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POLYNOMIALS AND LIMITED SETS
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(Communicated by Theodore Gamelin)

Abstract. We prove that scalar-valued polynomials are weakly continuous
on limited sets and that, as in the case of linear mappings, every c0-valued
polynomial maps limited sets into relatively compact ones. We also show that
a scalar-valued polynomial whose derivative is limited is weakly sequentially
continuous.

Throughout this note E and F will mean infinite-dimensional complex Banach
spaces. Recall that L ⊂ E is said to be limited if every w(E′, E)-null sequence is
uniformly convergent to 0 on L. Equivalently, L ⊂ E is limited if every linear op-
erator T : E → c0 maps L into a relatively compact set. Attention to limited sets
has focused in studying, for instance, whether they are bounding sets for holomor-
phic functions (see e.g. [12], [13] and [5]) or whether they are relatively compact
sets (Gelfand-Phillips spaces). Every Banach space isomorphic to a subspace of
C(K), K a compact sequentially compact Hausdorff space, is a Gelfand-Phillips
space ([5], 4.26). All weakly compactly generated spaces have this property as
well as every weak Asplund space. Hence separable or reflexive Banach spaces are
Gelfand-Phillips spaces. (See also [7] and [17].) Of course, their intrinsic properties
have also been studied (see e.g. [3] and [17]). This note deals with the interplay
between polynomials and limited sets and it turns out that it is quite similar to the
interplay in the linear case. For instance, it is proved that every polynomial maps
limited sets into limited sets. In particular, c0-valued polynomials map limited
sets into relatively compact ones. We also study those sets whose images for c0-
valued polynomials are weakly relatively compact, that is, a polynomial analogue
of Grothendieck sets. For background on polynomials and holomorphic mappings
we refer to [5]. All polynomials we consider are continuous for the norm topologies.
P (kE;F ) denotes the space of k-homogeneous F -valued polynomials defined on E.
In the case F = C we will simply omit C. UE will denote the unit ball of E.

Lemma 1. Let E1, E2, . . . , Ek be Banach spaces.

(i) If Li ⊂ Ei, i = 1, . . . , k, is limited, then L1 ⊗ · · · ⊗ Lk is limited in E1⊗̂π · · ·
⊗̂πEk.

(ii) If {xin} is a limited weak Cauchy sequence in Ei, i = 1, . . . , k, and at least
one of them is weakly null, then {x1

n ⊗ · · · ⊗ xkn} is a weakly null sequence in
E1⊗̂π · · · ⊗̂πEk.
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1482 PABLO GALINDO

Proof. (i) We argue inductively on k. For k = 1 the result is trivial. Assume the
result is true for k−1. Let G = E1⊗̂π · · · ⊗̂πEk−1. Let {Tn} ⊂ (E1⊗̂π · · · ⊗̂πEk)′ =
(G⊗̂πEk)′ be a weak∗ null sequence and let {xin} ⊂ Li, i = 1, . . . , k. If xn =
x1
n⊗· · ·⊗xk−1

n , the sequence {xn} is limited inG by the induction hypothesis. Every
T ∈ (G⊗̂πEk)′ = L(G,E′k) = L(Ek, G

′) is defined by T (x ⊗ y) = T (x)y = T (y)x,
where x ∈ G, y ∈ Ek. For each y ∈ Ek, the sequence {Tn(y)} is weak∗ null in G′.
Hence the limitedness of {xn} leads to limn Tn(xn)y = limn Tn(y)xn = 0. Thus,
{Tn(xn)} ⊂ E′k is a weak∗ null sequence and since {xkn} is limited, we conclude that

lim
n
Tn(xn ⊗ xkn) = lim

n
Tn(xn)xkn = 0.

Now, it follows that {Tn} converges uniformly to 0 on L1 ⊗ · · · ⊗ Lk. Thus L1 ⊗
· · · ⊗ Lk is limited in E1⊗̂π · · · ⊗̂πEk.

(ii) Arguing by induction again, we may assume that the sequence {xn} where
xn = x1

n ⊗ · · · ⊗ xk−1
n is weakly null in G. For T ∈ (E1⊗̂π · · · ⊗̂πEk)′ = L(G,E′k)

as above, we obtain that {T (xn)} is weakly null in E′k. Since {xkn} is limited,
limn T (xn ⊗ xkn) = limn T (xn)(xkn) = 0, and we are done.

In the next corollary, let
⊗̂

k,s,πE denote the symmetric k -fold completed pro-
jective tensor product of E with itself.

Corollary 2. Let E be a Banach space.

(i) If L ⊂ E is limited, then
⊗̂

k,s,πL is limited in
⊗̂

k,s,πE.

(ii) If {xn} is a limited sequence weakly converging to x ∈ E, then {xn⊗· · ·⊗xn}
is weakly convergent to x⊗ · · · ⊗ x in

⊗̂
k,s,πE.

(iii) If {xn} is a limited weakly Cauchy sequence in E, then {xn ⊗ · · · ⊗ xn} is a

weakly Cauchy sequence in
⊗̂

k,s,πE.

Proof. (i) Since
⊗̂

k,s,πE is a complemented subspace of
⊗̂

k,πE, the statement

follows from Lemma 1(i).

(ii) Let T ∈
(⊗̂

k,s,πE

)′
and yn = xn − x. If A is the symmetric k -linear form

associated to T we get that

T (xn ⊗ · · · ⊗ xn) = A(x + yn, . . . , x+ yn)

= A(x, . . . , x) +A(x, . . . , x, yn) + · · ·+A(yn . . . , yn).

Since {yn} is weakly null, we may apply Lemma 1(ii) with x ∈ E fixed to show
that T (xn ⊗ · · · ⊗ xn)→ T (x⊗ · · · ⊗ x) as n→∞.

(iii) Let T ∈ (
⊗̂

k,s,πE)′. Assume that {T (xn ⊗ · · · ⊗ xn)} is not a Cauchy

sequence in C. Then there is ε > 0 and two subsequences {xnj} and {xmj} such
that |T (xnj ⊗· · ·⊗xnj )−T (xmj ⊗· · ·⊗xmj )| > ε for all j ∈ N. Put bj = xnj −xmj .
If A is the associated symmetric k -linear form we get that

T (xnj ⊗ · · · ⊗ xnj )− T (xmj ⊗ · · · ⊗ xmj )
= A(xmj , . . . , xmj , bj) + · · ·+A(xmj , bj , . . . , bj).

Since {xn} is weakly Cauchy, {bj} is a weakly null sequence in E, hence by

Lemma 1(ii), {xmj ⊗
i· · ·xmj ⊗ bj

k−i· · · ⊗ bj} is weakly null in E⊗̂π · · · ⊗̂πE, so

lim
j
A(ximj , b

k−i
j ) = 0 if 1 ≤ i < k.
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Thus

lim
j
T (xnj ⊗ · · · ⊗ xnj )− T (xm−j ⊗ · · · ⊗ xmj ) = 0.

A contradiction.

We recall that limited sets in Banach spaces are conditionally weakly compact
(i.e., any sequence has a weakly Cauchy subsequence) [3]. We need the following
result (see Theorem 2.6 [11]): If B is a conditionally weakly compact subset of E,
then every point in the weak closure of B is the weak limit of a sequence of points
in B.

Theorem 3. Every polynomial, P : E → C, is weakly continuous on limited sets.

Proof. Let L ⊂ E be a limited set. To prove that P : L→ C is weakly continuous,
it suffices to check that P (clw(B)) ⊂ clC P (B) for each B ⊂ L. Since every a ∈ L
which is in the weak closure of B is the weak limit of a sequence {an} ⊂ B, we

have by Corollary 2(ii) that limn P (an) = P (a) because there is T ∈ (
⊗̂

k,s,πE)′

such that P (x) = T (x⊗ · · · ⊗ x). This completes the proof.

In general the assumption on limitedness can neither be dropped nor replaced
by weak compactness. (Think for instance of E = l2, P (x) =

∑
x2
n, and the unit

basis {en} in l2.)

Remark 4. Let E be the dual of a Banach space Y . A subset L ⊂ E is called Y -
limited (see [4]) if every weakly null sequence in Y is uniformly convergent to 0 on
L. Of course, every limited set in E is Y -limited. The ideas in the previous results
allow us to show that any weak∗ separately continuous k-linear form on E is weak∗

sequentially continuous on Y -limited sets. Indeed, let B : E × · · · × E → C be a
weak∗ separately continuous k-linear form on E, and let {a1

j}, {a2
j}, . . . , {akj} be Y -

limited weakly∗ convergent sequences in E to a1, a2, . . . , ak ∈ E. Put bij = aij − ai;
then

B(a1
j , a

2
j , . . . , a

k
j )−B(a1, a2, . . . , ak)

= B(b1j + a1, b2j + a2, . . . , bkj + ak)−B(a1, a2, . . . , ak)

= B(b1j , b
2
j , . . . , b

k
j ) +

∑
B(b1j , . . . , a

i, . . . )

where in the last sum every term has at least one of the variables equal to some
ai. If we argue by induction, each of the terms in the sum can be seen as a weak∗

separately continuous n-linear form with n < k, hence limj B(b1j , . . . , a
i, . . . ) = 0.

For the remaining term, B(b1j , b
2
j , . . . , b

k
j ), the mapping x ∈ E  B(x, b2j , . . . , b

k
j )

is weak∗ continuous, so there is yj ∈ Y such that 〈yj , x〉 = B(x, b2j , . . . , b
k
j ) and

again by the induction hypothesis, limj〈yj , x〉 = limj B(x, b2j , . . . , b
k
j ) = 0, because

B(x, . . . ) is a weak∗ separately continuous (k− 1)-linear form for each fixed x ∈ E.
Therefore,

lim
j
B(a1

j , a
2
j , . . . , a

k
j ) = B(a1, a2, . . . , ak).

This remark is related to the question (settled in [1]) of finding conditions which
guarantee that a weak∗ separately continuous multilinear form on E is weak∗ con-
tinuous on bounded sets. So, if Y is a separable Schur space, UE is a Y -limited and
weak∗ metrizable bounded set in E and therefore every weak∗ separately continuous
multilinear form on E is weak∗ continuous on bounded sets. Let us also mention
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that the same type of reasoning shows that if in (E,w∗) the bilinear separately
continuous forms are continuous at 0 on bounded sets, then every separately con-
tinuous multilinear form continuous at 0 on bounded sets is continuous on bounded
sets.

Theorem 5. If L ⊂ E is a limited set and {Pn} is a sequence in P k(E) pointwise
convergent to 0, then {Pn} is uniformly convergent to 0 on L.

Proof. Let Tn ∈ (
⊗̂

k,s,πE)′, n ∈ N, be the associated linear maps to the sequence

{Pn}. Since Tn → 0 in w((
⊗̂

k,s,πE)′,
⊗

k,s,π E) and the set {Tn} is equicontinuous,

we have that Tn → 0 in w((
⊗

k,s,π E)′,
⊗̂

k,s,πE). Now the result follows by using

Corollary 2(i).

Corollary 6. If L ⊂ E is limited and P ∈ P (kE,F ), then P (L) is a limited set in
F .

Proof. Let {φn} ⊂ F ′ be a w(F ′, F )-null sequence. Since {φn ◦ P} ⊂ P (kE)
is pointwise convergent to 0, it follows from Theorem 5 that {φn ◦ P} converges
uniformly to 0 on L, hence {φn} converges uniformly to 0 on P (L). Therefore P (L)
is limited.

Proposition 7. If P ∈ P (kE,F ) is weakly sequentially continuous on limited sets
and L ⊂ E is limited, then P is weakly continuous in L and P (L) is a relatively
compact set.

Proof. The continuity statement follows in the same way as Theorem 3. Let us
prove that P (L) is a relatively compact set. Let A be the symmetric k-linear
mapping associated to P . By the polarization formula and the fact that finite sums
of limited sets are limited sets, we have that A is weakly continuous on limited sets
and furthermore we can repeat the arguments given in ([2], Lemma 2.4) to show
that if {a1

j}, {a2
j}, . . . , {akj} are limited weakly Cauchy sequences in E and at least

one of them is weakly null, then the sequence {A(a1
j , a

2
j , . . . , a

k
j )} converges to 0 in

F .
Let {an} be an arbitrary sequence in L. We will prove that {P (an)} has a

Cauchy subsequence in F . Since L is weakly conditionally compact, {an} has a
weakly Cauchy subsequence {anj}. The same argument as in Corollary 2(iii) shows
that {P (anj )} is a Cauchy sequence in F .

Note that the above proposition applied to the identity map on E leads to the
well-known fact [8] that if every limited weakly null sequence in E is norm null,
then E is a Gelfand-Phillips space.

Recall the following definition due to Farmer and Johnson [9]: A Banach space E
is said to be a PN -Schur space (N ∈ N) if any sequence {an} ⊂ E is a null sequence
in E provided that {P (an)} converges to 0 in C for all polynomials P ∈ P (NE).

Proposition 8. Every PN -Schur space is a Gelfand-Phillips space.

Proof. It is enough to check that every limited weakly null sequence is convergent
to 0, and this follows at once from Corollary 2(ii).

A polynomial P ∈ P (kE,F ) is called limited (resp. weakly compact, weakly
conditionally compact) if it maps the unit ball of E into a limited (resp. weakly
relatively compact, weakly conditionally compact) set in F . It is known [15] that
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for every weakly compact (resp. weakly conditionally compact) polynomial P ∈
P (kE,F ) there is a Banach space FP reflexive (resp. non-containing copies of l1)
and a polynomial P1 ∈ P (kE,FP ) such that P = i ◦ P1, where i : FP → F is a
linear operator. As a consequence of Corollary 6 and the fact that limited sets
are relatively compact in reflexive Banach spaces and relatively weakly compact in
spaces without copies of l1 [3], we have the following.

Corollary 9. If P ∈ P (kE,F ) is weakly compact (resp. weakly conditionally com-
pact) and L ⊂ E is limited, then P (L) is a relatively compact (resp. weakly rela-
tively compact) subset of F . If, moreover, Q ∈ P (mF,G) is limited, then Q ◦ P is
a compact (resp. weakly compact) polynomial.

The second part of the above corollary slightly generalizes the result of Lindström
stating that the composition of two limited operators is weakly compact ([16]).

Corollary 10. If the derivative polynomial of P : E → C, dP : E → E′, is a
limited polynomial, then P is weakly sequentially continuous.

Proof. We may suppose P is m-homogeneous. Recall that the derivative dP is given
by dP : E → E′, dP (x)(u) = mA(u, x, . . . , x), x, u ∈ E, where A is the symmetric
m-linear mapping associated to P , and therefore, the symmetric (m − 1)-linear

mapping associated to dP , Ȧ, is Ȧ(x1, . . . , xm−1)(u) = mA(u, x1, . . . , xm−1). We
show the result by induction on the degree of P . It is obviously true for m = 1.
Assume it is true for all i ∈ N, i < m, and let us check it for m. Let {an} ⊂ E
be a weakly convergent sequence to a ∈ E. To prove that P (a) = limn P (an),
it is enough to prove that limnA((an − a)i, am−i) = 0 for all i ∈ N, i ≤ m. For
i ∈ N, i ≤ m, consider Pi : E → C defined by Pi(x) = A(xi, am−i), whose asso-
ciated symmetric i-linear form is A(x1, . . . , xi, a

m−i) and whose derivative dPi is
given by dPi(x)(u) = iA(u, xi−1, am−i). Since dP is limited, it maps any bounded

set into a limited set in E′ and since Ȧ shares with it this property, it follows that
every dPi is limited. By the induction hypothesis each Pi, i < m, is weakly sequen-
tially continuous, hence limn Pi(an − a) = limnA((an − a)i, am−i) = 0. Moreover,
limn P (an − a) = limn dP (an − a)(an − a) = 0 because the set {dP (an − a) : n ∈
N} ⊂ E′ is limited and the sequence {(an − a)} is w(E′′, E′)-null.

Remark 11. (1) The converse to the above proposition does not hold in general. For
instance, consider E = c0 × l1 and A : E × E → C defined by A((x, α), (y, β)) =
α(y)+β(x)

2 where x, y ∈ c0 and α, β ∈ l1. A is a symmetric bilinear form whose
associated polynomial, P , is P ((x, α)) = α(x). P is weakly sequentially continuous:
Indeed, let {(xn, αn)} be a sequence in E weakly convergent to (x, α); then {xn} ⊂
c0 is weakly convergent to x and {αn} ⊂ l1 is weakly, hence norm, convergent to
α. Now,

|P ((xn, αn))− P ((x, α))| = |αn(xn)− α(x)| = |αn(xn)− α(xn) + α(xn)− α(x)|
≤ |(αn − α)(xn)|+ |α(xn − x)| ≤ ‖αn − α||||xn||+ |α(xn − x)|

and both last sequences converge to 0. On the other hand, dP ((x, α)) = (α, x),
hence dP (UE) ⊃ Ul1×Uc0. Consequently, dP (UE) cannot be limited in E′ = l1×l∞,
because then its projection into l1 would be a limited set containing the unit ball
of l1.
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(2) From the examples of limited nonbounding sets found by Josefson [13] and
Schlumprecht [19], it follows that holomorphic mappings do not map limited sets
into limited sets in general. In fact, every f ∈ H(E,F ) maps limited sets into
limited sets if, and only if, every limited set in E is a bounding set.

As an application of our former results, we can show the following.

Proposition 12. Let f ∈ H(E). f is bounded on limited sets if, and only if, f
maps limited weakly Cauchy sequences into convergent ones. Under these conditions
f is weakly continuous on limited sets.

Proof. (⇒) Since f is bounded on limited sets, its Taylor series expansion about 0 is
uniformly convergent to f on limited sets as a consequence of Cauchy’s inequalities.
Therefore on any weakly Cauchy limited sequence, {an}, given ε > 0, there is a
polynomial, P , such that ‖f −P‖L < ε, where L = {an|n ∈ N} ⊂ E. Since {an} is
weakly Cauchy, by Corollary 2(iii), there is p ∈ N such that |P (an)−P (am)| < ε if
n,m > p. Thus if n,m > p, then |f(an)− f(am)| < 3ε. Hence {f(an)} is a Cauchy
sequence. Moreover, since f can be uniformly approximated by polynomials on
limited sets, applying Theorem 3, it follows that f is weakly continuous on limited
sets.

(⇐) Just recall that limited sets are weakly conditionally compact sets.

Remark 13. (i) As already mentioned, a limited set is not necessarily a bounding
set. Nevertheless, the limited sets are the (balanced) bounding sets for a smaller
class of entire functions, namely, those characterized in the above proposition. Note
that if we replace limited by compact, the (balanced) bounding sets for H(E) do
not necessarily coincide with the compact sets. Let’s prove now our statement
concerning limited sets: Let B be a balanced bounding set in E for holomorphic
functions bounded on limited sets. To see that B is limited, let {fn} ⊂ E′ be
a sequence pointwise convergent to 0. For any ε > 0, the function f : E → C
defined by f(x) :=

∑∞
n=0(fnε )n(x) is easily seen to be bounded on limited sets,

hence it is bounded on B. Therefore by Cauchy’s inequality, ‖(fnε )n‖B ≤ ‖f‖B,

hence ‖ fnε ‖B ≤ ‖f‖
1
n

B . Consequently, ‖fn‖B ≤ 2ε for sufficiently large n.
(ii) Whenever the limited sets are relatively weakly compact, for instance when

E does not contain a copy of l1, the holomorphic functions which are bounded on
limited sets are those which are weakly continuous on limited sets.

A related notion to that of limited set is the one of Grothendieck set [14]: A ⊂ E
is called a Grothendieck set if for every operator T : E → c0, T (A) is a weakly
relatively compact set in c0. In view of Corollary 6, we may ask if polynomials map
Grothendieck sets into Grothendieck sets. The negative answer to this question is
provided by González and Gutiérrez in [10] who show the existence of a polynomial
P : l∞ → c0 which maps the unit ball of l∞ into a non-weakly relatively compact
set. Our next proposition is a refinement of their result and its proof goes back to
Proposition 4 of [3]. We will call a subset A of E a P -Grothendieck set if P (A) ⊂ c0
is weakly relatively compact for every polynomial P : E → c0.

Proposition 14. Every P -Grothendieck set is weakly conditionally compact.

Proof. Let A ⊂ E be a P -Grothendieck set and suppose it is not weakly con-
ditionally compact. Then there is a sequence {an} ⊂ A equivalent to the unit
basis of l1. As in ([6], p. 223) we can construct an operator N : E → L∞[0, 1]
such that N(an) = rn where {rn} is the sequence of Rademacher functions. Let
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B : L∞[0, 1]× L∞[0, 1]→ c0 be defined by

B(f, g) =
∞∑
n=1

(∫
frn

)(∫
grn

)
un

where un = (1, 1, n. . ., 1, 0, 0, . . . ), f, g ∈ L∞[0, 1]. Since {rn} is an orthonormal set,
applying Bessel’s inequality, we have (

∫
hrn)n ∈ l2 and ‖(

∫
hrn)n‖2 ≤ ‖h‖2 ≤ ‖h‖∞

for all h ∈ L∞[0, 1]. Thus ‖B(f, g)‖ ≤ ‖f‖∞‖g‖∞ and B is a continuous bilinear
map. Therefore Q(f) = B(f, f) is a 2-homogeneous polynomial and Q ◦ N is a
2-homogeneous polynomial on E. By assumption (Q ◦N)(A) is a weakly relatively
compact set in c0 which contains the sequence {un}. A contradiction.

Although every weakly relatively compact set is Grothendieck, it is not nec-
essarily P -Grothendieck as it follows from considering P : l2 → c0 defined by
P (x) =

∑
x2
nun where x = (xn) ∈ l2, un = (1, 1, n. . ., 1, 0, 0, . . . ) and the unit basis

{en} in l2, for which {P (en)} is not a weakly relatively compact set. On the other
hand, since any scalar valued polynomial on c0 is weakly sequentially continuous,
the weakly relatively compact sets in c0 are P -Grothendieck. Obviously from Corol-
lary 6, every limited set is P -Grothendieck. It follows from linearization techniques
(see [18]) that whenever P (mE) is reflexive, for instance if E is Tsirelson’s space,
the unit ball is a (non-limited) P -Grothendieck set. We remark that any continuous
polynomial maps P -Grothendieck sets into P -Grothendieck sets.

Proposition 15. Let f : E → F be a holomorphic mapping which is bounded on
bounded sets in E. If A ⊂ E is P -Grothendieck (resp. limited), then f(A) is a
P -Grothendieck (resp. limited) set.

Proof. We begin with the case F = c0. Given ε > 0 we can obtain from the Taylor
series expansion of f about 0 ∈ E a polynomial P such that ‖f − P‖A < ε, i.e.,
f(A) ⊂ P (A) + εUc0 ⊂ clw(P (A)) + εUc0 , where Uc0 denotes the closed unit ball
of c0. Since A is P -Grothendieck, P (A) is P -Grothendieck, hence weakly relatively
compact. Therefore, clw(P (A)) + εUc0 is a weakly closed set, so it follows that
clw(f(A)) ⊂ clw(P (A)) + εUc0 . Finally, we apply a lemma of Grothendieck (see [6],
Lemma 2, p. 227) to prove that clw(f(A)) is weakly compact.

For the general case, consider P : F → c0. By the above case, (P ◦ f)(A) is
weakly relatively compact. Thus f(A) is P -Grothendieck.

A similar argument holds for limited sets.
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Added in proof

J. Gutiérrez pointed out that Theorem 3 also follows from Theorem 3.5 in his
joint article with M. González, Weakly continuous mappings on Banach spaces with
Dunford-Pettis property, J. Math. Anal. Appl. 173 (1993), 470–482.
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