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ABSTRACT. An addition formula for homogeneous polynomials is used to ob-
tain a generalization of the Pythagorean theorem and a new view of the multi-
nomial expansion.

Let = (x1,22,...,2,) € R™, and let P denote the set of all polynomials
i ol a2 o
x):ZajxlijJ...xn’, a; € R.

Letting 9/0x = (0/0x1,0/0x2, ...,0/0x,), we define on P the inner product

(poq) =p (%) q(@)|
(1) gad o n

0%
= Zaj o S q(x)
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Let Hj C P denote the vector space of homogeneous polynomials of degree k.
Note that the dimension of H}, is
(n+k—1)!
(n—1)k! -
We first obtain a simple analog of the Funk-Hecke theorem [1, p. 247] for homoge-
neous polynomials.

dimHk = dk =

Theorem 1. If p(x) is a homogeneous polynomial of degree k, then

(T1y1 + w2ya + - + ayn)*, p(y)) = k! p().
Proof. Expanding the power,
k!
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Thus if p(y) = >, aayi" ys> ... yo", we have

(11 + -+ Znyn) ", p(y))
thl L LL’a" aal aozn
= [ k! L n . agy’t .. yPn
za: agl. . an! Oyt AOyn" zﬁ: e Yn

=k! Zaax‘fl ot = klp(x).
(e

Our next result is an addition formula for orthonormal homogeneous polynomi-
als.

Theorem 2 (Addition Formula). Let {p;(z) ;-lil be an orthonormal basis for Hy.

Then
dy,
(2) (@11 + T2y2 + - + Tayn)* =KD p;(@)p;(y)-
j=1
Proof. Let x = (x1,22,...,2,) and a; = (a},a?,...,a}‘). For convenience we

1 2 n
. . a; ol [o%h .
write % =z, 2y’ ... x,’ . Then expanding the power, we have

(@Y1 + -+ zoyn)" =Y ey,

where 2% and y®/ are homogeneous monomials of degree k. Since {p;(z) ‘;-li

basis for Hj;, there exist constants a;,, such that

1 isa

d
Y = i @jmPm (Y)-
m=1
Thus
@1y + - @ayn)* =Y ez <Z ajmpm(y)>

7 m

= 9;(@pi(y),
j

where the last expression is a rearrangement of the previous sum. The g;(x) are
linear combinations of the monomials 2%/, and thus are homogeneous polynomials
of degree k in x. Further, since the p;(x) are orthonormal,

(11 + -+ 2ayn)*, mi(y)) = Zgj(x)pj(y),pz(y) = qi(x).

But by the identity given in Theorem 1,

(T1y1 + -+ zyn)* 0 (y) = K pi().
Thus,

gj(z) = klp;(z), i=1,2,...,dg,

which completes the proof.
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— (ol a2 n i i 1 = alla?! n|
If aj = (aj,aj,...,aj), for convenience we write a;! = ajlaf!...ajl. The
result of Theorem 2 shows that the multinomial expansion

k!
k _ Qg0 1|
(x1y1 + 2y2 + - + Tpyn)" = E ” Ty =k!

P
j . aj! aj!
is no more than an addition formula for the orthonormal basis {x®i/ \/aj!};-lil
of Hy. The significance of the result (2) lies with the fact that it holds for any
orthonormal basis {p;(z)}{*, not merely the monomials {z% / /aj!}‘;-lil.
The addition formula of Theorem 2 yields an identity which contains the Pythag-
orean theorem sin? @ + cos? § = 1 as a special case:

Theorem 3 (Pythagorean Identity). Suppose {pj(x)}?il s an orthonormal basis

for Hy. Then on the unit sphere |s| = \/s7 + 83+ -+ 82 =1,

dy,

S b = 5.

j=1

Proof. Letting = y in the addition formula yields
dy,

(af +a3 4+ an)t =k [pi(@)],
j=1

from which the result is immediate.

Most inner products are integrals. Although the inner product we have used here
is defined by a derivative, it is far from artificial. Indeed, this inner product allows
us to view Taylor series as Fourier series. That is, suppose we have the Taylor series

f(z) = Z a;x.
=0

Rewriting the series as
o0 a;
x7
fl@) =Y bj——,
j=1 V O‘j!

and noting that the monomials {2 /,/a;!}32, are orthonormal with respect to
the inner product (1), we have

(@ /\/agl, f(x)) = bj.

These simple results appear to have considerable analytic significance. To see this,
one need only consider the kernel

O — (z-y)F .
S i) =S T e
k=0 j=1 k=0
and the reproducing formula
(f(y),e"?) = f(x).
Here {pi(w)}?ﬁl, k=0,1,2,..., are arbitrary orthonormal bases for the homoge-

neous polynomials Hy of degree k.
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