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GENERALIZED CYCLIC COHOMOLOGY
ASSOCIATED WITH DEFORMED COMMUTATORS

DAOXING XIA

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. The generalized cyclic cohomology is introduced which is associ-
ated with g-deformed commutators xy — qyx. Some formulas related to the
trace of the product of g-deformed commutators are established. The Chern
character of odd dimension associated with g-deformed commutators is stud-
ied.

1. INTRODUCTION

In non-commutative differential geometry [1], the Chern character of a p-sum-
mable Fredholm module is expressed by the trace of some product of quantized
differentials df = [F, f], where [F, f] is the commutator Ff — fF and F is a
self-adjoint idempotent operator. In the odd dimension case, the Chern charac-
ter cho,_1 is expressed as

tr(w(a07a1) . _W(a2n—27 a2n—1> _ w(a2n—17 aO) . .w(a2n—37a2n—2))

where w(z,y) = p(zy) — p(x)p(y) is the curvature of some mapping p (see also [2],
[6]).

Let A be an algebra over C, and let C™ be the space of n + 1-linear functions
on A. The basic operations in the cyclic cohomology are ', b, t, etc. (cf. [1], [5]),
where b is the Hochschild boundary operation. Define Cy = {f € C" : tf = f}
and Af = (1+t+---+t")f, f e C" Let pf = 37 ((n—jt'f, f e C™
Define S = bpl/. The restriction of 2miS at 23 = {f € CP :bf =0} coincides
with A. Connes’ S operator (cf. [1], [12]).

Related to the Chern character, in the previous papers [11], [12], the author
studied the cyclic cohomology associated with the product of commutators. Let X
and Y be two subalgebras (or subgroups) of a unital algebra A. Let C™" be the
space of multi-linear functions (or functions) f(z°, ... ,2™;4°,... ,y"), 2* € X and
Y €Y. Let by, U, ta, Ay, Sy and by, b, , t,, Ay, Sy be the operators b, V', t, A, S
with respect to the z’s and y’s respectively. Let C\"™" = {f € C™" : t,f =t,f =
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1744 DAOXING XIA

f }. Suppose that there is a trace ideal J in A with trace 7. Assume that there is a
natural number k such that [z!,y!]--- [z¥ y*] € J, for 2° € X and y/ € Y. Define

(1) (¥, a0 ,y”):T[xO,y0]~~[x”,y"], forn>k—1
and
2)  n@®, . 2™yl = 2%ty 2y, forn >k

Then A,¢, = Ay¢, and it is denoted by A¢,.

Theorem A [11]. Forn >k, there is a ©, € C\"" such that Ap,, = bg;by@n—k(;?)n“
where
(p+1)!

¢22m+p = (—1)mm5;n5;n¢p7 p==Fkk-1,

and there is a ©,, € CY" such that Ap,, = byb,0,, + Gni1 where

. !
oty = (_1)mm5§syA¢p, forp=k+1,k,

and the functions ©,, and ©,, are expressed by Ypy oo Un.

By means of Theorem A (in the case of kK = 1) and the analytic model, the author
proved that the function trace[(A° — S$*)71, (u® — S) 7 [(Ar = S*) 71, (= )71,
At € sp(S), is a complete unitary invariant for some subnormal operator S with
trace class commutator [S*, S| (cf. [14], [15]).

For the unbounded operator case, the author (cf. [9], [10]) also studied the
almost unperturbed Schrodinger pair of operators u and v which are self-adjoint
operators on a Hilbert space H satisfying the condition that

eiuseivt _ eistei'uteius c El (H) s.teR
where L£1(H) is the trace class of operators on H. If we denote e™* and €™ by x

and y respectively, then ¢(z,y) = ¢! is a complex number determined by z and y.
Therefore instead of the commutator we have to study the trace class ¢-deformed

commutator {z, y}d:ef:ry — ¢g(x,y)yx. By the way, now-a-day the study of the ¢-
deformed (or ¢-twisted) commutators becomes an interesting subject (cf. [3], [4], [7],
etc.). In [9] and [10], the author studied the form of cyclic one-cocycles associated
with g-deformed commutators, which has some application for establishing the
theory of principal distribution and others.

The first aim of the present paper is to generalize Theorem A to the ¢-deformed
commutators case. Suppose that there is a function ¢(z,y), z € X, y € Y, satisfying
q(1,y) = q(z,1) = 1 and q(z'2?,y'y?) = H?,j:l q(xt,y"). Assume that there is a
natural number k such that {z!,y'} .- {2 4%} € J, 2t € X,/ € Y. We define
new functions ¢,, and 1,, by changing the commutator to a ¢g-deformed commutator
in (1) and (2). In §4 of the present paper, we give Theorem 1 on these functions ¢y,
and 1, which is a generalization of Theorem A in this g-deformed commutator case.
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GENERALIZED CYCLIC COHOMOLOGY 1745

This generalization provides a possibility to study some complete unitary invariants
for some unbounded hyponormal operators or pseudo-differential operators u + v
where the pair of u and v is an almost unperturbed Schrodinger pair of operators.

In Theorem 1, the formulas are established for the functions ¢,,... on the
“manifolds”

M= {0y e X x Y [ el y?) =1}

4,j=1

Off these manifolds M™ ™, the g-deformed commutator case is quite different from
the commutator case. The second aim of the present paper is to study the structure
(see Theorem 2 of §5) of the Chern character chy,_1 of 2n — 1 dimension associated
with the g-deformed commutator off the manifold M ™ ™. In the lower dimension
cases, it is calculated in the corollary of Theorem 2 that the Chern characters ch;
and chs are boundaries of some cyclic cochain off M™™. Further study will be
needed to answer the question whether or not all the Chern characters ch,, of odd
dimensions associated with ¢-deformed commutators are boundaries of some cyclic
cochains off the manifold M™™. Theorem 2 may provide a basis for this study.
We have to point out that the Chern characters of odd dimension have not been
fully studied neither on the manifold M™" (for the g-deformed commutator case),
nor for the commutator case.

All of these studies we mentioned above are based on some new tools, the op-
erations 0y, 6, T, and dy, &, 7, which are the generalizations of by, by, t, and
by, b;ﬁ t, respectively. The formulation of this study is given in §2, which is a
set of modified definitions of Hochschild cohomology and cyclic cohomology. The
setting is that of a semidirect product of groups, i.e. a group X acting on a group
Y by automorphisms ¢,. This returns to the ordinary case if g, acts trivially, i.e.
qzy = y for all z,y. Although in §2 the concept of a g-deformed commutator is
not needed, the modified cyclic cohomology operations are introduced for obtaining
the formulas of Lemma 1 in §3. These are formulas connecting ¢,,, ¥, etc., which
are the trace of products of some g-deformed commutators {x,y} = xy — ¢.(y)z,
xz € X,y €Y. These formulas are neccessary for establishing Theorems 1 and 2.
It was not easy to find out those definitions in §2. Although in Theorem 1 and the
proof of Theorem 2, ¢, (y) is simply ¢(z, y)y, the formulation adopted in §2 and §3
is for general automorphisms g, for two reasons. First, even if we restrict ourselves
on the simpler case ¢, (y) = q(x, y)y, we cannot simplify either notation or formulas
in §2 and §3. The more important reason is that the present formulation may set
a basis for further study. As a matter of fact, in [13], the author studied a special
case about the perturbation of some partial differential operators in which ¢, (y) is
not ¢(x,y)y but the Chern character of dimension one is the boundary of a zero
cyclic cochain off a lower dimensional manifold. That case is not covered in §5 of
the present paper. Therefore the setting for general ¢, (-) in §2 may provide a tool
to calculate certain Chern characters of odd dimension associated with g-deformed
commutators in which ¢, (-) is not ¢(x,y)y.

In the statement of Theorem 2 and its Corollary, only cyclic cohomology is
involved, but in their proof, the formulas in generalized cyclic cohomology are
involved.

This paper is only an introduction to a circle of ideas whose natural continuation
will be explained in subsequent papers.
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1746 DAOXING XIA

2. BASIC DEFINITIONS

Let X and Y be two groups. Let 1 be the identity of X and Y. Suppose that
for every z € X there is an automorphism ¢, : ¥ — Y satisfying ¢z,2, = ¢z, qz,,
= identity mapping. For m > 0 and n > 0, let C"™™ = C"™"(X,Y) be the space
of functions
Fnn(@® 2™y ™), e X, ¢ €Y.

Define ¢/, and &, : C™" — C™+Ln in the following. For f € C™" x =
(2 ... ;2™ Y and y = (4°,... ,y"),

@) (my) = > (1Y f(a°,. .. alad Ty

and

(8 f)(w3y) = (65.1)(x3y)
+ (D)™™ 2t 2™ g1 (380, g (7)),

if m > n; and

m
Z oyl T L
7=0
YOy T TR g (YT g (T Ty T Ly

and

(6af) (w5 y) = (84 ) (s y) + (=)™ f(@™ a0, 2™,

qrm+1 (y0>7 cee s Qgmtl (y - 2)7 Gzmt1g0 (yn m—1>7 gt (y

")

PR 7qwm+1(yn))7

if 0 < m < n. Define 6 and 6, : C"™" — C™"*! as follows. For f € C™",
x=(2%...,2™) and y = (y°,...y"*1),

n—m-—1
(6, f) (23 y) = (=)™ flas o,y Ty
=0
+ Y Wy T G T e ()Y Y

and

6y f) () = (6,.f) (3 9)
4 ( )n 1f( n+1 O o 7yn—7n—17qw—ol(yn—wz)7 . 7qm—7%(yn))7
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GENERALIZED CYCLIC COHOMOLOGY 1747
if m < n; and
n
0 -1 N, G+l 42 n+1
= D f @ g (U)o @ W)y Ty TRy
J=0

and

8y )(59) = (6, ) (z:y)
+( )n+1f(.%' qxo e n(yn-i-l)q;nlhn(yO)’q;’lrnJrl(yl)?, .. 7q;7%(yn))

if m > n > 0. It can be verified through calculation that 6’: = 6320 = 0 and
65 = 65 = 0. If ¢, = identity, then 6, = b, and 6, = b, in [11]. These ¢, and §,
are the generalized Hochschild boundary operations in some sense.

Define 7, : ™" — C™" and 7, : C™" — (C"™" as follows. For f €
cmnr = (20 ..., 2™) and y = (3°,... ,y"),

(Tmf)(w; y) = (_1)mf($m7 xov s 7$m—1; qgm—n (y0)7 <oy 4gm (yn))7
(ry /) (@3y) = (1" (@3 60ty (U")s G nin (80), -+ o (¥771))

if m > n; and

(T:Ef)(wv )

(=) fa™ 20 ™ e (), e (VT G0 (T e (7)),
(7 )25 9) =

(=D fly™ 9y g W e ()

if m < n. If ¢, = identity, then 7, = ¢, and 7, = t,, in [12]. Through complicated
calculation it can be verified that the operations é., 6}, 7, commute with 6y, 6y, 7
We also have

(3) 6, (1 —=72) = (1 = 72)6s, 6, (1 —1y) = (1 —7y)by.

These formulas are the generalizations of the formula b/'(1 —¢) = (1 — ¢)b in [5].
Define

apf=0+1+---+1.")f, ayf=0+1++7))f

for f € C™™ which are the generalizations of operators A, and A, in [12]. Then
(4) a b, = b, ayby = by

For n > 0 let p,(z) = Z?:O(TL — J)2?. Define m, f = pp(72)f and 7, f = pp(1y) f
for f € C™™. Define 0, = 6,70, and o, = 6y7ry6’y. These are generalizations of
Connes’ operators S and Sy in [12]. Then o, commutes with o,. From (3) it is
easy to see that 06,0, = —(1 — 7)o, 6,6,ay = —(1 — 7)0y,. From this, we may
prove that o, commutes 6,0, and o, commutes 6,a,.
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1748 DAOXING XIA

3. TRACE OF PRODUCT OF DEFORMED COMMUTATORS

Suppose X and Y are also subgroups of an algebra A over C. Define
{$7y}:$y_Qw(y>$7 JJEX, YJEK

where ¢, satisfies the conditions in §2. This {x,y} is called the ¢-deformed com-
mutator of x and y. Suppose that there is a trace ideal J of A with a trace 7 on
J, i.e. 7 is a linear functional on J satisfying 7(ab) = 7(ba) for b € J and a € A.
Assume that there is a natural number k such that {z!,y'}---{z*,y*} € J. For
n > k, define ¢, (2%, ..., 2" 9°, ... ,y") = 7a%{at, yt} - {2, y"}, for 27 € X,
y? € Y. Then 1, € C™". Define functions

§n($§y0w-- 7yn_1):wn($;17y07"' 7yn)7 nzka

nn(‘TO?"'7$n_1;y>:w17w07"'7$n;y)7 n2k7
¢n(x,y) = d}n-‘rl(l?xow .. 71:”; 17y07 cee 7yn)7 n 2 k — 17
where z = (2°,... ,2") and y = (y°, ... ,y"). The following lemma gives the basic

relations between ,,, &, 1, and ¢y, 1.

Lemma 1. Forn >k,

(5) Env1 = bun, Nnt1 = —Tebyn,

(6) (1 - Tw)gn = 6;(1571—17 (1 - Ty)nn = 67/;¢n—17
(7) (1 =7, 180 = 620n-1, (1 =7, ") 1n = bypn—1,
(8) (1- Ty)wn = 6;&1 = Ty®n, (1= 72)tn = 6;7]71 + ¢n.

Proof. We only give the proofs of those formulas in which £’s are involved. The
others can be proved similarly. The basic formulas for deformed commutators are

(9) {z172,y} = 21{w2, y} + {21, ¢u, (y) }22
and
(10) {z,y1y2} = {2, y1}y2 + ¢ (y1){z, y2},

for z, 21,22 € X and y,y1,y2 € Y. To prove (5), by means of (9), we have

bnr1(my) = 122"y {2y} {2 Ty} — 12l (y°)2 {22yt ) - {2 )
= wn(xoxl,x2, LR ) — wn(xo,xle, e ,x"“;qml(yo),yl, ceyy™)
+ 7o (YO) {2, g2 ()} {2, P} - {2y,

for x = (z%,...,2"") and y = (3°,...,y"). Continuing this process, we may
prove (5).

To prove (6), by means of (9), we have

En(@yy) = a1 (2', . 2™ y) — {2, g ()} {a? y' - {2y
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GENERALIZED CYCLIC COHOMOLOGY 1749

The last term of the right-hand side of the above formula equals

- ¢n_1($0,$1$2, cee axn;qml(yo)vylv cee ’yn—l)

+7{2%, @1 (1) " @ (v} {2, %) -
Continuing this process, we may prove (6). By the definitions and (9), it is easy to

verify that
ngn - Ty_lgn = 6w¢n—1 - 6l$¢n—1'

Therefore (7) follows from (6). To prove (8), by means of (10), we observe that

Un(@3y) — dnlasy) = 72z’ y'} - {a", y" Fauo ()
En(zyty ooy Y g0 (y°))
_ T(,EO{J,'l, yl} - {Jin_l, y"_l}qmn (yn){wn7 0 (yO)}

Continuing this process we may prove that ¢, (x;y) — én(z;y) equals

n+1
S D" @y Y10 () i (), e (yT)
=2
+ (D) " n (25421 (y"), -+ s Guentr (™)),
where 2"t = 29,y = 40 Thus ¢, — ¢ = —7,7'6,&0 + 7, by, Which proves
(). O

4. A BASIC THEOREM

Let us consider a very important special case. Suppose that there is a function
q(-, ) on X x Y satisfying

2
(11) g@'a®y'y?) = [ a'sy?), o' e X, v e,
ij=1
and
(12) qLy)=q(z,1)=1, zeX,yecY.

Let Q = {¢(z,y) : z € X,y € Y} C C; then Q is a group. Let Y = {cy : ¢ €
Q,y € Y}. Define qu(cy) = 2q(z,y)y, c € Q, y €Y. Then ¢, : ¥ — Y is an
isomorphism satisfying condition (1). Let C"™" = C""(X,Y) be the space of the
restriction of functions f in C"™"™ (X, }7) satisfying the condition that

Fla; .y = [ F@s’, .y
=0

for ¢ € Q,y7 € Y. For example, 1, € C™™. Then C™" is invariant with
respect to the set D = {6}, 0z, 7z, 0,, 8y, 7y} of operations defined in C™"(X,Y").
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1750 DAOXING XIA

Let us consider the restriction on C"™" of those operations in D only. Then these
operations in D possess all the properties described in §2.

Let M™" = {(2°,...,2™;¢° ... ,y") 2’ € X,y € V][5 [T a(=’,97) =
1} and C™" be the restriction of the functions in C™™ on M™™. An important
property of C™" is that Te0zf = agf, Ty f = ayf, f € C™". Define cy"t =
{felmn . rf= Ty f = f}. It is easy to see that az¢n(x;y) = ayon(x,y) for
(z,y) € M™". Define agy, = az¢, = ayd, on M™™. Then ag, € C\"". By the
same method in [12], using Lemma 1 and the formulas in §2 and §3, we may prove
the following theorem and omit the proof.

Theorem 1. Forn >k, there is a ©, € C\"" such that
OPpy1 = 06,0, + bt on M™",

where

(p+1)! mgme

¢E2m+p = (_1)m (p+2m)!aw y

for p=k,k—1. Forn >k, there is a ©,, € O™ such that

Qpi1 = 6m6yén + ¢~>n+1, on M™",
where
7 m p' m _m
P2mp = (—1) m% o, gy

for p=k+ 1,k. Besides, the functions ©,, and O,, are expressed by Yny. .. s Yp.

5. CHERN CHARACTER OF ODD DIMENSION

As in the previous sections, assume that A is an algebra over C, and J is a
trace ideal in A with trace 7. Let X and Y be subgroups of A. Assume that
there is a function ¢(z,y), + € X, y € Y, satisfying conditions (11) and (12).
Assume that there is a natural number k such that {z!,y'}--- {z* y*} € J. Define
A= Ay 2™y oy = [T, H?:O q(z',y7). Let v = 7,7,; then
(), ... 20 .y = fla™, 20, ey 0y for f € O

Lemma 2. Forn >k and A # 1,
(13) wn = (1 - A)_law¢n - (1 - A>_2A6w6yamay¢n—l
and

(14) (1= v)tn = (1 — A) " [=6,(8y — 6,)7a + (62 — 6,,)6,,] Ctapn—1.

Proof. 1t is easy to see that a;(1—7,) =1—A and oy (1 —7,) = 1—A~1. Applying
a, to both sides of the right equality in (8), we have (1 — A), = 6,0unn + Qpdn,
since a0, = 6y (see (4)). Similarly, from (6), we get (1 — A™Yn, = §yayPr_1.
Thus we obtain (13).
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From (2) and (1 —v) = (1 — 7)1, + (1 — 7) it is easy to calculate that
(15) (1 = v)dpazbyay = (1 — AL 7,00, + (1 — A_l)éacocmé;.

On the other hand, it is easy to see that if vf = f, then Aoy f = 70, f. From
(13), (15) and the fact that (1 — v)a,¢,—1 = 0, we obtain

(16) (1= v)tn = (1 = A)"H(=6,v6y + 626, )awpn_1.
From (3), it is easy to calculate that
(17) 60y — 826, = 6,(6y — 6,)T0 — (62 — 63,)8,, + 6,6, (v — 1).

From (16) and (17), (14) follows. O
Let W= {(z,y,¢):x € X,y € Y,c € Q}. Define the product

(2°,9°, ) (2t eh) = (2%, %", Petq(2,yh))

in W; then W is a group. Define a mapping from W to A as p(z,y, ¢) = cyz. Then
the “curvature” of this mapping p is defined as w(w®, w') = p(w’w') — p(w®)p(w?),
w® w? € W. For n > k, define the Chern character of dimension 2n — 1 (see [1]
and [6]) as
ChQn_l(’wO, Ce. ,wQ"_l)

2n—2 2n—1) _ w(w2n—1,w0) .

:T(w(wo,wl),,,w(w LW ( 2n—3,w2n—2>)'

cw(w
A function f(w®,...,w") is said to be homogeneous if f ((uo7 A, ... (un, c")) =
H;l 0 Af ((uo7 D)y, (u™, 1)) For the homogeneous function f, we always rewrite
F@0 1), (um, )) as f(u',...,u") or f(a%... 2™y ... y") for W =
(xj,yﬂ ), :1:3 € X, yJ €Y. It is obvious that chy,_; is homogeneous. Thus we
only have to study cho,—1(u®, ... ,u") for (u?,1) € W. The Hochschild boundary
bf of a homogeneous function f is

n

Z i+1 0 j.g+1 n., 0 i, g+l n
xj J )f(x7'7xjxj )"'):Z:’ 7y7"'7yjyj 7"')y)

Jj=0

+ (_1)n+1q(xn+17 yo)f(xn_‘—lxo) tt ,:Z:’n; yn+1y0) tt 7yn)'

A function F(fg, ..., fi)(@%...,a™y% . .. ,y™), f; € CPI j=k,...,land 2" €
X, y® €Y, is said to be a linear functional if it is expressed as Zi\le cshs, where cg
is a function of ¢(z%,y%), i,5 = 0,...,m, and hs(z°,... ,2™;9° ... y™) is of the
form

fi (xl(n coogloso o gl ...xla‘sj-;yr(n...yTOtOP_' 7yrjl...yrjtj>
for certain j € {k,... I} where (lo1,... ,losgs--- s Lj1,--- 5 1js;) s (a,a+1,... ;a+

m) for some a, (ro1,... ,T0tgs- -+ >7j1,--- ,75t;) is (¢, +1,...,c+ m) for some c,
and 2" = """~y =y~ for n > m.
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1752 DAOXING XIA

Theorem 2. There is a linear functional Fy(¢g—1,... , dam—3) such that
chom—1 ((wo, ), ..., (x2m_1,y2m_1))
=b(1 — A) "N (=Dtadom—2 + Funl(dr—1,- - , p2m—3).
Proof. Let n =2m —1 and f = —t;!ch,. Then
f0 a2yl = (=)™

where v/ = 227y {221 421} From (9) and (10), through a complicated cal-
culation, we can prove that 7(v°--- 0™ 1) = ¥, + Ry (V1) + Gn(Wr, . .., Yn_2),

where Gy, (Yg, ... ,¥n—2) is a linear functional,
n—lQ[%]_l
R.(f) = (—1)i+j_1cijf(:1c0, cooyatatT eyl Ty ™)
i=2  j=0
n—2
+ (—1)jcnjf(x"+1x0,xl, o™y T Y™,
j=0

and ¢;; = H§:j+1 q(z',y"). We can prove that if f € C"~1"~! then
(18) (1= v)Ra(f) + (=6,(8y — )70 + (62 — 8,)6,)f = Qu((1 = v)f) + Su(f),

where

(19)
n—1:—2
Qn(g) = Z Z(_l)l_‘ﬂ_lcijg(:roa R ,1311171_'_1, R a$n§y07 cee 7yjyj+17 cee ayn)
1=2 57=0

and S, (f) = —t; 1bt,(f), if vf = f. From (13), G, (¥x, . .. ,¥n—2) can be expressed
as a linear functional H, (¢x—1,... ,¢n—3). From (13), (14), (18) and (19), we have

(1 =v)¢n + (1 = v)Rn(¥n-1)
=—1;'0(1 — A) Mpaadn_1 — Su((1 — A) > Abz6y a0y dn_2),
which proves the theorem, where Fy, = 38 (1 —A)72Ab8,6, 0ty pr—2) — to Hp .0
Corollary. chy and chs are boundaries of cyclic cochains.

Proof. By the proof of Theorem 2, Fy; = 0. Thus ch; is the boundary of a
cyclic zero-cochain. By formula (19), through calculation we may prove that F» =
bA(1 — A)72G, where A = (1+ v +1?),

1 _ _ _
G=5hA@E% %y yy?)e(@" y") (@t yh) e gy
1 _
-3 h@2a? gty y e y?) + [0 2%yt vy e, y?)
— fi(2% 2?0yt y?)a(a®,y0) (2, y?)
and f; = a27,¢1. Therefore chs is also the boundary of some cyclic 2-cochain. [

Remark. Although the Chern character defined here is based on the mapping from
the group W to the algebra A, it is not difficult to prove that Theorem 2 and
its corollary for the Chern character defined through the mapping form a suitable
group algebra of W to A.
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