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ABSTRACT. The notion of (strongly) hereditarily aspherical compacta intro-
duced by Daverman (1991) is modified. The main results are:

Theorem. If X € LC! is a hereditarily aspherical compactum, then X €
ANR. In particular, X is strongly hereditarily aspherical.

Theorem. Suppose f: X — Y is a cell-like map of compacta and f~1(A) is
shape aspherical for each closed subset A of Y. Then

1. Y is hereditarily shape aspherical,

2. f is a hereditary shape equivalence,

3. dimX >dimY.

Theorem. Suppose G is a group containing integers. Then the following
conditions are equivalent:

1. dimX <2 and dimg X =1,

2. dimgsyg X = 1.
Theorem. Suppose G is a group containing integers. If dimX < 2 and
dimg X = 1, then X is hereditarily shape aspherical.

Theorem. Let X be a two-dimensional, locally connected and semilocally
stmply connected compactum. Then, for any compactum Y

dim(X xY)=dim X + dimY-

1. INTRODUCTION

Daverman [Dag] introduced the notion of (strongly) hereditarily aspherical com-
pacta, which is a natural extension of the usual asphericity. A compactum is hered-
itarily aspherical if each closed subset A is k-UV for all £ > 1. Saying A is k-UV
means that under some embedding of A in the Hilbert cube, each neighborhood U
of A contains a neighborhood V' of A such that all maps S* — V extend to maps
B*t1 — U. Of course, this k-UV property is independent of the embedding of A
in metrizable ANR’s. A compactum X is said to be strongly hereditarily aspherical
if X can be embedded in the Hilbert cube @ such that for each € > 0 there exists
an e-cover U of X by open collection of ), where the union of any subcollection
of elements of U is aspherical. Note that strongly hereditary asphericity implies
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hereditary asphericity. Manifolds and complexes of dimension 3 and higher can-
not possess such a hereditary property. Surprisingly, Daverman [Dag] constructed
examples of strongly hereditarily aspherical 3- and 4-dimensional compacta and
hereditarily aspherical generalized 3-dimensional manifold. Recently, Daverman
and Dranishnikov [D-D] proved the existence of strongly hereditarily aspherical
compacta of arbitrary dimension. Furthermore, Daverman [Day] proved that the
class of strongly hereditarily aspherical compacta contains all 2-dimensional com-
pacta of rational cohomological dimension 1 and that cell-like maps defined either
on strongly hereditarily aspherical compacta or on locally simply connected hered-
itarily aspherical compacta cannot raise dimension.

This raises the question of relating the class of locally simply connected heredi-
tarily aspherical compacta to the class of strongly hereditarily aspherical compacta.
A natural guess is that the former is included in the latter. In this paper we answer
this question positively. Actually, a stronger result holds; locally simply connected
hereditarily aspherical compacta are ANR’s. In the process of working on that
question we were led to a different generalization of asphericity: let us call a com-
pactum X shape aspherical if any map f : X — P from X to a polyhedron P
factors up to homotopy as f ~ hg, where g: X — K, h: K — P and K is an as-
pherical CW complex (i.e., K is a K(G,1)). Obviously, shape aspherical compacta
are aspherical and strongly hereditarily aspherical compacta are hereditarily shape
aspherical. We do not know if hereditarily shape aspherical compacta must be
strongly hereditarily aspherical but we were able to generalize the following results
known to be true for the class of strongly hereditarily aspherical compacta:

Theorem (Daverman-Dranishnikov [D-D]). If f: X — Y is cell-like and f~'(A)
is a strongly hereditarily aspherical compactum for each closed subset A of Y, then
dim X > dimY.

Theorem (Daverman [Dag]). If dimX < 2 and dimq X = 1, then X is strongly
hereditarily aspherical.

Theorem (Schepin [Dag]). If f : X — Y is cell-like and X € LC" is a hereditarily
aspherical compactum, then dim X > dimY.

The following are the main results of the paper:

Theorem. If X € LC' is a hereditarily aspherical compactum, then X € ANR.
In particular, X s strongly hereditarily aspherical.

Theorem. Suppose f : X — Y is a cell-like map of compacta and f~1(A) is shape
aspherical for each closed subset A of Y. Then

1. Y is hereditarily shape aspherical,

2. f is a hereditary shape equivalence,

3. dimX >dimY.

Theorem. Suppose G is a group containing integers. Then the following condi-
tions are equivalent:

1. dim X <2 and dimg X =1,

2. dimgsza X = 1, where xz means the amalgamated free product with Z.
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Theorem. Suppose G is a group containing integers. If dim X < 2 and dimg X =
1, then X is hereditarily shape aspherical.

In this paper we use the following definition of cohomological dimension: the
cohomological dimension of a space X with respect to a coefficient group G is less
than or equal to n (denoted by dimg X < n) provided that every map f: A —
K(G,n) of a closed subset A of X into an Eilenberg-MacLane space K(G,n) of
type (G,n) admits a continuous extension over X. If n > 1, then we require that
G is abelian. By the dimension of a space X (denoted by dim X) we mean the
covering dimension of X. Z is the additive group of all integers and Q is the
additive group of all rational numbers. The authors would like to express their
gratitude to Professors Daverman, Dranishnikov, Engelking and Koyama for their
help during preparation of the paper.

2. HEREDITARILY ASPHERICAL LC! COMPACTA

Theorem 2.1. If X € LC' is a hereditarily aspherical compactum, then X €
ANR. In particular, X is strongly hereditarily aspherical.

Proof. First, let us show that X € LC™ for each n > 1. Assume X € LC* for some
k > 0. We need to prove that X € LC*+1. According to Theorem 3.2 of [D-Sy] it
suffices to show that for each x € X and for each neighborhood U of x there is a
neighborhood V' of x in U such that the composition of homomorphisms

M1 (Vo) = Hys1 (V) = Hir (V) — Hia (V)

is trivial. Since mp1(V,2) — Hpyp1(V) factors as mpp1(Viz) — fg1 (V) —
Hy1(V) and 7541 (V) =0 for any V € UV ! we can choose V = U.

Second, let us show that m, (U) = 0 for all open subsets U of X and all n > 1.
Suppose g : S™ — U and let Z = ¢g(S™). Since Z is aspherical, it follows from [Dy,
Theorem 8.7 on p.41] that g is null-homotopic in U.

Now, let us prove X € ANR. By Lefschetz Theorem (see [Boz], Theorem 8.1 on
p.112 or [Hu], Theorem 4.1 on p.122) we have to find, for each € > 0, a number § > 0
such that any partial d-realization of a finite simplicial complex K extends to a full
e-realization. Here, a partial (full) u-realization of K is a map ¢ : |L| — X, where
K > L>K®© (L = K), such that diam g(|A| N |L|) < u for all simplices A € K.
By Theorem 4.1 of [Hu] (p.156) there is a number § > 0 such that given a partial
6-realization g : |L| — X of K, it extends to a partial e-realization G : |L'| — X of
K, where K®) < I/, We may assume that L’ is a maximal subcomplex of K with
that property. If L’ # K, then there is a simplex A € K \ L’ such that A < L'.
Let m = dim A and n = max{diam G(|]sNL/|) | s € K and s > A}. Since n < € and
the (m — 1)-homotopy group of the (e —n)/2-neighborhood of G(|0A|) is trivial, G
extends to a partial e-realization G’ : |[L' U A| — X of K, a contradiction. Thus,
L' = K which completes the proof of X € ANR.

To prove that X is strongly hereditarily aspherical consider the copy X x 0 of
X in C(X) x Q, where C(X) is the cone of X. Given ¢ > 0 choose a contractible
neighborhood U of 0 € @ with diamU < ¢/2. Cover X with open sets V;, i =
1,...,k, of diameter less than €/2. Since V' x U is aspherical for any open subset
V of X, we are done. O
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Remark 2.2. Theorem 2.1 gives a partial answer to Question 3 in [Das]. Since the
property of the hereditary asphericity and of being LC! are preserved on a cell-like
map, Theorem 9 in [Das] follows from Theorem 2.1.

Remark 2.3. Daverman [Das] constructed a hereditarily aspherical generalized 3-
dimensional manifold. Does there exists a hereditarily aspherical ANR of dimension
greater than 3 7

3. HEREDITARILY SHAPE ASPHERICAL COMPACTA

Definition. A compactum X is shape aspherical if any map f : X — P from X to
a polyhedron P factors up to homotopy as f ~ hg, where g: X — K, h: K — P
and K is an aspherical polyhedron (i.e., K is a K(G,1)).

Lemma 3.1. If X is a shape aspherical compactum, then any map f : X — P
from X to a polyhedron P factors up to homotopy as f =~ hg, where g : X — K,
h: K — P and K 1is a countable, locally finite aspherical polyhedron.

Proof. Factor f as f ~ h'g’, where ¢’ : X — K', i/ : K’ — P and K’ is an aspher-
ical polyhedron with the CW topology. Let G = m1(K”). Let N be the simplicial
complex whose set of vertices is the family of all finitely generated subgroups of G
and (Gy, ... ,Gp,) is an m-simplex of N iff Gy > ... > G,,. By Lemma 2.6 of [Dys]
we may assume that there is a map 7 : K/ — N such that

1. 7=1(A) is a subcomplex of K’ homotopy equivalent to K (Go, 1) for any sim-

plex A = (Gy,... ,Gp) of N.
2. The inclusion 7~!(A) — K’ induces the inclusion Gy — G of the fundamen-
tal groups.
Let L be a finite subcomplex of N containing ¢’(X) and let H be the subgroup of G
generated by the vertices of L. Notice that the join L' = (H)* L is a subcomplex of
N and 7=1(L’) of the type K(H,1). Indeed, let R be the family of subcomplexes S
of L with the property that 7 =!((H)) — 7~ 1((H) * S’) is a homotopy equivalence
for all subcomplexes S’ of S. If S,T € R, then SUT € R. Indeed, if S’ < S and
T' < T, then 7=1((H)) is a strong deformation retract of both 7=({H) * S’) and
7 Y((H)*(S'NT")). Therefore, 7= 1((H)* (S’ NT")) is a strong deformation retract
of 7=Y((H) % S’) which implies that 7= 1((H) * T") is a strong deformation retract
of = Y((H) % (S"UT)).

By induction one can easily prove that all subcomplexes of L belong to R. Since
Img’ C 7= 1(L'), we may replace 7~1(L’) by a locally finite countable polyhedron.
Indeed, 7~ 1(L') is homotopy equivalent to a countable polyhedron A which is
homotopy equivalent to |J Ax x [k — 1,k], where Ay C ... C Ay C ... are finite

k=1
subcomplexes of A whose union is A. O
Lemma 3.2. If X is a shape aspherical compactum embedded in the Hilbert cube
Q as a Z-set, then X has a basis of open neighborhoods consisting of aspherical
sets.

Proof. Let U be an open neighborhood of X in ). Let K be an aspherical ANR
such that the inclusion X — U factors as gf, f: X — K, g: K — U. We
may assume that K is a separable Q-manifold (use Lemma 3.1 and the fact that
K x @ is a separable @Q-manifold homotopy equivalent to K if K is a locally finite,
countable polyhedron), and we may assume that f is a homeomorphism onto a
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Z-set f(X) of K (see [C] p.27) and g|f(X) = if!|f(X). By Theorem 18.2 of
[C] (p.27) g : K — U can be approximated rel. f(X) by a Z-embedding. Thus,
assume that g is a Z-embedding. By Theorem 16.2 of [C] (p.25) g(K) is collared
in U. That collar is an open neighborhood of X in U of the homotopy type of K.O

Lemma 3.3. If f: X — Y is a cell-like map of compacta, A is a closed subset of
Y and g : XUM(f|f~1(A)) — P is a map into an aspherical ANR, then g extends
over the mapping cylinder M(f) of f.

Proof. Tt is proved in [Wa] (p.117) that for any cell-like map ¢g : R — S of compacta
and for any aspherical P € ANR, ¢g* : [S,P] — [R,P] is a bijection. Consider
inclusions i : X x 0 — X x 0U f7Y}A) x I, j: X x0U f71(A) x I — X x I,
k: XUM(flf~1(A)) — M(f) and cell-like maps F : X x [ — M(f) and H :
X x0UfYA) x I — X UM(f|f~Y(A)) induced by f. Since i*, j*, F* and
H* are bijections (i and ji are homotopy equivalences), then k* is a bijection as
kH = F}j. O

Theorem 3.4. Suppose f : X — Y is a cell-like map of compacta and f~1(A) is
shape aspherical for each closed subset A of Y. Then

1. Y is hereditarily shape aspherical,

2. f is a hereditary shape equivalence,

3. dimX >dimY.

Proof. To prove (1) it suffices to show that Y is shape aspherical. Suppose 7 : Y —
|K|is a map and K is a finite simplicial complex. We may assume that diameters
of simplices of K are so small that there is a number € > 0 such that any two maps
into | K| which are 2¢ close are homotopic and sup{diam |A| | A € K} < e. Extend
wf to F: Ugx — |K|, where Uk is an aspherical neighborhood of X in Q. Order
all subcomplexes of K as L1 = K, Lo, ..., L,, in such a way that L; is not a
subcomplex of L; if j > i. For each i > 1 let Vz, be the e-neighborhood of |L;| in
|K|. By induction on i find an aspherical open neighborhood Uy, of f~17=1(|L;|) in
F~Y(Vy,) such that if L; < Lj, then Uy, C Ur,. Let L be a maximal subcomplex
of K such that there is a map g7, : M(f|f~*n~Y(|L])) — U with the following
properties:

L. gr|f~tm=(|L|) is the inclusion.

2. gL(M(f|f~*n=1(|R]|)) C Ug for all subcomplexes R of L.

We claim that L = K. Otherwise there is a simplex A in K \ L such that
OA < L and gp|f~*n~Y(|0A]) C Usa. By Lemma 3.3, g1 extends to gr :
M(f|f~t==1(|T])) — Ur, where T = LU A. This contradicts maximality of
L. Now, Fgkl|Y is 2e-close to m which proves that Y is shape aspherical.

To prove (2) it suffices to show that f is a shape equivalence, i.e. f*:[Y,P] —
[X, P] is a bijection for any P € ANR. Given g : X — P we can factor it as
g ~ ud, where d: X — K and K is an aspherical polyhedron. It is proved in [Wa]
(p.117) that f* : [Y, K] — [X, K] is a bijection. In particular, there is d’ : Y — K
with d'f =~ d. Now, (ud’)f ~ ud = g which proves that f* is surjective. Suppose
9,9 Y — Pand gf ~ g’f. Assume X,Y are Z-sets in @ and g, ¢ extend to
G,G' : U — P for some aspherical neighborhood U of Y in @ (see Lemma 3.2).
We can extend f: X — Y to F: V — U, where V is an aspherical neighborhood
of X in @ (see Lemma 3.2) such that GF ~ G'F. Since f* : [Y,V] — [X,V]
is a bijection, there is u : Y — V such that uf is homotopic to the inclusion
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X < V. Now, Fuf ~ f in U, so Fu is homotopic to the inclusion Y < U. Finally
g~GFu~GFuryg.

Suppose dimX = n and g : A — S™ is a map, where A is a closed subset of
Y. Let h : X — S™ be an extension of gf|f~!(A). Since f is a shape equivalence,
there is G : Y — S™ such that Gf ~ h. Notice that G is an extension of g up to
homotopy. Indeed, Gf|f~1(A) ~ h|f~1(A) = gf|f~1(A) and f|f~1(A) is a shape
equivalence. O

Theorem 3.5. Suppose G is a group containing integers. If dimX < 2 and
dimg X =1, then X s hereditarily shape aspherical.

Proof. Let us fix a CW complex K containing S* such that K is a K(G,1) and
71(S1) — 71 (K) corresponds to the inclusion Z — G. Suppose f : X — L is a map
and L is a finite simplicial complex. Since dim X < 2, we may assume f(X) C L2,
For each 2-simplex A of L(?) remove a small disk in the interior of A and attach
a copy Ka of K along the boundary of the disk. The resulting CW complex C' is
aspherical (use Lemma 4 of [Dag]) and there is a map 7 : C' — L) obtained by
contracting each K to a point (the barycenter of A). The fundamental property
of this map is that 77 *(A) € AE(X) for all simplices A of L(). Now, Theorem
2.3 of [Dys] says that f factors as mg up to homotopy. O

Theorem 3.6. Suppose G is a group containing integers. Then the following con-
ditions are equivalent:

1. dim X <2 and dimg X =1,

2. dimgsza X = 1, where xz means the amalgamated free product with Z.

Proof. Let us fix a CW complex K containing S* such that K is a K(G,1) and
m1(St) — 71 (K) corresponds to the inclusion Z — G. Let L = KoUS! x[0,1]JUK7,
where K; is a copy of K containing S! x {i}. Notice that L is a K(G xz G, 1).
Let m: L — S? be the map obtained by contracting Ky to the North Pole and K
to the South Pole. Let U be the upper hemisphere of S? and let D be the lower
hemisphere of S2.

Suppose dim X < 2, dimg X =1 and f: A — L is a map, where A is a closed
subset of X. Let F : X — S? be an extension of 7f. Notice that f can be extended
to f': B=AUFYUND)— L. Since 7=1(U) € K(G, 1), there is an extension
fo: F7Y(U) — 7= Y(U) of f'. Since n71(D) € K(G,1), there is an extension
fi: F7YD) — 77 YD) of f'. Pasting fo and f; one gets an extension of f.

Suppose dimg.,¢ X = 1. Since 7= 1(U) € K(G,1) is a retract of L, we get
dimg X = 1. Suppose f : A — S? is a map, where A is a closed subset of X. Let
A= f~HU N D). Extend 7= f|A" to go : f~1(U) — 7~ 1(U) and extend 71 f|A4’
to g1 : fH(D) — 7~ Y(D). Paste go and g; to get g : A — L which extends to
G : X — L. Notice that 7G is a homotopy extension of f. O

Definition. We say that a compactum X is of perfect cohomological dimension 1
provided dimg X =1 for all perfect groups G.

Remark. Compacta of perfect cohomological dimension 1 were introduced in [D-R]
as Kainian compacta.

Corollary 3.7 (Dranishnikov-Repovs [D-R]). If X is a compactum of perfect co-
homological dimension 1, then dim X < 2.
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Proof. Choose a perfect group G containing integers (for example: G = {x1, x9, 3,
x4 | 1 = [T2, 23], x2 = [v3,24], T3 = [T4, 1], T4 = [x1,22]}) and notice that Gz G
is perfect. ([

4. TWO-DIMENSIONAL LC' COMPACTA

It is well known that for compacta X and Y the equality
(*) dim(X xY)=dim X +dimY

does not generally hold [Boly, Bory, P]. Therefore it makes sense to study compacta
such that the equality () holds [Koj, Kos]. One of the known cases is of compacta
X and Y which have the property A in the sense of K. Borsuk [Bors, p.178].
Since 2-dimensional ANR compacta have the property A, the equality (*) holds (in
fact, these spaces are dimensionally full-valued [Koy]). Boltyanskii [Bol;] (see also
[Bory]) constructed 2-dimensional LC° compactum with dim(X x X) = 3. Thus, to
consider whether the equality (*) holds in the class of 2-dimensional LC! compacta
is natural. We shall solve this problem in the affirmative.

Definition. Recall that a space is called semilocally simply connected provided X
has a basis of open sets U such that the inclusion induced homomorphism 71 (U) —
m1(X) is trivial.

Theorem 4.1. Let X be a locally connected and semilocally simply connected com-
pactum of dimension > 2. Then, dimg X > 1 for all groups G # 1.

Proof. Suppose dimg X < 1. Given z € X choose a connected and locally con-
nected open neighborhood U of x such that w1 (U) — 71 (X) is trivial. Suppose U
contains a copy S of the circle. Then, there is a non-trivial map f : S — K(G,1)
which extends to F : X — K(G,1). This is a contradiction since S — X is
null-homotopic. Thus, dim U < 1 which implies dim X < 1, a contradiction. O

Corollary 4.2. Let X be a two-dimensional, locally connected and semilocally sim-
ply connected compactum. Then, for any compactum Y

dim(X xY) =dim X + dim Y-

Proof. Tt is proved in [Bolg] (see also [Ku], Theorem 11 on p.22) that dim(X xY) =
dim X +dim Y for all compacta Y is equivalent to dim X = dim¢g X for all abelian

groups G # 0. Now, Corollary 4.2 follows from Theorem 4.1. ([
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