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ABSTRACT. This paper deals with curvature homogeneous affine connections
on 2-dimensional manifolds. We give a sufficient condition for a projectively
flat curvature homogeneous connection to be locally homogeneous and show
how to construct curvature homogeneous connections that are not locally ho-
mogeneous.

The concept of a curvature homogeneous Riemannian connection was introduced
by I. M. Singer in [5] and then studied in many papers. A similar notion can be de-
fined in affine geometry. Curvature homogeneous affine connections do not have, in
general, properties similar to Riemannian ones. For instance, a curvature homoge-
neous Riemannian connection on a 2-dimensional manifold is automatically locally
symmetric and consequently locally homogeneous. As regards the affine case, it
is easy to find curvature homogeneous affine connections on 2-dimensional mani-
folds which are not locally homogeneous. For instance, connections with symmetric
Ricci tensor of rank 1 on connected manifolds are always curvature homogeneous
and only in exceptional cases locally homogeneous. In this note we begin to study
curvature homogeneous affine connections on 2-dimensional manifolds. The differ-
ences between the curvature homogeneity, locally homogeneity and local symmetry
conditions are illustrated by means of projectively flat connections, which, in some
sense, are the closest to locally symmetric ones.

1

Manifolds are assumed to be connected and connections torsion-free. For a given
connection its curvature and Ricci tensors will be denoted by R and Ric respectively.

Definition 1.1. Let V be a connection on a manifold M. It is called curvature
homogeneous of order r if and only if for every x, y € M there exists a linear
isomorphism F : T, M — T, M such that F*(V'R), = (V'R), for every i =0, ..., 7.
By a curvature homogeneous connection we mean a connection which is curvature
homogeneous of order 0.
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If M is a 2-dimensional manifold, then the Ricci tensor determines the curvature
tensor. Namely R(X,Y)Z = Ric(Y,Z)X — Ric(X,Z)Y. Therefore, in this case,
V'R can be replaced by V*Ric in the above definition.

Definition 1.2. An affine connection on a manifold M is locally homogeneous if
and only if for every x, y € M there are neighbourhoods U of x and V of y, and
an affine transformation f : (U, V|y) — (V, V|y) sending x into y.

A connection is locally symmetric if and only if VR = 0. It is clear that a
locally symmetric connection is locally homogeneous and a locally homogeneous
connection is curvature homogeneous of any order. On a 2-dimensional manifold
a Ricci-symmetric connection is projectively flat if and only if VRic(X,Y, Z) is
symmetric in all arguments. In what follows the assumption that V is projectively
flat will automatically include the assumption that Ric is symmetric. Let us also
point out that on a 2-dimensional manifold a connection is Ricci-symmetric if and
only if it is semi-symmetric, i.e. Rxy - R =0.

In this section we shall consider projectively flat connections whose Ricci tensor
has rank 1 and ker Ric is parallel. Such connections naturally appear on non-
degenerate affine minimal ruled surfaces as well as on cylinders in R?; see [2], [3], [4].
We shall show that even under such strong assumptions about the connections most
of them are not locally homogeneous though all of them are curvature homogeneous.

The following information will be useful. For a proof see [2], [3].

Lemma 1.1. Let V be a Ricci-symmetric connection on a 2-dimensional manifold
and rk Ric =1 on M. The distribution ker Ric is V-parallel if and only if for
every x € M there is a coordinate system (u,v) on some neighbourhood U of x such
that Oy spans ker Ric at each point of U and

(11> vauau =0, v6uav = Caua Vavav = Aau
for some functions C and A, where Cy = 0. Moreover we have on U :

(1.2) V Ric is symmetric in all arguments if and only if 1, =0,

(1.3) VR =0if and only if ¢ is constant,

where 1 = Ric(0y,0,) = Ay — C,, — C2.

A coordinate system described in the above lemma will be called canonical for
V. A canonical coordinate system is not unique around a fixed point.

Theorem 1.2. Let V be an analytic projectively flat connection on a 2-dimensional
analytic manifold M. Assume that the Ricci tensor of V has rank 1 and the distri-
bution ker Ric is V-parallel. If V is curvature homogeneous of order 1, then it is
locally homogeneous.

Proof. 1f (u,v) is a canonical coordinate system for V, then the only non-zero terms
of V¥Ric for k = 0,1, ... might be V*Ric(d,, ..., 0,) = t¥), where 1 = Ric(9,,0,) is
a function of v.

Let x, be a fixed point and (@,?) be a canonical coordinate system around
Zo = (Uo, Vo). Let I = Ric(05,05). For the sake of simplicity we shall write ¢, = i,
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t, =1, and W =7 for k=0, 1,.... Take a canonical coordinate system around

another point. For every z from the domain U of (u,v) there is a linear mapping
F,:T, M — T, M such that

(14> F, (8ﬁ>wo = a(aU«)wa Fm(aﬁ)mo = b(au)m + d(av)m

and

R'Lcm(Fw (817)107 Fm(ﬁf,)%) = Lo,

(1.5) ) ,
(VRic)s(Fu(05),s Fu(05)z,s £ (05)z,) = Lo

where ad # 0. Therefore we have

(1.6) d*t = t,,

(1.7) =l
at every point of U. Suppose that V is not locally symmetric. Then, by the
curvature homogeneity of order 1, ¢ # 0 everywhere. Also ¢, # 0. Moreover d is a
nowhere vanishing smooth function of one variable v. Differentiating (1.6) yields
(1.8) 2dd'L + d*/ = 0.
Mulitiplying (1.8) by d and using (1.6) and (1.7) we obtain

2d' 1o + 1L, = 0.
Hence d” = 0 and consequently, by (1.6), we have t(v) = e(qu + p)~2 for some

numbers ¢ # 0, p and e = 1 or —1. The same applies to 7, i.e. there are numbers
G # 0 and p such that i(9) = €(Go + p)~2. We have

(1.9) !B () = e(=1)"(k + 1)lg* (qv + p) =+
and
(1.10) 1§ = e(=1)" (k + 1)1g" (quo +p)~*+2.

Formula (1.6) implies that d(v) = (qu + p)(§0, + p)~'. Therefore, by (1.7), (1.9)
and (1.10), we have ¢ = ¢. Using (1.9) and (1.10) it is now easy to see that

(1.11) dR 2,8 = (k)
for every k. This is equivalent to the equality
(VERiC)(Fu(05)ays s Fo(05)a,) = (VFRic)((05)a,s s (5)w,)

for every k. Using Theorem 7.2 from [1] completes the proof.

A consequence of the above proof and Lemma 1.1 is the following
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Corollary 1.3. Let'V be a projectively flat connection on a 2-dimensional manifold
M. Assume that the Ricci tensor of V has rank 1 and the distribution ker Ric is
V-parallel. If V is locally homogeneous, then for every canonical coordinate system
(u,v) for V the function . = Ric(dy,0y) is given by
U(v) = e(qu+p)~?

for some numbers q and p and e = +1.

Corollary 1.4. Let V be an analytic projectively flat connection on a 2-dimen-
sional analytic manifold M. Assume that the Ricci tensor of V has rank 1 and the
distribution ker Ric is V-parallel. The connection V is locally homogeneous and

not locally symmetric if and only if for every x € M there is a coordinate system
(u,v) around z such that

(112> Vauau = Vauav =0, Vavav = Eu(qv +p)_28u
for some numbers q #0, p and e = £1.

Proof. Assume that V is locally homogeneous and not locally symmetric. Let
(u,v) be a canonical coordinate system for V around z. By Corollary 1.3 we have
t=¢€(qu+p)~2 If ¢ = 0, then V is locally symmetric. Hence we can assume that
q > 0. Take the following connection V on R. x (=L, 00):

@a{ﬁﬁ = 6811(9{) =0, @aﬂ 0y = eu(qv +p)_28ﬁ,
where (@, 0) is the standard coordinate system on R*. Let Fy:Tu M — T(y _», 1 R?
be the linear isomorphism given by

Fm(8u>ac = E17 FI(BU)I = (qU +p>_1E27

where E;, E5 is the canonical basis of R2. Similarly as in the proof of Theorem
1.2, one can check that F}, transforms V¥ Ric into V¥ Ric for every k, where Ric is
the Ricci tensor for V. By Theorem 7.2 from [1] F, can be extended to an affine
isomorphism around x. The isomorphism gives a desired coordinate system.

Similarly as above, one can prove that if V is locally symmetric and its Ricci
tensor has rank 1, then for every x € M there is a coordinate system (u,v) around
z in which V is given by
(1.13) Vo,0u =Vg,0, =0, Vp, 0y =cud,,
where ¢ = 1 or —1. Using Lemma 1.1 one can find many projectively flat connections
whose Ricci tensor has rank 1. As it has been shown, most of them are not locally
homogeneous. For instance, let (u,v) be any coordinate system on a manifold M
and ¢(v) be an arbitrary function different than e(qv + p)~2 for any numbers ¢, p.
The following connection is projectively flat curvature homogeneous and not locally
homogeneous:

(1.14) Vo,0u=Va,0, =0, Vg, 0y =ud(v)0y.

Among the connections given by (1.14) there are complete ones. For instance, take
V given by (1.14) on R? where ¢(v) = —2(1 + v?)~!. Then straight lines parallel
to the the axis v and curves

(1.15) R>t— (a(1+t2)+§(t+arc tg t),t)

for a, 8 € R are all pregeodesics of V.
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2

In this section we shall give other examples of projectively flat locally homoge-
neous connections which are not locally symmetric. If for an analytic connection V
on a 2-dimensional manifold M there exist constant numbers A, B, C, D, E, F,
G, H such that for every x € M there is a frame X, Y around z relative to which
V is given by

VxX = AX + BY, VxY =CX +DY, VyX = EX+FY, VyY =GX + HY,

then V is locally homogeneous. Consider the following projectively flat connection
on R?\ {u =0} where (u,v) is the canonical coordinate system on R?:

1
(2.1) v%%zo,v%@zam,vmmzﬁm.

Take the frame X, Y:

Then
1
(2.2) VxX =X, VXYziY, VyX =Y, VyY=X.

Hence the connection is locally homogeneous. The connection has Ricci tensor
of rank 1. The connection (2.1) has been found as a projectively flat one which
cannot be realized, even locally, on any non-degenerate surface in R3. It can be
realized on cones. There also exist locally homogeneous projectively flat non-locally
symmetric connections whose Ricci tensor is non-degenerate. For instance, consider
the following connection on R? :

Vauau - Cau + Daiﬂ
(2.3) Vo, 0, =0,
Vo, 0 = Ad, + B0,

where A, B, C, D are numbers such that AD # 0 and AD—CB # 0. The connection
is locally homogeneous, projectively flat and not locally symmetric. Its Ricci tensor
is symmetric and non-degenerate.
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