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PRODUCTS OF w* IMAGES
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(Communicated by Franklin D. Tall)

ABSTRACT. Let w* be the Cech-Stone remainder Sw \ w. We show that there
exists a large class O of images of w* such that whenever S is a subset of
O of cardinality at most the continuum, then w* X [[S is again an image of
w*. The class O contains all separable compact spaces, all compact spaces of
weight at most w; and all perfectly normal compact spaces.

1. INTRODUCTION

For a Tychonoff space X, 3X represents the Cech-Stone compactification of X
and for A C X, A* represents the subspace clgx(A)\ X. If f : X — Y, then
Bf : BX — BY is the Cech-Stone extension of fand f* = g0f I X*. The first
infinite ordinal w is given the discrete topology.

W. Just [Ju89] has proven that w* x w* is consistently not a continuous image
of w*. So it is consistent that there are two w* images whose product is not an
w* image. This creates a limit to naive product results and a desire to find a
general product result that includes many of the w* image results appearing in the
literature. This is the theme of this paper. We will define a subclass O of the
class of all w* images and show (The Product Theorem) that if S is a subset of
O of cardinality at most the continuum, then w* x [[S is an w* image. In the
succeeding sections, we will show that O contains all separable compact spaces,
all compact spaces of weight at most wy, all perfectly normal compact spaces, all
zero-dimensional, orderable w* images, and all w* images of weight < b.

In this paper all spaces are assumed to be Hausdorff and all mappings between
spaces are assumed to be continuous surjections. If X is homeomorphic to Y, then
this is denoted by X ~ Y. If F' is a family of functions with a common domain X
and ranges Yy for f € F, then A F represents the diagonal function with domain
X and range [[ ;. Yy defined by A F(z) = (f(2))rer. A Boolean space is a zero-
dimensional, compact space, and CO(X) denotes the algebra of all clopen subsets
of a space X. Thus, CO(w*) is isomorphic to the quotient algebra P(w) modulo
the ideal of finite sets. The cardinality of the continuum is denoted by ¢. For an
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introduction to the theory of w* images we refer the reader to the article by van
Mill [vM8&4].

2. ORTHOGONALITY AND PRODUCTS

Definition 2.1. Two functions f: X — Y and g : X — Z are called orthogonal
(f Lg)iff fAg: X —Y x Z is a surjection. If the sets are Boolean spaces and
the functions are mappings, then the dual notion is as follows: If A and B are two
subalgebras of a boolean algebra C', then A and B are called independent if for
every non-0 a € A and for every non-0 b € B, a Ab # 0.

Definition 2.2. X is an orthogonal w* image if there exists a finite-to-one sur-
jection ¢ : w — w and a mapping f : w* — X with f L ¢*. If X is a Boolean
space, then the dual notion is as follows: A subalgebra B of CO(w*) is called an
orthogonal subalgebra if there exists a partition R = {Ry : k¥ < w} of w into
finite sets such that for every non-empty b € B, if b = A* where A C w, then
{k <w:ANRy # 0} is a co-finite subset of w.

Let us observe that a continuous image of an orthogonal w* image is again an
orthogonal w* image.

In this paper, we will find it convenient to view w in one of its alternate forms.
Let W = {(k,j) € w x w : j < k} be given the discrete topology (so W* ~ w*),
let p: W — w be the projection p(k,j) = k, and for each k < w, let Wy, = p~1(k).
As p is a finite-to-one surjection, we have that p* : W* — w* is an open surjection.
Thus we have
(%) VopenV C W* with p*(V) = w* 3 clopen V' C V with p*(V') = w*.
Henceforth W, Wy, W*, p, and p* will always have the above meanings.
They will be frequently used in this paper. The following demonstrates the
canonical nature of W.

Proposition 2.3. If X is an orthogonal w* image, then there exists a mapping
f:W* — X such that f L p*.

Proof. Let q be a finite-to-one surjection ¢ : w — w and let g be a mapping g : w* —
X such that g L ¢*. Since g L ¢*, for every x € X we have that ¢*(¢71(z)) = w*.
This means that for every x € X and for every A C w such that g=(z) C A*,
{n<w:ANg Y(n) # 0} is a co-finite subset of w. We will produce a finite-to-one
surjection ¢ : W — w such that whenever A C w satisfies that {n < w : ANg~1(n) #
0} is co-finite in w, then {n < w : ¢=1(A) N W,, # 0} is co-finite in w. Putting
f = gop*, we see that f L p*. To construct ¢, first get an increasing function
¥ 1 w — w such that for every n < w, ¥(n) > |¢~1(n)|. For every i < 1(0) let
@i : W; — w be arbitrary. For every n > 0 and for every i with ¢(n) < i < ¢ (n+1)
let o; be a surjection from W; onto ¢~!(n). Define ¢ : W — w so that for every
1< w, o[ W; = O

Proposition 2.4. The product of an w* image and an orthogonal w* image is an

*

w* image.

Proof. This is an immediate consequence of the definition of orthogonal w* image.
|

It follows from Just’s result that w* need not be an orthogonal w* image.
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Theorem 2.5 (The Product Theorem). The product of at most ¢ many orthogonal

*

w* 1mages s an orthogonal w* image.

Proof. Invoking Proposition 2.3, for every s € S C 2 let fs : W* — X, satisfy
fs L p*. For every k < w let Uy = {t : t is a function with domain 2*¥ and
range Wi}. Let U = |J Uy have the discrete topology (so U* ~ w*). If t € Uy,
k<w
then define r(t) = k. As r : U — w is a finite-to-one surjection, r* : U* — w*
is a surjection. For every s € S define p;, : U — W by ps(t) = t(s | k) where
t € Uy, i.e., ps | Uy is the projection from Uy onto the factor indexed by s [ k.
As ps is a finite-to-one surjection, p¥ : U* — w* is a surjection. We claim that
r* L A{fsop*:s €S} By compactness, it suffices to show that for any finite set
TCS,r* LA{fsopk:seT}; for which, in turn, it suffices to show that for any
collection of non-empty sets {V, Vs : s € T'} where V is clopen in w* and Vj is open
in X, for s € T, that (V)N () (fs opi) "' (V) # 0. Let us check this. Since
seT

fs L p*, we have p*(fs1(Vs)) = w*. So by (%), we can choose clopen V! C W* with

V! c f71(Vi) and p*(V!) = w*. We will prove that r*=1(V) N N pi=Y(V!) # 0.
seT

Let A Cw, A; C W for s € T be subsets with V' = A* V! = A%. A is infinite and

p(As) is co-finite for every s € T since p*(A4%) = w*. So AN () p(As) is infinite.
seT
Let k € AN () p(As) be big enough to distinguish all members of T, i.e., if s # ¢/,
seT
s,¢' €T, then s | k # s’ | k. For every such k, there is a mapping t € Uy such that

for every s € T, t(s | k) € As. Since any ¢t like this is in 7=1(4) N ) p;1(As), the
seT
set r=1(A) N N pst(As) is infinite. So 7*~1(V)N N pi=Y(V!) # 0. O
seT seT

We now strengthen a classical result.
Proposition 2.6. Every separable, compact space is an orthogonal w* image.

Proof. Tt suffices to show that Sw is an orthogonal w* image. Let ¢ : W — w be the
second projection g(k, j) = j. As ¢ is an infinite-to-one surjection, ¢* : W* — fw is
a surjection. Since for every j < w, {k < w: ¢ 1(j) N Wy # 0} is a co-finite subset
of w, we see that ¢* L p*. O

3. WEIGHT wq

Definition 3.1. A thick clopen subset V C W*isaclopen V C W* with V = A*
where A C W satisfies limg_,o |A N Wi| = co. A thick zeroset Z C W* is a
zeroset Z C W* with Z = (] Vi where {Vi} is a decreasing sequence of thick

k<w
clopen subsets. If G is a clopen subset of W*, then a thick mapping f: G — X
is a mapping f : G — X with f~1(x) a thick zeroset for every x € X.

We now list some basic properties of thick sets.

T1. If V C V' are clopen sets and V is thick, then V' is thick.
If Z C Z' are zerosets and Z is thick, then Z’ is thick.
T2. If {Z;} is a decreasing sequence of thick zerosets, then

(| Z is a thick zeroset.
k<w
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T3. A thick zeroset contains a thick clopen set.
A thick clopen set contains two disjoint thick clopen sets.
T4. A thick mapping f: W* — X satisfies f L p*.

Let us prove the first part of T3. Let Z C W* with Z = () V; where {V;}
j<w

is a decreasing sequence of thick clopen sets. For j < w let A; C W such that

Vj = Aj. Thus we have (a) j < k implies Ay \ A; is finite and (b) for every j,

limy_—,o0 |A; N Wy| = oco. By induction, using (a) and (b), define an increasing
sequence {r,} C w such that for every k > r,, 4, N Wy C (] 4; N W}, and
i<n

|A, N Wg| > n. For each n > 0 and for each ¢ with 7, < @ < r,y1 let F; be a
subset of A, NW; of cardinality n. If F' = |J F;, then F™* is a thick clopen set with

<w
r*cZ.
We now give a topological proof of a strengthening of a result of Parovi¢enko
[Pa63] using some ideas in Blaszczyk and Szymanski [BS80].

Proposition 3.2. Let X be a compact metric space and let f : W* — X be a thick
mapping. Let E and F be closed in X with X = EUF. Then, there exists a clopen
G C W* such that f | G is a thick mapping onto E and f | (W*\ G) is a thick
mapping onto F'.

Proof. Let D be a countable, dense subset of ENF. For every d € D (by T3) choose
disjoint, thick clopen subsets Uy and Vy of f=1(d). Thus Go = f~Y(E\F)U U Ua
deD

and G; = f~1(F\ E)U |J Vy are disjoint cozerosets of W*. Let G be clopen in
deD
W* with Gy C G and G; C (W*\ G). Then f | G is a mapping onto E. Let z € F
and let Z be a zeroset neighbourhood of z in E. Then Z N ((E\ F)U D) # . If
z € ZN(E\F), then, as f~!(2) is a thick zeroset and f~1(z) C (f | G)~*(2),
(f T G)~1(Z) is a thick zeroset (by T1). If 2 € Z N D, then, as U, is a thick
clopen set and U, C (f | G)~1(Z), (f | G)~Y(Z) is a thick zeroset. Since z is
the intersection of a countable, decreasing sequence of its zeroset neighbourhoods,
we have that (f | G)7!(z) is a thick zeroset (by T2). Similarly, we have that
f 1 (W*\ G) is a thick mapping onto F. O

Theorem 3.3. FEvery compact space X of weight at most wyi is an orthogonal w*
1mage.

Proof. Since every w* image is the image of a zero-dimensional w* image of the same
weight, it suffices to assume that X is Boolean. Via an embedding into the Cantor
cube 2¢1 we may express X as an inverse limit space, X = lim{X,,p?, a < 8 < w;}
such that:

(i) G limit implies X3 = im{X,,pY,a <y < [} (the spectrum is continuous).

(ii) X, is a zero-dimensional, compact metric space.

(iii) Xov1 = X041 U X3yq where X0 and X, are disjoint, clopen subsets
of Xo11 and for i = 0,1, p2*! | X!, is one-to-one (short projections are
“simple”).

(iv)  [Xo| =1.

We will construct a system of thick mappings {fo : W* — X, : @ < w1} such that
fa=p20ofs,a< B <w. Since for every a < wi, fo L p*, by compactness we
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will get that f,, = lim{f, : @ < wi} satisfies f,, L p*.

Limit Step. If ( is a limit, then let fg = im{f, : @ < B}. Property T2 implies
that fg is a thick mapping.

Successor Step. If B = a + 1, then let E = p2™1 (X2 ) and F = p2T1 (X1, ,).
Apply Proposition 3.2 to get a clopen G C W* with f, [ G a thick mapping onto
E and f, | (W*\ G) a thick mapping onto F'. Define fo11: W* — X411 by

_ [ e 1 X807 (fa(2) i 2€G,
fea(2) = { (pa+! fXéi)‘l(fa(Z)) ifz¢ G.

fa+1 is a thick mapping because

£l (@) = (fa 1 G)HpatH(2)) if v € X041,
AT (fa TW\G)T e (@) ifw € Xhy,
and both f, [ G and f, | (W*\ G) are thick mappings. |

4. PERFECTLY NORMAL

Proposition 4.1. Let X, Y, Y and Z be compact spaces and let f : X — Y,
g: X —>Z, h:Y =Y, andk: X —Y be mappings such that f L g, f = hok,
and h is irreducible. Then, k L g.

Proof. Let y € Y and let O, be a neighbourhood of y. Irreducibility of h im-
plies that there exists a non-empty, open V C Y with h='(V) C O,. There-
fore, k=1 (h=1(V)) = f~Y(V) C k=1(O,). But g(f~*(V)) = Z since f L g. So
g(k~1(0,)) = Z. Thus gk~ (y)) = Z. O

We now strengthen a result of Przymusiniski [Pr82]. For the reader’s convenience,
we sketch his arguments and indicate how we apply Proposition 4.1. The following
Lifting Lemma appears in his paper.

Lemma 4.2. Let X be compact and perfectly normal, Z a closed subspace of X x I
and suppose that the restriction m | Z : Z — X of the projection m: X x I — X s
irreducible. If f : w* — X is a continuous mapping of w* onto X, then there exists
a continuous mapping g : w* — Z of w* onto Z such that f =mwog.

Theorem 4.3. FEvery perfectly normal compact space X is an orthogonal w* image.
Proof. We express X as the limit space of an inverse spectrum
X =lim{Xa, 75, a < <k}

with limit projections m, : X — X, such that:

(a) B limit implies Xg = im{X,, ), a <y < 8}

(b) w(XO) S w1

(¢) mo is irreducible (therefore all other projections are irreducible)

(d) X1 is a closed subset of X, x I and 7271 is the restriction to X,y1 of the
projection of X, x I onto X,.
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Parts (b) and (c) are achieved by using the result of Sapirovski [Sa74] that every
perfectly normal compact space admits a m-base of cardinality at most w;. By
Theorem 3.3, let fy : W* — X, satisfy fo L p*. By induction on o < &, we
construct f, : W* — X, (where X, = X) such that § < « implies that ﬂg 0 fo =
fa. At successor stages use Lemma 4.2 to get f,41 and at limit stages let f, =
lim{fs : 8 < a}. Thus we have f. : W* — X with fy = my o f.. Proposition 4.1
with X = W* Y =X0, Y =X, Z=w"and f = fo, g =p*, h =70, k = fs
implies that f,, L p*. O

5. ORDERABLE

Theorem 5.1. Fvery zero-dimensional, orderable w* image L is an orthogonal w*
image.

Proof. Let < be a compatible order for L. Let L' = {z € L : x is a left neighbour
of a jump in <}. Since L is Boolean, G = {{y € L : y 2 2} : x € L'} is a
generating set for CO(L). It suffices to define ¢ : L’ — P(W) such that for every
x,y € L', x < y implies that (a) ¢(z)\ #(y) is finite and @(y)\ ¢(z) is infinite and (b)
{k <w:(o(y)\d(x))NWy, # 0} is a co-finite subset of w. Because then the function
that sends {y € L : y < z} to ¢(z)* will extend to an embedding of CO(L) into
CO(W*) (by (a)) onto an orthogonal subalgebra of CO(W*) (by (b)). Since L is
an w* image, let ¢ : L’ — P(w) satisfy that for every x,y € L', x < y iff ¥(z) \ ¥(y)
is finite. Finally, define ¢ : L’ — P(W) by ¢(z) = {(k,j) : 7 < |v(z) Nk |}. O

Let @ denote the lexicographic ordered space 2¢1. It is known (Bell [Be90]) that
Q@ is an w* image, so we get the following corollary.

Corollary 5.2. @ is an orthogonal w* image.

Example 5.3. The Alexandroff one-point compactification of the discrete space ¢
is an orthogonal w* image because it is an image of Q.

Corollary 5.4. Every first countable orderable compact space is an orthogonal w*
image.

Proof. This follows because Maurice [Ma64] has proved that every first countable
orderable compact space is an image of Q. O

Question 5.5. Can zero-dimensionality be removed from the hypotheses of The-
orem 5.1, i.e., is every orderable w* image an orthogonal w* image?

6. WEIGHT < b

Recall that if f,g € w¥, then f <, g means that eventually f(k) < g(k) and that
b is by definition the least cardinality of an <,-unbounded subset of w*.

Theorem 6.1. Fvery w* image X of weight < b is an orthogonal w* image.

Proof. Tt suffices to assume that X is Boolean. Let B be a subalgebra of CO(w*)
of cardinality < b. For every b € B, choose My C w such that b = M;. For every
b € B, define f, € w* by fi(k) = min{n € My : n > k}. Let g € w* such that for
every b € B, fi, <. g and for every k < w, k < g(k). Let R={(k,j5) : k <j<g(k)}
endowed with the discrete topology (therefore R* =~ w*), let for every k < w,
Ry ={(k,j): k<j<g(k)}, and let R = {Ry, : k < w}. For every b € B, define
Ay =A{(k,j) € R:j € Mp}. Then, C = {A} : b € B} is a subalgebra of CO(R*),
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B = C' by the natural map b — Aj, and C' is an orthogonal subalgebra of CO(R*)
because for every b # 0, {k < w : Ay, N Ry, # 0} is co-finite in w. O

A family A of subsets of w is said to be strongly centered if whenever F is a
finite subset of A, then (| F is infinite. Recall that p is the least cardinality of a
strongly centered family A such that there does not exist an infinite X C w with
the property that for every A € A, X \ A is finite. It is a basic fact that w; <p <.

We now strengthen the result of van Douwen and Pryzmusiniski [DP80] that
every compact space of weight < p is an w* image.

Corollary 6.2. Every compact space X of weight < p is an orthogonal w* image.

Proof. Since X is an w* image and p < b (cf. van Douwen [vD84]), we can apply
Theorem 6.1. O

It follows from this corollary that Martin’s Axiom implies that all compact spaces
of weight less than ¢ are orthogonal w* images.
In conclusion, we summarize our results relating to well-known classes of spaces.

Summation 6.3. Let D be the class of all compact spaces which have at least one
of the following properties: separable, weight at most wy, perfectly normal, first
countable orderable, and weight < p. If S is a subset of D of cardinality at most c,
then w* x [[ S is an image of w*.
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