensional commutative local R-algebra such that
A/m 2 R. There exist a system of elements e1,... e, € m and a set of multi-
indices M C N” such that:

(i) The cosets of e = e{* ---e2 | |a| =1, a € M, modulo m'*1 are a basis of
the R-vector space m!/m!T! for every | <n — 1, n being the least integer such that
m” =0.

(ii) The elements e, a € M, with e’ = 1, are a basis of A as an R-vector space.

Proof. Let ey, ... e, be elements of m whose cosets are a basis of the R-vector space
m/m?. From Nakayama’s lemma, eg,... ,e, also generate m as an A-module; that
is, every a € A can be written as a = aie; +. ..+ a,e, for some a; € A. Assume we
have constructed a set of multi-indices M; C N of order || =1 so that the cosets
of e%, a € My, are a basis of m!/m!*1. Asey,... e, generate the A-module m, it is
clear that all the elements e® , || = [+ 1, generate m'*!. Hence each a € m*! can
be written as @ = |,/ dae” and since A/m = R, there exist scalars Ao € R
such that a, — Ao € m. Hence, a = 37,141 Aae® (mod m!*2). Accordingly, the
cosets of e, |a| = | + 1, generate m'*!/m!*2 as a vector space and from them
we can select a basis. In other words, there exist a set of multi-indices M;y; of
order |a| =1+ 1 such that the cosets of the elements e®, & € M;41, are a basis for
m!t1 /m!*+2. Proceeding by recurrence, it will suffice to put M = U?:_()l M.

As for (ii), first let us assume we have a relation »° ., Aoe® = 0. Reducing it
modulo m we obtain A\g = 0. Reducing it modulo m? we obtain A\; = ... =\, =0,
and so on. Moreover such elements generate A as a vector space, because given
a € A there is a scalar \g such that a’ = a — A\g € m. Again @’ = a1e1 +...+ are,
and there are scalars Aq, ..., A, so that a; = A\;+a}, a; € m; hence a = Mg+ e +
..+ Aep +a”, a” € m?, and this process finishes after a finite number of steps
because m is nilpotent.

Proof of Theorem II. Let A = A; x ... X A; be the decomposition of A in local
algebras. If A;/m; = C for every i, then, by virtue of Lemma 2, A is a C-algebra
and Cauchy’s integral formula holds for C-algebras (see [2]); hence the statement
is true in that case. In fact, in [2] the author works with algebras of the form
C®r B, where B is a R-algebra, because he assumes the p’s are real, but his theory
also applies to arbitrary C-algebras. Therefore, it will suffice to prove that our
statement does not hold if an index 7 exists at least such that A;/m; =2 R. We can
assume ¢ = 1.

It will suffice to construct a function f: A; — A; which is A;-differentiable
but not C“-analytic, because prolongating f by zero on the rest of components we
will obtain a function f: A — A which is A-differentiable but not C¥-analytic and
we could conclude by virtue of Theorem I. Consequently, we can assume that A is
local and A/m = R.

Let fo: R — R be a C* but not C* function. Identifying R with A/m and
taking into account that m™ = 0, it will suffice to construct a (A/m')-differentiable
function f;_; : A/m! — A/m!, for every [ = 1,...,n — 1, making commutative
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the diagram below for [ > 2:

A/ml A/mi
) b
A/m! A/mli-1
We proceed by recurrence assuming fo,... , fi—1 have been constructed and we

shall then construct f;. To do this we shall use the basis {e%, « € M} of Lemma 3
and we shall denote by z,, the coordinates in this basis; i.e., a = Y o), Ta(a)e®, so
that A-differentiability is expressed as 0f/0x, = (0f/0x)e*, a € M, |a| > 0.
Let us denote by [a];—1 the coset of an element a € A in A/m!. We note that
{[e®)i—1; a € M, |a| <1 —1} is a basis for A/m!. We set M; = {a € M ; |a| < }.
Thus, fi_1 = ZaeMl,l fi—1,a[e*]i=1. The commutativity of the above diagram
means fi_1,o = fi—2,o for every a € M;_3; hence fj_; ., only depends on the
variables x5, 8 € M;_1, || < |a|. As fi_1 is (A/m!)-differentiable, for every
8] >0, 8 € M;_1, we have

% — Z 8fl—1,01 [ea]l—l — Z afl—LOt [eot-i-ﬁ]l_

1-

Oxg  ALr  Owg wcrr, 9o
Hence,
Ofi-1,a  Ofi—1,0-
(31) .g - = fl - 57 a_BEMl—la|ﬂ|>Ovaaﬂ€Ml—la
xp a.%'o
fi-1,a
(32) L:()? a_ﬂng—l7|ﬂ|>07a7ﬁ€Ml—l'

Oz
Let us define f; by giving its components:

a = JI-1,«a if € M1,
(3.3) { fra = fi1, if o -1

of .
fio = gT;’Oxo if o € M — M;_q,

thus also proving the commutativity of the above diagram for the order [ 4+ 1. Let
us check that f; is (A/m!*!)-differentiable as well. For every v € N" we have:

ofr _ 0fi-1,a

(34) — €]
Oy Wl Oy
02 fi- ofi—-
" Z (a fla1,0 o+ Jg 1,0 6%0) %]s.
oceM;—M;_1 Ty0To o
Consequently, for |y| > 0, v € M;_1, we have % = weM, 8%;:(1 [e“];. Fur-
thermore,
ofi dfi-1,a & fi-10
5 gl _ glizta e 0 20 ) 171,
(35) Oz Z Oz [+ Z O zo ) [l

a€EM;_1 ceM;—M;_1

and since [e717]; = 0 because |0 + | = |o| + |y| =1+ |y] > [ + 1, we also have

% 7, = afl_l)a a+y
8$0 [6 ]l - Z 8$0 [6 ]l .

aceM;_1
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By virtue of (3.1) and (3.2) it follows that Jf;/0x = (0f1/0x¢)[€"];. Assume |y| >
0,7y € M; — M;_;. In that case, (3.4) takes the form 9f;/0x, = (0 fi—1,0/0z0)[e];
because fi_1 o does not depend on ., and from (3.5) we obtain (0f;/0x¢)[e]; =
Yaens, (0fi1,a/00)[e* i = (Ofi-1,0/0x0)[e]:, since for every |a| > 0 we have
la+~]=]a|+1>1+4+1and |0 +7| = |o|+ |y| =2l > 1+ 1, thus concluding that
0fi/0x = (0f1/0xo)[€7]; also in this case and thus finishing the proof.

Proof of the Corollary. It follows directly from Theorem II and the following re-
sults.

Lemma 4. Let A be a finite-dimensional commutative local R-algebra. G(A) has
two connected components if A/m =R and it is connected if A/m = C.

Proof. We have a short exact sequence of Lie groups,
1—14+m—GA) — A4/m)*"—1.

Hence G(A) is a principal bundle on (A/m)* with structure group 1 + m which is
homeomorphic to the vector space m. Consequently, G(A4) and (A/m)* have the
same number of connected components.

Proposition 2. Let A be a finite-dimensional commutative R—algebra, let A =
Ay X ... x Ay be its decomposition in local algebras and let m; be the maximal ideal
of A;. Then, G(A) is connected if and only if A;/m; = C for everyi=1,... L

Proof. G(A) 2 G(A1) x ... x G(4;). Hence G(A) is connected if and only if each
G(A4;) is, and we can conclude by applying Lemma 4.
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