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ABSTRACT. Let I1,...,I; be ideals of the commutative ring R, let M be
a Noetherian R-module and let N be a submodule of M; also let A be an
Artinian R-module and let B be a submodule of A. It is shown that, when-
ever (am (1),... ,am (9)),,cn is a sequence of g-tuples of non-negative integers
which is non-decreasing in the sense that a; (j) < a;j41 (j§) forall j =1,... ,g

and all ¢ € N, then Assg (M/If"(l) ,.,Ig"(g)N) is independent of n for all

large n, and also Attg (B ‘A If"(l) . Ig"(g)) is independent of n for all large

n. These results are proved without any regularity conditions on the ideals
Ii,...,I4, and so (a special case of) the first answers in the affirmative a
question raised by S. McAdam.

0. INTRODUCTION

Let R be a commutative ring (with identity) and I be an ideal of R. In [Ra] L.
J. Ratliff, Jr., conjectured about the asymptotic behaviour of Assy (R/I™) when
R is a Noetherian domain. Subsequently, M. Brodmann [B] showed that if R
is Noetherian and M is a finitely generated R-module, then Assp (M/I"M) is
ultimately constant for large n € N. (We use Ny (respectively N) to denote the set
of non-negative (respectively positive) integers.) It is a very easy consequence of
Brodmann’s result that the same conclusion holds if we relax the hypotheses and
assume only that R is a commutative ring and M is a Noetherian R-module. In [S1,
Theorem 3.1(iii)] the second author proved that if A is an Artinian R-module, then
Attg (0 :4 I™) is ultimately constant for large n; in a sense, this can be regarded as a
dual of Brodmann’s result. More recently in [Ru, Theorem 5.5] D. E. Rush further
expanded upon this by showing that if N is an R-submodule of the Noetherian
R-module M, then Assy (M/I™N) is ultimately constant for large n € N, and if B
is an R-submodule of the Artinian R-module A, then Attgy (B :, I™) is ultimately
constant for large n € N.

On a different course of investigation, D. Katz, S. McAdam and L. J. Ratliff,
Jr., have shown in [K-M-R, Corollary 1.8(c)] that if R is Noetherian, Iy,... I,
are regular ideals of R, and (am, (1),...,am (9)),,en 15 a sequence of g-tuples of
non-negative integers which is non-decreasing in the sense that a; (j) < a;41 (j) for
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all j =1,...,¢g and all i € N, then Assy (R/If"(l) . ..Ig"(g)> is independent of n

for all large n. Further in [Mec, 13.5(i)] S. McAdam put forward the question: “Can
we drop the assumption that I,... , I, are regular”; one of the main results of this
paper is an affirmative answer to this question.

This paper is concerned with what might be considered a natural generalisation
of the above-mentioned result of Katz, McAdam and Ratliff. Let I,... , I, be ideals
of R and let (am (1),...,am (9))en be a sequence of g-tuples of non-negative
integers which is non-decreasing. We shall show that if N is a submodule of the
Noetherian R-module M and B is a submodule of the Artinian R-module A, then
Assp (M/If”(l) . ..Ig"(g)N) and Atty (B o1 .Ig”(g)> are both ultimately
constant for large n. We shall use techniques similar to those employed by Katz,
McAdam and Ratliff to establish the first result when R is Noetherian, M is finitely
generated and the ideals satisfy some regularity conditions. Then we shall extend
the result to the general case by use of the Artin-Rees Lemma. In Section 2, we shall
use Matlis duality and techniques investigated by the second author in [S3], which
allow an Artinian module over a commutative ring to be considered as a faithful
Artinian module over a complete semi-local Noetherian ring, to prove the second
result. (Throughout this paper whenever we describe a semi-local Noetherian ring
as “complete”, we shall always mean it is complete with respect to the topology
defined by its Jacobson radical.)

1. ASSOCIATED PRIME IDEALS

1.1 Notation. Throughout this paper R will denote a commutative ring (with iden-
tity). For a fixed positive integer j, we shall denote by Ng the set of all j-tuples
of non-negative integers. Throughout, let g be a fixed positive integer, and let
I,... I, be ideals of R; and for n = (ny,... ,ny) € N we shall denote 17" ... I,*
by I™. Let j € N. Forn € Ng we define n (i) to be the ith component of n
(1<i<j). Thus for n,m € N}, by n < m (respectively n < m) we mean
n (i) < m (i) (respectively n (i) < m (7)) for all 1 < i < j. Addition, and mul-
tiplication by elements of Ny, are defined on N% in the obvious ways. We denote by
77 the set of all j-tuples of integers, defining operations involving elements of Z7 in
a similar fashion as for Ng, with the convention that if z (¢) < 0 for some 1 < < j,
then we take I7” to be R.

1.2 Lemma. Let R be a Noetherian ring, let M be a finitely generated R-module
and let N be a submodule of M. Then the set UnENg Assp (M/IN) is finite.

Proof. For z = (21,...,24) € Z9 we shall denote #;'...t;° by t*. Let R denote
R[Iity,. .. ,Igtg,tl_l,... ,tg_l], the extended Rees ring of Iy,...,I;. We denote
R[ty,. .. ,tg,tl_l, - 7tg_l] ®r M by Mlty,... ,tg7t1_17... ,tg_l] and denote its ele-
ment t* ® m (for z € Z9 and m € M) by mt*. Let MM denote @, ;0 I*Mt?,
a Z9-graded M-submodule of Mty,... ,tg,tl_l, . ,tgl]. Similarly let 91 denote
@D.cyo I*Nt?, a Z9-graded R-submodule of M. Let n € Nj. It is clear that t~"N
is a homogeneous R-submodule of M with the (0, ... ,0)-th component I"N. Hence

Assp (M/I"N) C{BNR:P € Assy (M/t7"N)}.
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There are three possibilities for n: we have (i) n = 0, or (i) =™ = t;* for some
1 <4 < g, or (iii) there exists k € N with 1 < k < g such that n (k) # 0 and
t=" =t 1t~ for some 0 # n’ € N§. Then since #;, " is a non-zerodivisor on 0,
there is an exact sequence

0 — M/t N — M/t "N — M/t 1M — 0,

and so
Assy (M/t7"N) C Assy (MM/t;,'IM) U Assy, (fm/t_”,‘ﬂ> .

Repetition of this argument shows that, in cases (ii) or (iii),

Assg (M/T7"N) C U (Assy (zm/t,;lsn) U Assy, (Dﬁ/tgl‘ﬂ)) }

1<k<g

Hence

U Assp (M/I"N) CSBNR:Pe [ Assy (M/t"N)

neNg neNg

C {‘B NR:P e ( U (Assy (/8 1900) U Assy, (/85 'N)) UASSm (9)?/‘.)‘1)) } )

1<k<g
which clearly is a finite set. [J

1.3 Lemma. Let R be a Noetherian ring and let M be a finitely generated R-
module. Let h be a fixed positive integer and let Jy,... ,Jp be ideals of R. Let J",
for n € N, be defined in a similar fashion to I, for n' € N§, in 1.1. Also for
fired i, we define K* for s € NE™* to be Jls(l) e Jisfll_l)Jisfl) - J,j(h_l),

(i) For each i, with 1 <1 < h, if J; is M -regular, then there exists ¢; € Ny such
that (JE KM oy, J¢) = JK*M for all s € Ny, di,e € No with d; > .

(ii) Let H be an ideal of R and suppose that Ji,...,Jn are M-reqular. Then
there exists t € Ng such that (J*T™HM =y, J™) = J*HM for all n,m € Ng with
n > t.

Proof. (i) We may clearly assume that M # 0 (and J; # 0). Let
M=mZR+...+m.R.

Fix ¢ € N with 1 < ¢ < h, and assume that J; is M-regular. Then there exist M-
regular elements a1, ... ,a; € Rsuch that J;, = a1 R+...+a;R. Forj =1,... ¢, let
S; ={aj :7 € No}, and let N, L be the R-submodules of STIM@...®S; ' M given
by N ={(m/1,... ,m/1):me M} and L = {(m}/a1,... ,m}/a;) : m},... ,m} €
M}, Clearly N C L, and L is finitely generated. Define ¢ : M — N by ¢ (m) =
(m/1,...,m/1) for all m € M, so that ¢ is an isomorphism. Now

J'"LNN ={(m/1,... ,m/1):m e M,a;m/a; =l;/a; with I; € J*M for all
j=1,...,t}
={(m/1,... ,m/1):me M,Jym C J"M}

=¢((J"M 2 Ji))
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for all n € N}. Thus by [K-M-R, Proposition 1.4], there exists ¢; € Ny such that
& ((Jf”fKSM - Ji>> = JEH RsLAN
= J! (JFK*LON)
=¢ (Jf (J;“KSM » Ji))
Cé (Jfli+f_leM>

for all s € Ng_l, diy f € Ng with d; > ¢; and f > 1. Let e € Ny with e > 1 and
T € (szi""’eKsM : Jf) for some d; > ¢;. Then zJ? C szi""’eKsM, SO fo_l -

(Jl-di""eKsM e Ji> C JETTIKSM, and continuing inductively in this manner

we get © € JUK°M. Hence (J;ii"’eKsM M Jf) = JYK*M for all s € Ni71,
d;,e € Ng with d; > ¢;, as required.
(ii) This follows easily by repeated application of the first part. O

1.4 Theorem. Let R be a Noetherian ring and let M be a finitely generated R-
module.

(i) Let (am),,en be a sequence in N{ with a; < aj+1 for all i € N. Assume that
I; is M -regular for each i with 1 < i < g such that {a; (i) : j € N} is infinite. Then
Assy (M /1% M) is ultimately constant for large m.

(ii) Furthermore, if I; is M-reqular for alli=1,... g, then there exists d € N9
such that Assp (M/I™M) is independent of n for all n > d.

Proof. (i) If {a; (i) : j € N} is finite for all ¢ = 1,... , g, then the result is clear.
Therefore we suppose this is not the case and we may reorder the ideals so that for
some ¢ € N with 1 < ¢ <g, {a; (¢) : j € N} is infinite for 1 <4 < ¢, and finite for
q < i< g. Define by, := (am (1),... ,am (¢)) € Ng and denote If”"'(l) . .If;m(Q) by
Jbm for all m € N. Then there exists an ideal H of R such that 1%~ = Jo» H for all
sufficiently large m, and it suffices to show that Assp (M /Jom H M ) is ultimately
constant for large m.

Now by 1.3, for all sufficiently large m, J*=HM = (me“HM M me“‘bM).
Let P € Assy (M/J'HM) for such an m, so that P = (0:5 x + J'»HM) for
some x € M\J'HM. Tt follows that r € (0:5 x4+ J*HM) if and only if r €
(05 (JOomtr=bmg 4 Jom+s HM) /JP=+1HM), and so P € Assp (M/J*+*HM).
Now by 1.2,

U Assp (M/JmHM) C | Assq (M/I{“”...Ig(@HM)

meN neNG

is finite, and hence it follows that Assy (M/I% M) is ultimately constant for large
m.

(i) By 1.3(ii), there exists k € N such that I"M = (I"*™M :,, I"™) for all
n,m € Ny with n > k. Let s > t' > k and let P € Assg (M/It/M>7 so that

P= (0 ‘R x—l—It/M) for some € M\I* M. It follows that r € (0 :Rx—l—It/M) if
and only if r € (0 ‘R (Isl_t,x—i—ISlM) /ISlM)7 and so P € Assy (M/IS,M>.
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For each j € N, let n; = (j,...,j) € N9. Then, by part (i), there exists [ € N
such that

Assp (M/I™M) = Assg (M/I™+ M) for all i € N.

Let ¢ = max{l,k(1) +1,... ,k(g) + 1} and define d := n.. Let s € N9 with
s > d. Then there exists r € N such that rd > s, and hence, since d > k,

Assy (M/I*M) C Assp (M/I°M) C Assy, (M/I"M) = Ass, (M/I?M). O

In the next theorem, there is no ‘regularity’ assumption on the ideals I, ... , I,.
Thus the particular case of the theorem in which M = R answers in the affirmative
a question raised by McAdam in [Mc, 13.5(1)].

1.5 Theorem. Let R be a Noetherian ring, let M be a finitely generated R-module
and let N be a submodule of M.

(i) Let (am),en be a sequence in Ny with a; < a;41 for all i € N. Then
Assy, (M/I%N) is ultimately constant for large m.

(ii) Furthermore, there exists d € N9 such that Assy (M/I™N) is independent of
n for all n > d.

Proof. (i) The result is obvious if {a; (7) : j € N} is finite for all 1 <7 < g. Hence we
shall assume this is not the case and we may reorder the ideals so that there exists
g € Nwith 1 < ¢ < g such that {a; (¢) : j € N} is infinite for 1 < ¢ < ¢ and finite for
q <1< g. Define by, := (an, (1),... ,am (q)) € N and denote If’"(l) . .L?m(q) by
JPm for all m € N. Then there exists an ideal K of R such that 1%~ = J’» K for all
m > 1, say, and it suffices to show that Ass, (M/J"» KN) is ultimately constant
for large m.

By applying the Artin-Rees Lemma to (0:yx I;) € N, we see that, for each
i=1,...,q, there exists h; € Ny such that

(o i IZ-> =I"PNA0y L) = (Ii’”N N0y IZ-)) = 0.

Let [ = M+, ..L;L"HK. Then, for each i = 1,...,q, we have (0:,5 I;) = 0, so
that I; is LN-regular.

Now there exists I’ € N with I’ > [ such that b, (i) > h; + 1 for all m >[I’ and
1 <i < gq. Then for m > I’ we define

m = (b (1) =h1 = 1,... ;b (q) = hg — 1) € NG,

and J°m in a way similar to J bm  Then % = Jem [ for all m > I’. Now for all
m > I, there is an exact sequence

0— J"LN/J"**LN — M/I*"**N — M/I*"N — 0,
and so

(*)  Assg (M/I*"t'N) C Assg (J"LN/J"+*LN)U Assp (M/I*"N).
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By 1.4(i), we know that Assg ((LN)/Jem+t (LN)) is ultimately constant for large
m. Thus for all sufficiently large m,

Assp (Jo LN/ J**1LN) C Assp (LN/J"+' LN) = Assy, (LN/J°" LN)
C Assp (M/I*"N),

so that, by (),
Assy, (M/I%+1N) C Ass, (M/I*"N).

Hence Assy (M /1%~ N) is ultimately constant for large m.
(ii) For each j € N, let n; = (j,...,j) € N9. Then by part (i), there exists k € N
such that

Assp (M/I" N) = Ass, (M/I™+N) for all i € N.
As in the proof of part (i), we can apply the Artin-Rees Lemma to (0 :x I;) C N
Il-) =0.
Let y = max{z1,... ,z4} + 1, and let v = n,. Then, for each i =1,..., g, we have

(0:vy ;) = 0, so that I; is IV N-regular. Thus by 1.4(ii), there exists ¢ € N§ such
that

N

to see that, for each i = 1,... , g, there exists z; € Ny such that (0 Lwit

Assy, (I"'N/I®I°N) = Assp (I"N/I°I'N)
for all @ € N} with a > c.
Let w = max{k,c(1) +y,...,c(g) + y}. Define d := n,, and let s,t € N9 with
s >t > d. Then there is an exact sequence
0 — I'N/I*N — M/I*N — M/I'N — 0,
and so
Assp (M/I°N) C Ass, (I'N/I°N) U Ass, (M/I'N).
Now since s—v>t—v>d—v > ¢,
Assp (I"'N/I°N) C Ass, (I"’N/I°""I’N) = Ass, (I"N/I"""I"N)
C Assy (M/I'N) .
Therefore Assy (M/I*N) C Assy (M/I'N). Clearly for any u € N9 with u > d
there exists e € N such that ed > u, and hence
Assp (M/I°N) = Assp (M/I°“N) C Assp (M/I*N) C Assp (M/I°N). O

1.6 Theorem. Let R be a commutative ring (not necessarily Noetherian), let M
be a Noetherian R-module and let N be a submodule of M.

(1) Let (am),,en be a sequence in N§ with a; < ajy1 for all i € N.  Then
Assyp (M/I%N) is ultimately constant for large m.

(ii) Furthermore, there exists d € N9 such that Assy (M/I™N) is independent of
n for all n > d.

Proof. Clearly M has a natural structure as an R/ (0 :p M )-module with the same
submodule structure as the R-module, and so is still Noetherian. Let b € N§. Since
(0:5 M) C (0:5 M/I’N), M/I°N is a Noetherian R/ (0 :; M)-module. Let ¢ :
R — R/ (0 :x M) be the natural homomorphism, and ¢* : Spec (R/ (0 :p M)) —
Spec (R) be the induced map. Then by [Ru, Theorem 5.2(i)], we see that

Assp (M/I°N) = ¢* (AsSr, (0. 5y (M/I°N)).
Hence since R/ (0 :x M) is a Noetherian ring the results follow from 1.5. O
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2. ATTACHED PRIME IDEALS

2.1 Matlis duality. The classical duality originally developed by Matlis (see [Ma,
Section 4]) dealt with a complete Noetherian local ring; it can, in fact, also be
applied to a complete Noetherian semi-local ring (see [S-T, 3.5]). We shall be
making substantial use of this theory, and so we shall include a summary for the
reader. Let R be a complete semi-local Noetherian ring, and let my,... ,m, be the
distinct maximal ideals of R. Set S := Pj_, R/m; and E := E(S), the injective
envelope of S. We shall use D to denote the additive, exact, R-linear [N, p.35]
functor Homp, (—, F) from the category of all R-modules and R-homomorphisms to
itself. For each R-module T', let

pr: T — DD (T) = Homy (Homy (T, E), E)

be the natural R-homomorphism for which (ur (z)) (f) = f (z) for all x € T and
f € Homp (T, E).

Then Matlis duality states (among other things) that, whenever M is a finitely
generated R-module, p,, : M — DD (M) is an isomorphism and D (M) is an
Artinian R-module, and whenever A is an Artinian R-module, p, : A — DD (A)
is an isomorphism and D (A) is a Noetherian R-module.

2.2 Lemma. Let the situation be as in 2.1. Let A be an Artinian R-module, let B
be a submodule of A and let M := D (A). Then there exists a submodule N of M
such that the sets Assp (M/JN) and Attg (B :4 J) are equal for all ideals J of R.

Proof. The argument of [S2, Corollary 2.7(ii)] can be extended to this case to show
that, whenever M’ is a Noetherian R-module, then Atty (D (M')) = Ass, (M').
We know from Matlis duality that there exists a Noetherian R-module L and an

isomorphism ¢ : D (L) = A/B. It is easily shown that

i)oyp !

00— (0:a)n J) 2 a/B 29 pgry —0

is an exact sequence, where (3 is the inclusion map and i is the inclusion map of JL
into L. It follows from this that

0 — J(D(A/B)) = D(A/B) 22 D(0:,,5 J) — 0
is an exact sequence, where

—1 . _
=D () oDD(i)opu,,o :ULI |J(DD(L)) oD (v) |J(D(A/B)) :

Hence from the commutative diagrams

JL —— L J(D(4/B)) 2L 5(DD (L))
pp (L) 22 pp(r) pa/B) 2% pp)
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we see that 7 is just inclusion, and so Ker (D (8)) = J (D (A/B)). Therefore,
applying the Snake Lemma to the commutative diagram

D(o)
—

0 —— D(A/B) D) —— D(B) —— 0

| 2o D(a) |
0 —— D0:yypJ) —— D(B:yJ) —— D(B) —— 0

l l

where « is the inclusion map of (B :, J) into A and 0 : A — A/ B is the canonical
epimorphism, we obtain Ker (D («)) = J (D (o) (D (A/B))).

Hence D (B :4 J) 2 M/JN where N := (D (o) (D (A/B))) and therefore, since
the choice of N is not dependent upon .J, the proof is finished. [

2.3 Theorem. Let R be a complete semi-local Noetherian ring, let A be an Artinian
R-module and let B be a submodule of A.

(i) Let (am),en be a sequence in Ny with a; < a;41 for all i € N. Then
Atty (B :4 I%™) is ultimately constant for large m.

(i) Furthermore, there exists d € N9 such that Attg (B :4 I™) is independent of
n for all n > d.

Proof. This follows from 2.1, 2.2 and 1.6. [J

2.4 Note. (i) Here we shall outline some results concerning Artinian modules; for
further details see [S3, Theorem 3.2]. Let A be a non-zero Artinian module over
the commutative ring R. There exist only finitely many maximal ideals m of R for
which Soc(A) has a submodule isomorphic to R/m: let the distinct such maximal
ideals be my, ... ,m,. Set J:=();_, m; and

RY) :=limR/J",
—

n

the J-adic completion of R. Then A has a natural structure as a module over
RWY) | and the ring R’ := R(D/(0:4) A) is a complete semi-local commutative
Noetherian ring. Also the module A is a faithful Artinian module over R’; moreover,
a subset of A is an R-submodule if and only if it is an R’-submodule.

(ii) Let ¢ : R — R’ be the natural map and let » € R. Then the multiplication
by r on A has the same effect as multiplication by ¢ (r) on A (see [S3, 2.2]).

2.5 Theorem. Let R be a commutative ring (not necessarily Noetherian), let A be
an Artinian R-module and let B be a submodule of A.

(i) Let (am),,en be a sequence in N with a; < ajy1 for all i € N.  Then
Atty (B :4 I9™) is ultimately constant for large m.

(ii) Furthermore, there exists d € N9 such that Atty (B :4 I™) is independent of
n for all n > d.

Proof. If A = 0 the result is clear, and so we may assume that A # 0. Let the
notation be as in 2.4. Let ¢ : R — R’ be the natural map and, for an ideal K of
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R, let K¢ denote the extension of K to R’ under ¢. Let ¢* : Spec (R') — Spec (R)
be the induced map. Then, by [Ru, Theorem 5.2(ii)], we see that

Atty (B iy I™) = ¢* (Attp (B :y I™)) for all n € NJ,

and so it suffices to show that (i) Atty ((B:4 I®™)) is ultimately constant for large
m, and (ii) there exists d € N9 such that Atty (B :, I™) is independent of n for all

n>d. Let (I°)" denote (I¢)"™ ... (Ige)n(g) for all n € N§. Then using the natural
structure of A as an R’-module we see from 2.4(ii) that

(B:aI")=(B:a (I")) = (B4 (I)")
for all n € NJ. Hence the results follow from 2.4(i) and 2.3. O
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