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ABSTRACT. A new generalized contraction mapping principle in probabilistic
metric spaces is obtained. As an application, we utilize this principle to prove
the existence theorems of solutions to differential equations in probabilistic
metric spaces. All the results presented in this paper are new.

1. INTRODUCTION AND PRELIMINARIES

The purpose of this paper is to obtain a new generalized contraction mapping
principle in probabilistic metric spaces. As an application, we utilize this principle
to study the existence problem of solutions for some kind of differential equations
in probabilistic metric spaces. The results presented in this paper are all new.

For the sake of convenience, we first recall some definitions and notation in [3]-
[5]

Throughout this paper, let R = (—o0,4+00) and RT = [0, +00).

Definition 1. A mapping F' : R — R™ is called a distribution function if it is
nondecreasing and left-continuous with inf;cg F(t) = 0 and sup,c F(t) = 1.

In what follows we always denote by D the st of all distribution functions and
by H the specific distribution function defined by

0, ift<0
Hity=4 " "=
1, ift>0.

Definition 2. A probabilistic metric space (briefly, a PM-space) is an ordered pair
(E,F), where E is a nonempty set and F is a mapping from E x E into D. We
denote the distribution function F(x,y) by Fy,, and Fy ,(t) represents the value
of F, , at t € R. The function Fj , is assumed to satisfy the following conditions:
for all z,y € E,

(PM-1) F,,(t) =1 for allt > 0 if and only if z =y,
(PM-2) F,,(0) =0,
(PM-3) Fp(t) = Fy o(t) for all t € R,
(PM-4) if F, ,(t1) =1 and F, .(t2) = 1, then F, .(t1 4+ t2) = 1.
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Definition 3. A mapping A : [0,1] x [0,1] — [0,1] is called a t-norm if it satisfies
the following conditions: for any a,b,c¢,d € [0, 1],

(T-1) A(a,1) =

(T-2) A(a,b) = (b a),

(T-3) (cd)>A(ab)forczaandd2b,
(T-4) A(A(a,b,),¢) = Aa, A(b, c)).

Definition 4. A Menger PM-space is a triplet (FE,F,A), where (E,F) is a PM-
space and A is a t-norm satisfying the following triangle inequality: for all x,y, z €
FE and t17t2 > 0,

Fypo(ti +t2) > A(Fyy(th), Fy 2 (t2)).

Schweizer, Sklar and Thorp [5] proved that if (E,F,A) is a Menger PM-space
with supgc,c; A(t,t) = 1, then (E,F,A) is a Hausdorff topological space in the
topology 7 induced by the family of (e, A)-neighborhoods

{Up(e,\) :p€ E,e >0,A> 0},
where
Up(e,\) ={x € E: Fyp(e) >1— A}

Definition 5. A triplet (E,F,A) is called a Menger probabilistic normed space
(briefly, a Menger PN-space) if E is a real vector space, F is a mapping from F
into D (for « € E, the distribution function F(z) is denoted by F, and Fy(t) is the
value of F, at t € R) and A is a t-norm satisfying the following conditions:
(PN-1) F3(0) =
(PN-2) F.(t) ()forallt>01fandon1yif:c:0,
(PN-3) F, (t) ( |) foralla € R, a #0,
(PN-4) $+y( ) > A(Fy(t1), Fy(t2)) for all z,y € E and t1,t, € RT.

Definition 6. Let (E,F,A) be a Menger PM-space with supg.,.; A(t,t) = 1.

(1) A sequence {x,} in E is said to be T-convergent to x € E (we write x;, Z x)
if for any given € > 0 and A > 0, there exists a positive integer N = N (g, A)
such that F,, ,(¢) >1— X whenever n > N.

(2) A sequence {z,} in E is called a T-Cauchy sequence if for any ¢ > 0 and
A > 0, there exists a positive integer N = N (g, A) such that Fy, 5. (e) > 1—=X,
whenever n,m > N.

(3) A Menger PM-space (E,F,A) is said to be 7-complete if each T-Cauchy
sequence in E is 7T-convergent to some point in E.

2. A GENERALIZED CONTRACTION MAPPING PRINCIPLE
Theorem 1. Let (E,F,A) be a complete Menger PM-space with a t-norm A sat-
isfying A(t,t) >t for allt € [0,1]. Let T : E — E be a mapping satisfying the
following condition:
(2.1) Frary(t) 2 Fry(t/k(a, 5))
forallz,y € E, t >0 and o, § € (0, +00) with F, ,(a) >0 and Fy 4(8) < 1, where

k(a,8) : (0,400)2 — (0,1) is a function.
Then T has exactly one fized point in E.
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In the sequel the mapping T" which satisfies (2.1) is called a generalized contrac-
tion mapping on F.
To prove the conclusion of Theorem 1, we need the following lemma:

Lemma ([2, Theorem 1]). Let (E,F,A) be a Menger PM-space, A be a t-norm
satisfying limy—,1— A(t,s) = s for all s € [0,1] and {pn},{qn} be two sequences in
. T T .
E with pn, — p,qn — q, respectively.
(1) For any gwen t € R, liminf, o F,, 4. (t) > Fp4(t).
(2) Ift € R is a continuous point of F, 4, then lim,_.oc F),, 4, (t) = Fp 4(t).

Proof of Theorem 1. (1) First we prove that for any given e > 0 and A € (0, 1) there
exist g € F and an (g, A)-neighborhood of zg, N(xo,e,A) = {z € E : Fy 4, (¢) >
1 — A}, such that T : N(zg,e,\) — N(zo,¢,\).

Suppose the contrary. Then there exist €9 > 0 and g € (0, 1) such that for each
x € F, there is an 1 € FE with

(22) F$7~T1 (60) >1— )\0, FT$17$(60) <1-— )\0.

(a) If Fy 0, (%) > 1— 22, then

€0 €o
: > 0 S0V .
(2 3) FLTml (50) = A (Fw,Taa ( 2 ) 7FT1,T901 ( 9 ))
If 21 = x, then Fry 1s, (%) = 1. By (2.2) and (2.3), we have
5
(24) Fw,Tﬂc (70) < Fw,Tﬂcl (EO> <1-=o.

If 1 # x, then there exists ¢y > 0 such that Fy ;, (to) < 1. By condition (2.1) and
the assumption of (a), we have

A
Frann (2) P (o8 (300)) 2 o (2)>1- 2.
From (2.2) and (2.3), we have

A <Fm,Tz (%O) ,1— %) <A (th,Tz (%O) Fr, T, (%)) < Fer, (g0) 1= Xo.

Therefore we have

(2.5) Fyrz (%0) <1-=2o.

(b) If Fy 0, (52) < 1— 22, then by the condition (2.1), we have
Fyra,(e0) > A [Fm,Tz ((1 —k (%O, 60)) 60) e Ta, (k (%O, 60) 50)}

> A (FI,TI ((1 —k (%O, 60)) 50) ,Fm,ml(fo)) .
By (2.2), we have
1= > For, (c0) > A (FM ((1 .y (%0 60>> 50) 1 )\0>

and so we have
Fw,Tw ((1 —k (6707‘50)) 80) < 1-— )\0.
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Letting

. €0 €0
=nin {3 (1-#(F20)) 20}
Mo mln{2 ( 5 €0 o
by (2.5) we have

(26) Fw,Tw(nO) <1-—)M\g, reF.

Besides, for any fixed zg € E, since limy—, 1 oo Fyy 72, () = 1, there exists a t; > 0
such that Fy, 14, (t1) > 0. It is easy to see that

Frpnggrmtiag (8) 2 Fuo 1o (8/E" (0, 10)),  £20, n=1,2,.....
Taking t = ng, we have
Frpn gy mnt120(10) 2 Fug 120 (10/E™ (00, 10)), n=12....
Letting n be large enough so that Fy, 1z, (n0/k™(n0,t0)) > 1 — Ao, we have
Frn gy rnt1z,(M0) > 1= Ao,

which contradicts (2.6). The desired conclusion is proved.
Because T satisfies condition (2.1), T is continuous and so

T : N(xp,e,\) — N(zg,,N).

(2) For given €, > 0 and A\, € (0,1), n = 1,2,..., with &, > e,11,Ap >
An+1,€n — 0T and A, — 0%, by the conclusion proved in (1), there exist z,, € F
and a (en, Ay )-neighborhood N (z,,,en, Ay) of x, such that

T:N(xp,eny,An) = N(Tnyen, An)s n=12....

It is obvious that N(xy,&n, An) 2 N(nt1,En+1, Ant1) for all n > 1. Therefore, we
have

T: ﬂ N(Zp,Eny An) — ﬂ N(Zpy €ny An)-

n>1 n>1

Next, we prove that ﬂn21 N(Zp,Eny An) # &. In fact, for any given e > 0,A > 0
and n large enough such that e, < e, A, < A, take t,, », € (€p,¢) such that t,, ., is
a continuous point of F, ;... (t). Since Tyym € N(Tn,en, An), by the lemma, we
have

Frpanim(©) 2 Fop g (tpm) =21 =Xy > 1=\

This implies that {z,} is a T-Cauchy sequence in E. Let z, Z 2. Then we have
T e n N(Zpn,Eny An)-
n>1
The desired conclusion is proved.
(3) Finally, we prove that ﬂn21 N (2, En, An) has only one point.
Suppose the contrary. Then there exist x,y € (), N(Zn,en, An) with z # y

and hence there exist tg > 0 and Ag € (0,1) such that_Fw)y(to) < Ap. Letting n be
large enough so that e, < t9/2 and 1 — A, > Ay, then we have

to to
Fm7y(t0) 2 A (Fm@n (5) 7Fwn7y <5)) .
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Taking t,, € (en, L) and sy, € (g5, &) such that ¢,, is a continuous point of F, ,, (t)

and s,, is a continuous point of Fj  ,(t), then we have
Fm,mn(tn) Z 1_>\n7 thn,y(Sn) Z 1_)\11

and so F, ,(to) > Ao, which is a contradiction. Therefore, (), ~; N(2n,en, An) has
only one point, say z., and it is just the unique fixed point of 7'. This completes
the proof. O

In order to give the other result, we first give the following definition ([1]):

Definition 7. Let (E,F,A) be a Menger PM-space and A be a subset of E. A is
said to be probabilistically bounded if

sup inf F,,(t) =1.

t>gm7yeA ()
Theorem 2. Let (E,F,A) be a complete Menger PN-space, C be a probabilistically
bounded closed convex subset of E, T : C' — E be a generalized contraction mapping
defined on C and S : C — E be a continuous mapping with S(C) being relatively
compact. If Tx + Sy € C for all x,y € C, then T + S has a fized point in C.

Proof. For any given y € C, we know that Tx + Sy : C — C is a generalized
contraction mapping. By Theorem 1, T'x + Sy has exactly one fixed point z(,) € C
such that

(2.7) T(y) = T.%'(y) + Sy.
Now we define a mapping K by Ky = x(, for all y € C, where x(,) is the unique
fixed point of Tz + Sy. It is obvious that K is a continuous mapping from C' into C'

and K(C) is relatively compact. Therefore there exists y. € C such that y, = Ky..
Taking y = y. in (2.8), we have

Y= Kys = z.) = Ta(y.) + Sy
i.e., Ty« + Sy« = y«. This completes the proof. O

3. DIFFERENTIAL EQUATIONS IN PROBABILISTIC NORMED SPACES

In this section we shall use the results in the section 2 to show the existence of
solutions of a class of differential equations in Menger PN-spacs.

Let (E,F,A) be a Menger PN-space and C([0,T], E) be a set of mappings
z(+) : [0,T] — E which are continuous in the topology 7 on (E,F,A). Define a
mapping F : C([0,T],E) — D by

Fon() = lim  inf Fy(k
( )( ) kigl— sel[r(l),T] ( )( )
and denote the distribution function ﬁw(.) by ﬁw(.) and the value of ]?w(.) att € R
by Fa(t): .
We have the following results about (C([0,T], E),F,A) :

Proposition 3. Let (E,F,A) be a Menger PN-space with a continuous t-norm A.
Then (C([0,T], E), F,A) is also a Menger PN-space.

Proof. (I) First we prove that F is a mapping from C(]0,T], E) into D. In fact, for
any given z(+) € C([0,T], E):

1. Tt is obvious that f‘m(.)(t) is nondecreasing with inf;cp ﬁm(.)(t) =0.
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2. Next we prove that F o (t) is left-continuous.
)

In fact, since infycjo F z(s)(t) is increasing in t, for any given t, € R with
t, — t—, we have

mtn_,t_fm(.)(tn):mtn_,t_( lim < inf Fm(s)(k)))

—tn— \s€[0,7]

<mtn_)t_< inf Fm(s)( ))

s€[0,T]

= 1 f F
Jim (sel[%T] (s (t ))
=F$(.)( )

Letting {r,} be any sequence in (0, +o0c) such that r, — 0% and noting again that
inf (0,77 Fa(s)(t) is increasing in ¢, we have

(3.1)

Eo () = i inf F,o(k) ) > inf Fuo(tn — ).
ot = (g Foo ) 2 g Pt =)

Therefore we have

h_mtn—%—ﬁm(-)( >hmt —t— ( inf Fw Tn))
s€[0,T]

=limy,—— | inf Fy un)) (Up =tn —Th)

(3.2) (se[o 7]
(

st mn
A <>“>)

=lim,, ¢
= Foy(®).
Thus combining (3.1) and (3.2), it follows that

lim Fm()( n) = ﬁg;(.)(t).

tp—t—

This implies that ﬁm(.)(t) is left-continuous in ¢.

3. Finally we prove that sup,cp E;(.)@) =1
From (1) of Lemma and the continuity of z(-), we now that for each k € RT,
there exists s, € [0,T] such that

3.3 inf  Fy g (k) > Fogon (k).
(3.3) s (s)(k) (si) (K)

Therefore we have

T ¢y P () = T e lim (Sel[%f  Foto) (’f))

> lim t——4o00 (h_m k—)t—Fm(sk)(k)) .

Without loss of generality, we can assume that s — s} as k — t— (otherwise, we
can choose a subsequence of {s}). Hence we have

(3.5) h_mk—nf—Fm(sk)(k) >limyg Fw (t/2) > FI(S (t/2).
It follows from (3.4) and (3.5) that
(3.6) oo Py (1) 2 T g oo Flosy) (/2).

(3.4)
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Without loss of generality, we assume that s} — so as t — +00. Therefore, for any
e € (0,t/2), from the condition (PN-4) in Definition 5, we have

(3.7) Fysr) <;> > A < (o) (E): Faioy <% - g>> .

Since

(3.8) lim Fm(s )— z(sg)(a) = 17

t——+oo

it follows that
— t
(39) lim t—>+ooFm(so) (5 — E) =1.

From (3.6)—(3.9), we have
mt_,+ooﬁm(,)(t) = 1, i.e., sup ﬁw()(t) =1.
teR

(IT) Next we prove that F satisfies all the conditions (PN-1)—(PN-4) in Definition
D.

In fact, it follows that

(i) Fy((0) = 0 for all z(+) € C([0,T], E) is obvious.

(i ) (1(t) = H(t) for all t € R if and only if 2(s) = 0 for all s € [0,T].
(it )ForanyaER a #0,

Fop(y(t) = lim (sel[%fT] Fam(s)(k))

— i inf F,o(k
i (nt, Fuo0/1a))

= Fuy(t/al).
(iv) For all z(-),y(+) € (C[0,T], E) and t1,t2 € R,

ﬁm(.)_,_y(.)(tl +1t2) = lim (selr(l)f F (s)+y(s)(/€1 + kg))

k1—t1—
ka—to—
> i £ A(Fy (k1) Fyoe (k key ko > 0.
7’,215?1_ (selr(l)T ( I(S( 1) y(S)( 2)))7 1, K2 =2
a3 —ta—

Since Fw(s) (kl) > infsE[QT] Fw(s) (kl) and Fy(s) (k2) > infsE[QT] Fy(s) (kQ)a we have

k}l —>t1 —
k}g —>t2 —

(3.10) ﬁm(.)+y(.)(t1 +1t2) > lim A(seu(l)f Fy(s)(k1), €1[réf F(S)(kg))

In view of the continuity of A and (3.10), we have

oy (b1 + t2) 2 A (tn), By (t2)-
This completes the proof. O

Proposition 4. Let (E,F,A) be a complete Menger PN-space with a continuous
t-norm A. Then (C([0,T], E), F,A) is also a complete Menger PN-space.
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Proof. In Proposition 3, we proved that (C([0,T], E), F, A) is a Menger PN-space.
Now we prove that it is complete. Let {z,(-)} be a Cauchy sequence in
(C([0,1), E), F,A) such that

(3.11) z(t) = nh—>nolo xn(t), t€10,T].

Now we prove that z(+) € (C([O,T],E),]?, A). In fact, for any given ¢y € [0,7] we
have

Fot)y—a(to)(s) = A {ﬁw)—wn(t) (%) Fe)=a(to) (g)}

28 [Feo-sno ()8 [Fru-sueo (3) B0 (3)]]-
By using {z,(+)} C (C([0,T],E), F,A) and (3.11), we have
(-) € (C([0,T], E), F, A).
Therefore (C([0,T], E), F,A) is complete. This completes the proof. |

We are now in a position to show the existence of solutions of the following
differential equation:

a'(t) = f(t.x) + g(t, @),
x(0) = xo
in a complete Menger PN-space (E,F,A) with a t-norm A satisfying A(¢,t) > ¢
for all ¢t € [0,1]. For any € > 0 and A > 0, we denote
N($0,6,>\):{$:F$_z0(6)>1—)\}, To € .

Let f and g be two continuous mappings from R X N(zg, e, ) into E satisfying the
following conditions:

() Freo)—f(ty)(8) > Fry(s/L) for all s >0 and x,y € N(zo,e,A), where L > 0
is a constant.
(ii) For each t,g(t, N(xo,¢€,A)) is a relatively compact subset in E.

Theorem 5. Under the above conditions (i) and (ii), there exists a 8 > 0 small
enough such that the following differential equation:

{x’(t) = f(t,x(t)) + g(t, z(t)),
z(0) = g

has a solution in C([0, 6], E).

(3.12)

Proof. We know that (3.12) is equivalent to the following integral equation:

t t
x(t) = o —|—/ f(s,x(s))ds —|—/ g(s,z(s)) ds.
0 0
Let C(]0, 8], E) be the same as above, and let
W = {z(-) € C([0, 0], E) : ©(0) = 20, Fy(s)—z,(€) > 1= A, s €[0,00]},
where 6y > 0 is small enough such that Ly < 1 and
Fit (s tasateas€) > 1=A 1 €[0,6], a(-) € W
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It is easy to see that W C C([0, 8], E) is convex. Let

=g +/ f(s,z(s))ds and Azxz(t) = /Otg(s,x(s))ds

for all z(-) € C([0,60], E) and z(s) € N(xo,e, ) for all s € [0, ). We can prove
that 7 and A are continuous and T+ A : W — W. Therefore, T+ A : W — W
and A is compact.

Next we prove that T : W — C([0, 8], E) is a generalized contractive mapping.
In fact, for any z(-),y(-) € W, we have

Frawy-ryt) (k) = ngt(f(s,zt(s))—f(s,y(s)))ds(k)7 t €10, o).

Fro any given ¢t € [0, 60] and k > 0, there exists a sequence {kt(”)} C [0, 80] which
for all the continuous points of F F(s,3(s))— f(s,(s))ds (k) such that ™ = k= as
n — +o00. Hence we have

(n)
Frawy-ry) (k) 2 Fff (f(s,z(s)—f(s ,y(s)))ds(kt )

_ (n)
= lim IS (et - fEeona (ki)

?
maxi<;<n (At;)

where
0=¢ <& <& < <&y =t, At; =& — &1, i=1,2,... N,

and so it follows that

. . k"
Fro@-ry (k) 2 o D {Ff(gi,m@i))—f(ai,y(gi)) (T

maxlgigz\;(

3.13 > f F z,x(s z,y(s -
(3.13) > Job Freaten sy >>< ; )

> inf Fo_ — ] > f F — .
- 861[101,50] 1(8) y(S) Lt - Sel[Iol 50] $(S) L(SO

Letting n — oo and taking the limit on the right side of (3.13), we have

Froo— k) > i inf Flg_ -t
Ta(t)~Ty(t) ( )_ki”)lglk— (Sel[gm (5)-y(s) ( L50>>

~ k

~ k
f F > Fey—yr | 5 ) -
tel[IOlé] Ta(t)— Ty(t)(k) Z La()—y() <L60>

This implies that

Thus we have

' k
kl—lg\l— (tel[gfé ]FTw(t) Ty(t)(k)) = ’fl—l’m— Fm() v (L_‘SO> 7

ie.,

- ~ A
Fra()-ry()(A) 2 Fa()—y() <L50) ;o A>0,
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which implies that T': W — (C([0, 8], E), F, A) is a generalized contractive map-
ping. Therefore, by Theorem 2, the conclusion of Theorem 5 is proved. This
completes the proof. O
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