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ROTATIONAL SYMMETRY
OF THE HERMITE PROJECTION OPERATORS
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(Communicated by J. Marshall Ash)

ABSTRACT. We calculate an integral formula for the Hermite projection oper-
ators. We give some applications of our formula. We also give a short proof
of a recent theorem of Thangavelu

1. INTRODUCTION

In a recent paper ([T], Thangavelu) it was shown that if P(z) is a solid spherical
harmonic of degree m and if f € L2(R") is of the form f(z) = fo(|z|)P(x), then
its projection Py f(x) onto the space of Hermite functions of degree k is a Laguerre
function multiplied by P(x).

More specifically, let Lz denote the Laguerre polynomials of type 6. Define

! o0 )
(1.1) Ry (fo) = Qﬁ/o fo(r)Li(r?)e™ /2r2 L dr.
If f(x) = fo(|z|)P(z) € L2(R™), then one has Pogim f(x) = Fi(|x|)P(x) where
(1.2) Fi(r) = RY(fo)Ly(r?)e "/

with 6 = 5 +m — 1. For other values of j, P;f = 0. The proof is based on
generating functions.

Since Hermite functions are eigenfunctions of the Fourier transform and Laguerre
functions are eigenfunctions of the Fourier-Bessel (Hankel) transform, Thangavelu’s
formula is closely related to the Hecke-Bochner identity which says that if f e
L' N L%(R™) such that f(x) = f0(|:1c| P(z), then f(z) = Fy(|z|)P(x) where

(1.3) / F@)e= dy,

(L) Fo(r) = @m)/2i o/ 2m) / Jo8) 21 (rs)s™/ ™ ds
0

and J, is the Bessel function of order a. For a proof of this identity see [SW].
One of the important properties of the Fourier transform is its symmetry with

respect to rotations. Thangavelu’s formula (1.2) suggests the same should be true

for the projection operators Px. Our main result in this paper is an integral formula
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1540 E. KOCHNEFF

for the kernels of the projection operators which shows that the projection operators
commute with rotations. We will apply our formula to give a simple proof of
Thangavelu’s formula in the radial case and to give an expression for Laguerre
polynomials in terms of Hermite polynomials. We will also give a short proof of
Thangavelu’s formula which only uses L? theory for the Hermite and Laguerre
polynomials and the homogeneity of the spherical harmonics.

2. DEFINITIONS

Define ‘H,,, to be the space of all f € L*(R") of the form fo(|z|)P(z) where
P(z) is a (solid) spherical harmonic of degree m, i.e., P(x) is a homogeneous har-
monic polynomial of degree m. These spaces provide a direct sum decomposition
of L?(R™) invariant under the Fourier transform; see [SW].

The Hermite polynomials orthogonal with respect to the weight e~ dx on R
are given for £k =0,1,... by

k
(3]
dk 2 2 1)7k! .
o k k—2j
(2.1) Hi(w) = (-1)* o (e Z 12 (22)F=2,
j=
They satisfy the orthogonality relation
(2.2) / Hj(x)Hk(x)e_””2 dr = 2KkI\/78, .
R

The Hermite functions Hy(z)e=* /2 are eigenfunctions of the Fourier transform:

2

(2.3) Hy(x)e ™™ /2 = (y)e_y2/2_”y dy, k=0,1,....

The Hermite polynomials on R™ are defined for multi-indices p = (p1,..., fin),
w; =0,1,..., as products of one-dimensional Hermite polynomials:

(24) Hﬂ(x) :Hﬂl(xl)Hﬂz(xQ)"'Hﬂn(xn)a T = ($1,...,ZL’n).

Note that if |p| = pt1 +p2+- - -+ pn, is even, then all terms in H,, are of even degree.
The Hermite functions H,,(z)e~!#1*/2 are orthogonal on R™:

(2.5) ; ltlﬂ(x)H,,(:c)e_lﬁ”rl2 de = 2 pla/%6,
where
plt = palpal- - pup!

They are eigenfunctions of the Fourier transform in R™.
A function f € L?(R™) can be expanded in series of Hermite functions using the

formula
(2.6) f@)~> Pif(x)
k=0
where Py f are the Hermite projection operators
(2.7) Pef(x) =Y flu ~lel?/2,
|pnl=Fk
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° 1 Rt
(2.8) flw) = W/R" F)Huly)e W12 dy.
In other words,
(2.9) Prf(z)= [ [(y)Pr(z,y)dy
RTL
where
) —(lz 2 2
(2.10) B (z,y) kan/2 Z e~ (=l +lyl®)/2.
lul=k
For many interesting theorems concerning expansions in terms of these polynomials,
see [T2].
For o« > —1 the Laguerre polynomials {L{(x)} of type a are defined by the
formula
—r, ara 1 dk e 7 k+a a I€+Oé+1 (_w>j
(2.11) e "2 L (2) = o j{:

~ TG +a+1) jik—j5)"

The Laguerre polynomials satisfy the orthogonahty

o I'(k 1
(2.12) / Li(z) L5 (z)e "2 dx = %&w"
O .
Note that this implies that |z|™L, T +m(|:r|2)e_|m|2/2, k=0,1,..., are orthogonal
on R™ for each m.
The set consisting of the functions L§ (2x)z%/2e~ are eigenfunctions of the Han-

kel transform (see e.g. [Sz]):

(213)  LEQ2x)z*?e™ = / Jo(2/Zy) LY (2y)y*/2e Y dy, k=0,1,....
0

This implies by the Hecke-Bochner identity that the functions

n—2
(2.14) L2 "(aP)P@e "2, k=0,1,...,

which span the space H,, are eigenfunctions of the Fourier transform in R".

3. A FORMULA FOR THE PROJECTION OPERATOR

Lemma 3.1. Let u = (uy,uz,...,u,) be a unit vector in R™, and let x € R™.
Then for k=0,1,...

(3.1) Hy(x - u) = ;—:k <ﬁ> H(2)u"

where ut = uf*ub? ... ukt and (ﬁ) is the multinomial index k!/u!.

Proof. For n = 2 this formula is well known:
k

(3.2) Hy(xcosf +ysinf) = Z (?) Hj(x)Hy_;(y) cos? §sin*~7 9.
7=0

The more general formula is proved inductively. Let u be a unit vector in R"*!.
Then we can write

u = (cos 0, (sin@)vy, (sin@)vs, ..., (sinb)v,)
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1542 E. KOCHNEFF

where v=(v1,v2, ..., v,) is a unit vector in R". Let x = (z1,22,...,Tp41) € R*TL
Let y=(x2,23,...,2p41) € R™. Then

r-u=mxz1c0860 +y-vsinb

so that we have

Hi(x - :f:(J

o~

Hj(x1)Hi—;(y - v)cosjé?sm i g

"y k—j - :
_Z< Hj(x ( y]) H, (y)v" cos’ §sin*~7 9
j=0 J 1/| k—j
-y (k) Hy(w)u
1
|pnl=Fk
Theorem 3.2. For k=0,1,...
—ikellzl’=lyl*)/2 s .
(33) fbk(x,y) _ ( ) T / |5|ka <y. H)e—sp—i—hsmds'
Proof. It is well known (see e.g. [Sz]) that
2k _\k 22 00 )
(3.4) Hy(x) = (;\/)_e she s H2isT g k=0,1,....
7T —00
It easily follows for |u| = k that
ok (_j)kelel® .
(3.5) H,(z) = %/ Sue—ls\2+2zs.m ds.
7T n

Therefore we have

= (oo 3 (5) (H ] etaeea)

lul=k lul=k

2k (—i)kelel? k s aise
lul=Fk

oK (—ikell |
(3.6) — L/ |s|ka Y- S o lslP+2isw o
7Tn/2 Rn |S|

Finally since

e—(z?+lyl?)/2 k
(3.7) Pp(z,y) = TRz Z (M) H,(z)Hu(y),
w

we obtain the result.

Note that for n = 1 (3.3) reduces to Hy(x)Hy, (y)e_(w2+y2)/2/2k\/7_rk! as expected.
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ROTATIONAL SYMMETRY OF THE HERMITE PROJECTION OPERATORS 1543

Using Hax(0) = (—1)%(2k)!/k! and the Hecke-Bochner formula we obtain

elel*/2 2i 2k 2
(1)2,1@(51570) = — / e zs-m|s| e—‘s| ds

9lzl?/2 o0 .
- W / Joz @2rfa])r?tEe" dr
aegllx| 2 Jo

e_|m|2/2 n—2

(3.8) = WL;CTUZEF)

where we have used
eww—u/2 00
(3.9) Ly (z) = / s/ ], (2/xs)e* ds
0

m!

see e.g. [Sz]. On the other hand,

—|e|?/2

e

(3.10) ok (7,0) = iy Z T Hy()-

|pl=2k

Therefore we obtain

Corollary 3.3. For k=0,1,...

(3.11) L7 (j2f?) ().
|pnl=2k

Note that ®of41(2,0) =0 for all z and k =0,1,....
Theorem 3.4. Let R, f(x) = f(px) where p is a rotation. Then for k=0,1,...
(3.12) PiR,f(x) = RyPrf(z).
Proof. This follows from the observation that
(3.13) D (px, py) = Pi(x,y), k=0,1,...,

which follows easily from (3.3).

4. A PROOF OF THANGAVELU’S FORMULA IN THE RADIAL CASE

Theorem 3.2 leads to a proof of Thangavelu’s formula in the radial case.
One can evaluate the integral

(4.1) /Z Hop(z - ') du’

by first integrating over the parallel

Lo={u €X,_1: 2'-u = cosb}
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1544 E. KOCHNEFF

and then integrating over 6, 0 < 6 < 7. Then since w;,_2 sin® 20 is the measure
of Ly, we have

Hop(x - u') du' = wy—o / Hop (1 cos0) sin 2 6 df
27171

o 2/ Hon(rt)(1 — 12)°2* dt

2™/ 2(—1)F(2k)!

4.2 = 7\ 2 2
where in the last step we have used the well-known formula of Uspenski (see [Sz]):
(4.3)
1)kr=120(k 1) 1
Lo = & >r( 1( +a+ / Ha (VT (1 — £2)°73 dt, o> -3
a =

Letting |y| = r and |z| = v we obtain

1)k =)/
o dy = (ZD)re 7
/an 2k (,y) dy (2]

' / s[> {/ Hai(ry' - 5') dy/} eIl g
R™ Sn-1
k! — n=2

2k! n—2 2, 2
=" Iz 2L 3 2\, —(r*+v )/2'

Therefore if f(x) = fo(|z|) € L?(R"™) we obtain Thangavelu’s formula:

Porf(x) = - f(y)Pax(,y) dy

:/OO fo(r){/n 1¢2k(x,ry’)dy’}r"_1dr

(4.4) = BT (fo)LT (592,
It is easy to see that Pagi1f(z) = 0.

Uspensky’s formula can be generalized to give a proof of Thangavalu’s formula
in the general case. However, the constants become very unwieldy. At any rate,
the generalization is given in Section 6.

5. A SHORT PROOF OF THANGAVELU’S FORMULA

Lemma 5.1. If [v| < m or |v| — m is odd and P(x) is a spherical harmonic of
degree m, then

(5.1) /E (@) P(') da’ = 0.

Proof. Let |v| = k so that z¥ is a homogeneous polynomial of degree k. Thus we
can write

(5.2) o’ = Po(x) + |2*P(z) + - + || P(z)
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ROTATIONAL SYMMETRY OF THE HERMITE PROJECTION OPERATORS 1545

where P; is a spherical harmonic of degree k —2j, j = 0,1,...,1; see [SW]. There-
fore, since spherical harmonics are orthogonal on the unit sphere, we have the
result.

Let H,, mn(x) be a “cut” Hermite polynomial. That is, all terms of degree < m—1
are dropped. Then Lemma 5.1 shows that

(5.3) H,(ra')P(z')da’ = Hy, o (ra')P(2") dz'.
En71 27171

Theorem 5.2. Let P(x) be a spherical harmonic of degree m. Define for k =
0,1,....

n—

(5.4) Fi() = L7 T (af?)P(a)e 1712

Then

55) P, Fi(a) = {Fk@c) if j = 2k+m,

0 otherwise.
Proof. (For m = 0 this follows from Corollary 3.3.) Note that each Fy(z) can be
written as a linear combination of Hermite functions of degree < 2k +m. Therefore
the theorem will follow if we show that Fj(u) = 0, || < 2k + m. Consider the
function ¢,,(r) defined for r > 0 by

1
(5.6) Y (r?) = s H,(ry")Pn(y") dy'.
27171
By Lemma 5.1, if || +m is odd or |u| < m, then ¢, (r?) = 0. If |u| = 2j +m,
7=0,1,..., then

1
(57) %) = [ Hn )Py '
Enfl
In this case ¥, (r) is a polynomial of degree j so that if j < k we have
0 n__2+m n—2
(5.8) / Yu(r)L, 2 (Me "r 2 t™dr = 0.
0

Therefore, if |u| < 2k + m by switching to polar coordinates we have

P 1 nptm 1 e

Fi.(p) = STmETEl Ly, ([y1") P (y) Hyu (y)e™ ¥ dy

1 o0 n—_2+m
- 2k 17 /2 /0 Yu(r?) Ly,
0.

(5.9) -

(7"2 )e—r2 Tn+2m—1 dr

This completes the proof.

Theorem 5.3 (Thangavelu’s formula). Define

5 _ k! > 5 —r2/2 26
(5.10) R (fo) = 2—I‘(/€ Y /) fo(r)LY(r*)e 272041 .,

Then if f(z) = fo(|lz|)P(z) € L*(R"™), then one has Poprmf(x) = Fi(|z|)P(z)
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1546 E. KOCHNEFF

where

(5.11) Fi(r) = RY(fo) Ly(r*)e ™/
with 6 = 5 +m — 1. For other values of j, P;f = 0.

Proof. Since f € L?(R™), we have fo(r) € L%((0,00);r?**1 dr). Thus

(5.12) for) = > RE(fo)LE(r*)e ™"/
i=0
converging in the L2((0,00); r2°*! dr) norm. This implies that
(5.13) fe) =30 RISo)LE (jaf?)e /2 P (a)
i=0

converging in L?(R"™). But P; are bounded operators in L?(R"™); therefore the
result follows from Theorem 5.2.

6. A GENERALIZATION OF USPENSKY’S FORMULA

Let Pﬁ;(t), m =0,1,..., denote the ultraspherical polynomials of order A. Then
since for u,z’ € X,,_1
n—2

R

(6.1) z{m) (') = T (u-2')

where Z&m)(x’ ) denotes the zonal harmonic of degree m and pole u (see [SW]),
Thangavelu’s formula could be proved from the following generalization of Uspen-
sky’s formula.

Theorem 6.1. Fork, m=0,1,..., A > —1

1 1
(6.2) / Hapam (F) P (0)(1 = 273 dt = ¢ pr™ L7 (12)
-1
where
H™ (0)A
(6.3) Con = ——dm s T

C mly LyT(0)

_omP(m+A)
(6.4) T =2 T
is the coefficient of t™ in P (t) and
1 1
(6.5) . :/ [PA(0]2(1 — 23 dt.
-1
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ROTATIONAL SYMMETRY OF THE HERMITE PROJECTION OPERATORS 1547

Proof. We use the Rodriguez formulas; see e.g. [Sz]. For simplicity, let ¢, ; below
be a constant which may change with each usage. We have

1 1
/ Hopo o (rt) P2 (£)(1 — 2272 dt
-1

- /_11 Hoperon (1) ((%)m (1- t2)A+m—%> it
-_— /_11 <<%>m H2k+m(rt)> (1= 2)m=4 gy

1 1
(6.6) p—— / Hon(rt)(1 — 273 g
1

= Cr k™ LT (r?).

Let H; () denote the jth Hermite polynomial with all terms of degree < m —1
dropped. Then

67 /_11 Hosn (PP ()1 = 122 di = /_11 Hot o (r) PA(E)(1 — 23 di

so that ¢, , can be calculated by dividing both sides in (6.6) by ™ and setting
r=0.
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