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ABSTRACT. In the paper, the stability of totally geodesic submanfolds in the
complex quadratic hypersurfaces: @Qm = SO(m+2)/SO(m) x SO(2) (m > 1)
is discussed, and the indices, the nullities and the Killing nullities of totally
geodesic submanifolds in Q, are calculated.

1. INTRODUCTION

It is always an interesting and important problem to find all stable minimal sub-
manifolds in each symmetric space. In 1980, B.Y.Chen, P.F.Leung and T.Nagano
gave the algorithm of determining the stability of totally geodesic submanifolds
in compact symmetric spaces which was reformulated in 1987 by Y.Ohnita (cf.
[1] and [2]). In [3], B.Y.Cheng and T.Nagano completely classified complete,
connected, totally geodesic submanifolds of the complex quadratic hypersurface:
Qm = SO(m+2)/50(2) x SO(m), m > 1. Using their results, we determine the
indices and nullities of all totally geodesic submanifolds in @,,, and discuss their
stability.

Suppose M is a compact minimal submanifold of a Riemannian manifold N
with metric h. The isometric immersion ¢ : M — N is called stable if the
second derivative of the volume Vol(M,¢;h) at ¢ = 0 is nonnegative for every
smooth variation {¢:} of ¢ with ¢9 = ¢. Then we say that M is a stable
minimal submanifold of N. Choose a smooth variation {¢:} of ¢ with ¢g = ¢
and (0/0t)¢t(x)|t=o = Va(xz € M) for any vector field V € T'(¢~*T(N)). Then the
classical second variational formula is given as follows:

(d2)d2)V ol (M, 6 1) —o = /M<J<vN>7 V¥ )do

where dv denotes the Riemannian measure of (M, g) and V¥ the component of V
normal to M. 7 is a self-adjoint strongly elliptic linear differential operator of order
2 acting on the space I'(N(M)) of smooth sections of the normal bundle N (M),
called the Jacobi operator of ¢. J has discrete eigenvalues pg < po < -+ — 00.
Set

E,={Vel(NM)) | J(V) = puV}.
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We call the number Z[L<O dim E,, the index of ¢ or the index of M in N; denote
it by i(¢) or i(M). It is easy to see that ¢ is stable if and only if i(¢) = 0. The
number dim Fj is called the nullity of ¢ and denoted by n(¢) or n(M). Define

P ={X" | X is a Killing vector field on N} C T(N(M)).

Then P C Ey. The dim P is called the Killing nullity of ¢ and denoted by
ng(¢) or ng(M).

In particular, if M is an m-dimensional compact totally geodesic submanifold
immersed in a compact Riemannian symmetric space N with metric gy, the im-

mersion ¢ : M — N can be expressed as follows: There are compact symmetric
pairs (U, L) and (G, K) with N =U/L, M = G/K and

¢$p: M=G/K — N=U/L,
gK — pl9)L

where p: G — U is an analytic homomorphism with p(K) C L and the injective
differential p : g — wu satisfying p(m) C p. Here u =1+ p and g = k 4+ m are
the Cartan decompositions of u and g, respectively. There exists an adU-invariant
inner product (,) on u such that (,) induces the metric gy on N. By (,) we also
denote the adG-invariant inner product on ¢ induced from (,) through p. Let
m= be the smooth orthogonal complement of p(m) with p relative to (,), and k*
the orthogonal complement of p(k) in I. Put g* = k' + m*. Then g is the
orthogonal complement of p(g) in u relative to (,), and g+ is adp(G)-invariant.
Let 6 be the involutive automorphism of the symmetric pair (U, L). Choose an
orthogonal decomposition g+ = gi- @ --- @ g;- such that each g;* is an irreducible
adp(G)-invariant subspace with §(g:-) = g:-. Then the Casimir operator C of the
representation of G on each g is a;I for a; € C. Put g} = k" + m;-, where
kt =kt Ngt and mi- = mtNgt.

Theorem 1.1 ([1]). The index, nullity and Killing nullity of ¢ are given as follows:

(1) (M) = Z dim Homg (V (), (m")€) dim V (\);
=1 Ae D(G),ax>a;

2) n(M)=>_ > dimHomg(V(N),(m")C)dim V(\);
i=1 Ae D(Q),ar=a;

t
() ()= > dimgt,
i=1,m;-#0
where D(QG) is the set of irreducible representations of G and ay is the eigenvalue
for the Casimir operator of the irreducible G-module (X, Vi) relative to (,).

2. THE SPACE (Q,, AND ITS TOTALLY GEODESIC SUBMANIFOLDS

The main result of [3] is the following theorem. It gave the classification of
all complete, connected, totally geodesic submanifolds of the complex quadratic
hypersurface: Q,, = SO(2+m)/SO(2) x SO(m), m > 1.

Theorem 2.1 ([3]). If M is a mazimal totally geodesic submanifold of Qu,, M s
one of the following three spaces:

(1) Qm—l;’
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(2) a local Riemannian product of two spheres SP and S, p+ q = m;
(3) the complex projective space P(C"t1) of complex dimension n, 2n = m.

If M is a nonmazximal, totally geodesic submanifold of Q.,, M is either contained
in Qm-_1 in an appropriate position in Q,, or the real projective space P(R"1)
of real dimension n, 2n = m, which is the intersection of P(C"*1) in (3) and the
local product space in (2) with p = q = n.

Now we have Riemannian symmetric spaces
N=Q,=U/L, U=50(m+2), L=50(2)x SO(m).

Then u = [ + p is the corresponding Cartan decomposition, where

o A 0 o 0 a t
I = {(O B) | A_<—a O),aER,BEgl(mLB— B}7

p = { ( _(1)4,5 61 ) | A is a matrix of 2 rows and m columns over R} .

From now on, we denote the set of matrices of m rows and n columns with
elements in R by R(m,n).

If M is a compact totally geodesic submanifold immersed in N, the immersion
¢ : M — N can be expressed as follows: There exist a compact symmetric
pair (G, K) with M = G/K and a homomorphism p : G — U such that ¢ has
form as gK — p(g)L. Then p(K) C L and the injective differential p : ¢ — u
satisfies p(m) C p. We choose an adU-invariant inner product on u as (X,Y) =
TrXY (X,Y € u); it induces the metric on @Q,,. Let g = k+m be the corresponding
Cartan decomposition of g. Below we list the corresponding p, k and m in every
case.

1. M=Q, (n<m),p: g—uis

A—»(A 0>Eu, A€y,

A
k= B | A€gl(2), Begl(n), A'=-A, B'=-B,
0
0 A O
m= —A" 0 0 | AeR(2,n)
0 0 0

2. M=5PxS%(p+g=m).p: g— uis

bi1 0 bi2 bis -+ big41
0 A 0 0 e 0
(A, B) — bo1 8 baa bas o+ bagt1

b31 b3a b3z -+ b3g41

byt 0 Dgr12 Dotz oo bgrigt
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Here A = (a;;) € gl(p+1), B= (b;j) € gl(¢+1), At = —-A, B' = —B.

0
k—{( A ) |AEgl(p),Begl(Q),At——A,Bt——B},
B

0 0 0 X
0 0 Y O

m = 0 _Yt 0 0 | X € R(lvq)a Y e R(lvp)
- Xt 0 0 0

3. M=CP*"=5U(n+1)/SU(n) (m=2n). p:su(n+1) — so(2n + 2) is
A+iB — Poi(A, B).
Here P,11(A, B) is

aii b1 ai2 bi2 te a1,n+1 bl,n+1

—b11 aiil —b12 ai2 te —bl,n+1 ain+1
n+1,1 bny11 @nt12 bnti2 0 Gngignt1 bntint
—bpt11 Ant1,1 —bnt12 Qnyi2 0 —bptindl Anginst

where A = (aij), B = (b” S gl(n+ 1), Al = —A, Bt = —B, TrB = 0.

)
p=d(0 0 |B' = —B, C' = C, TrC =0
0 P.(B,C) ! ! !

m— {( _0(273)t O(“(‘)’B) ) | O(4, B) € R(2,2n)}

where
_ ai bl Qn, bn
om=( % b k),

4. M =RP"™ = SO(n+1)/SO(n) (m =2n). p: so(n+1) — so(2n + 2) is
A — Pn11(A), and P,41(A) equals

a1 0 a12 0 SRR ¢ ST | 0
0 ai 0 a2 - 0 a1,n+1
(p41,1 0 (p1,2 0 “t Qptlndl 0
0 On41,1 0 Gnt+12 - 0 On41,n+1

where A = (a;;) € so(n+1).

(0 ) 1 A
m— {( _T?A)t T%“) ) | T(A) € R(272n)}7

ﬂm:<a10 az 0 - ap o>'

0O apo 0 ay -+ 0 ap
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3. THE INDICES, NULLITIES AND STABILITY
OF THE GEODESIC SUBMANIFOLDS IN Qm

We choose the inner product (X,Y) = TrXY on u = so(m + 2) which induces
the metric on Q,,. In every case, we first calculate g, m* and the orthogonal
decomposition of the G-module (g+)€.

1. M=Q, (n<m),

gJ‘z{< 0 B) | BER(n+2,m—n),C€gl(m—n),Ct:—C}

-Bt C
0 0 0 B
(5 el 5ot
mi =0,
0 0 D
my = 0 0 0 | | DeER(2,m—n)
-Dt* 0 0

Obviously the representation of G' on gi- is trivial. Below we investigate the G-
module (g5 )€. Let E;; be the square matrix with entry 1 where the i-th row and
j-th column meet, all other entries being 0.
1) Ifn+2=2s,m+2= 2(8 + t), set H; = Egi_LQi — E2i72i—1 (1 < < S); then
h = spanc{H;}; is a Cartan subalgebra of g©. Let F;j = E;; — Ej; and
Gﬁ = Foj_1 k-1 £ Fojon + i(Foj—1,2k F Fajon—1) (J # k).
It is obvious that
(gj‘)c:spanc{GﬁC | 1<j<s<k<s+torl<k<s<j<s+t},
(adH)G,, = (ej(H) — ex(H))G,,
(adH)G5, = sgn(j — K) (e, (H) + ec(H) G,
for H € h, where e;(Hy) = —id;). So the set of weights of the G-module (g5-)€ is
O ={tej,...,+e; | 1<j5<s}
— ——
2t
We can choose a set of simple roots of (¢)€ as
R={aj=ej—ejri,as=es_1+e; | 1<j<s}

In this orientation, all the dominant weights which are also highest weights are
{e1,...,e1}. But the representation having the highest weight e; is exactly the
———

2t
first basic representation wy of so(n + 2), so

() =wi @ Duw.
—_—
2t

Generally, for the representation having the highest weight A\ = " a;w; of g, the
Casimir operator C' has the form C = ayI, where

ay = —(aw; +2p,ajw;) = —(aia;9i5 +2 ) a;gr).
Jik
Here p is half the sum of positive roots, and the information about g;; may be found
in [4].
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Therefore, the Casimir operator C of g on (gi*)€ has the action a;I (i = 1,2);
here a1 = 0 and az = —(2s — 1). So

{Ae D(G) | axr> a2} = {0},
{Ae D(G) | ax =az} ={wi}.

It is easy to see that k€ = CH; @ so(n, C). Now mi- = 0, and the set of weights
of the CHj-module (my )€ is

Since the action of so(n, C) on (my )€ is trivial, as a K-module,

(m3)€ = EPA(,0,...,0) B A(-1,0,...,0)).

2t

By the branching rule of representations [5], dimw; = 2s =n + 2,

A1,1,0,...,00®A(1,0,...,0) B A(—1,0,...,0), s>3
w =
PTINL,0,1,0,...,0) @ A(1,0,...,0) @ A(=1,0,...,0), s=S3.

So we have

(1) i(M) =0,

(2) n(M) = (n+2)(m —n),
(3) ng(M) = (n+2)(m —n).

NIn+2=25,m+2=2(s+1t)+1,let
Djj-[ = Iy 1mi2 TiFojmye, 1 <7 <s.
Then

(adH)D; = +e;(H)D;

i 1<j5<s, Heh.

The set of dominant weights which are also the highest weights of the g-module
(92)C is

{wl, NN ,wl}.

———

2t+1

Using methods similar to 1) we get

(4) i(M) =0,
(5) n(M)=2s(2t+1) = (n+ 2)(m —n),
(6) ng(M) = (n+2)(m —n).

For other cases of m+2 and n+2, we can get the same results by similar discussion.
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2. ¢: M =5PxS1T— Q,(p+q = m). By aseries of similarity transformations,
we have

g = {(A B) | A€solp+1), BEso(q—i-l)},

0 0 0 O
0 A 0 O

ko= 0 0 0 0 | AESO(p), BESO(Q) ’
0 0 0 B
0 X 0 0
-Xt 0 0 0

m = 0 0 0 v | X eR(1,p),Y e R(1,q)
0 0 =Yt 0

1 0 B
0 0 0 Y

1 0 0 X 0

m- = 0 -Xt 0 0 | X eR(1,p),Y e R(1,q)
-Yt 0 0 O

Ifp+1=2s, g+ 1 = 2t, choose H; = Egi_Lgl Eyoic1 1 <i <5

then h = span{H,};"" is a Cartan subalgebra of ¢© = (s0(2s) EB s0(2t))C. By a
similar discussion as before, we know (g)€ is an irreducible g-module. It has the
highest weight A(1,0,...,0 —1,0,...,0), so it is the tensor product of the first
basic representations of so(2s) and so(2t). And
a=—(A(1,0,...,0-1,0,...,0) +2p,A(1,0,...,0—1,0,...,0))
—()\1(170,... 70) +2p1,)\1(170,... 70))
—
s—1
—()\2(170, .. 70) + 2p2, )\2(170, .. 70))
—
t—1
—2(s+t—1),
{A e D(G)lax > a} ={0,A(1,0,...,0—0,...,0),A(0,...,0-1,0,...,0)},
{A € D(G)lax = a} = {A(1,0,...,0-1,0,...,0)}.

Considering k = so(p) ® so(q), we have
(m)C = (mi")C @ (my)°

as a K-module, where

mi = | X €eR(1,p)

my = | Y eR(1,q)
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It is obvious that the actions of so(p) on mi- and so(q) on ms are their standard
representations. Thus, as a K-module,

(mH)C =XN(1,0,...,0—0,...,0)®XN(0,...,0—1,0,...,0).
But
AM1,0,...,0—0,...,0)=N(0,...,0—0,...,0)® X(1,0,...,0—0,...,0),
dim A(1,0,...,0—0,...,0) =p+1, dimX(0,... ,0—1,0,...,0) = ¢+ 1,
A(1,0,...,0—-1,0,...,0)=N(1,...,0—1,0,...,0)
®N(1,0,...,0—0,...,0)®N(0,...,0—1,0,...,0)®XN(0,...,0—0,...,0),
dim A(1,0,...,0—1,0,...,0) = (p+1)(g+1).

So we have

(7) i(M)=m+2,
(8) n(M)=2(p+1)(qg+1),
9) ng(M)=(p+1)(g+1).

We have the same results for the other cases of p and ¢ by similar discussion.
3. ¢: CP"=S5U(n+1)/SU(n) — Qa2 (m = 2n),

gt = {Q(A,B)|A, B € so(n+1)},

mb = {( —s(?z,bY (e t) ) | s(a,b)eR(2,2n)}.
Here, for A = (as;), B = (by), Q(A, B) is

aiil bi1 ai2 b1z ce ain+1 bl,n+1
bi1 —ail bi2 —ai2 ce bl,n+1 —a1n+1
41,1 bnt11 Qnt12 bnti2 0 Gpgigmt1l bngint
bnti,1 —@nt+1,1 bnti2 —@nyi2 0 bpgim4l —Qnainsl
s(a,b): ( Zl b1 MR 0 7% bn )
1 —ai e bn —An

A Cartan subalgebra of g can be imbedded in u as
n+1

=1 i
The set of the weights of the g-module (¢)¢ =3, CG}; is

{£ej +ex) [ J# K}

Choose {e; — e3,e2 — €3,...,e, — ent1} as the set of simple roots of g€. The
dominant weights of (¢g)€ are e; +e3 and —e,,—e,,+1. By comparing the dimensions
among (¢g)€ and the spaces of the representations having the highest weights
{e1+ ez, —€en — ent1}, we know

(g€ = X(0,1,0,...,0) @ X0,...,0,1,0).

Since (m*)€ = Y",.,(CGy;, ® CGy,) and {Z?:; ¢;H;| Y, c; = 0} is a Cartan
subalgebra of k = su(n), the set of the weights of (m*)C is {Zej}}L;. If we choose
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{e; — e;—1|2 < i < n} as the set of simple roots of k, the dominant weights of the
k-module (mL)C are es and —en41. S0

(mH)C = XN(1,0,...,0)® X (0,...,0,1),
a=—(\0,1,0,...,0)+2p,X(0,1,0,...,0))
= —(A0,...,0,1,0)+2p,A(0, ... ,0,1,0))
==2n-1)Mn+2)/(n+1),
ay, = —k(n—k+1)(n+2)/(n+1) for \y = A(0,...,0,1,0,...,0);
k
{A € D(G)|ax > a} = {0, 1, \n},
{Ae D(@)|ax =a} = {2, M1}

By the branching rule of representations, we know

A= N(1,0,...,0)@N(0,...,0), Ay=X(0,....0,1)@N(0,...,0),
A2 = X(0,1,0,...,0)® X (1,0,...,0),

A1 =MN(0,...,0,1)® \(0,...,0,1,0),

dimA; =dim A, =n+1, dimA =dimA,—1 =n(n+1)/2.

Therefore we get

(10) i(M)=2(n+1),
(11) n(M) =n(n+1),
(12) ng(M)=n(n+1).

4. RP" = SO(n+1)/SO(n) — Q2, (m = 2n). Through a series of similarity
transformations, we have

g:{<A A) |A630(n+1)},

0
k= 4 0 | A€ so(n)y,
A
0 X 0 0
m= _é(t 8 8 )0( | X eR(1,n),,
0 0 —-X* 0
gt =g ©gr O g3,

L L L L
m= =mi @ my ©mg,
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where
gf—{(c —C) |C€50(n—|—1)},
0 B
0 B
ﬁ-:{( B 0 ) |B€so(n+1)},
X
oyt
mi- =0, my- = Y X | X eR(1,n) o,
Xt
X
¢
mi = 0 | X € R(1,n)

_Xt

It is easy to see

where

Without loss of generality, suppose n = 2s — 1; then
(91)€ = X(0,1,0,...,0), (g3)° = A0,1,0,...,0).
As a K-module, it is easy to see

(my)C = N(1,0,...,0), (mg)®=N(1,0,...,0).

So ag; = —(4s — 2), a3 = —4(s — 1). For A\, = A(0,...,0,1,0,...,0), we have
————
k
ay, = —k(2s—k) 1<k<s-2), ar, =ar,_, = —5°/2.

{)\1,)\2}7 s> 8,
{)\ED(G) | a,\>a21}= {)\1,)\2,)\5_1,)\5}, 3<s<7,
{)\1,)\2,)\3}, 523,

(N eD(G) | ar =an} =A(2,0,...,0),

{)\17)\3—17)\3}7 S§67
{)\ S D(G) | ay = ag} = Ag.

A 6
{)\ED(G)|a>\>a3}—{l’ 520
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By the branching rule of representations, if s > 3 we get

A= MN(1,0,...,0)® N (0,...,0), dimA; =n+1,

A2,0,...,0) = XN(2,0,...,0)® N(1,0,...,0)®N(0,...,0),

(n+1)(n+2)

dim A(2,0,...,0) = 5

-1,

Xo = N(0,1,0,...,0)@N(1,0,...,0), dimAy =n(n+1)/2,

As = N(0,...,0,1) = X\,_1,
dim \s_; = dim )\, = 257%,

Ifs=3

>\(27 0) O) = A/(2) 0)7 >\1 = >\/(17 0) = )\31
Ae = X(0,0) @ X(0,1),
dim A\(2,0,0) =10, dim A; = dim A3 =4, dim Xy = 6.

Thus we have

(13) n—|—1 Y(n+4)/2, n>5,
n =25,
(n+ 1) n>>5,
" {
(15) =(n+1)?

Finally, we get the following theorem:

2511

Theorem 3.1. The indices, the nullities and the Killing nullities of the totally
geodesic submanifolds in Q, are listed in the following table. Among all the totally
geodesic submanifolds in Q.,, only Q,(n < m) are stable; the nullity and the Killing

nullity are equivalent except for SP x S (p+q=m).

M i(M) n(M) nx (M)
Qn 0 (n+2)(m—n) | (n+2)(m—n)
ST xS p+q=m) m+2 20+ D@+ [ b+ D(g+1)
CP"(m = 2n) 2(n+1) n(n + 1) n(n+1)
RP"(m=2n>10) | (n+D(n+4)/2| (n+1)°-1 (n+1)* -1
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