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THE INDICES, THE NULLITIES AND THE STABILITY OF
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Abstract. In the paper, the stability of totally geodesic submanfolds in the
complex quadratic hypersurfaces: Qm = SO(m+ 2)/SO(m)×SO(2) (m > 1)
is discussed, and the indices, the nullities and the Killing nullities of totally
geodesic submanifolds in Qm are calculated.

1. Introduction

It is always an interesting and important problem to find all stable minimal sub-
manifolds in each symmetric space. In 1980, B.Y.Chen, P.F.Leung and T.Nagano
gave the algorithm of determining the stability of totally geodesic submanifolds
in compact symmetric spaces which was reformulated in 1987 by Y.Ohnita (cf.
[1] and [2]). In [3], B.Y.Cheng and T.Nagano completely classified complete,
connected, totally geodesic submanifolds of the complex quadratic hypersurface:
Qm = SO(m + 2)/SO(2) × SO(m), m > 1. Using their results, we determine the
indices and nullities of all totally geodesic submanifolds in Qm, and discuss their
stability.

Suppose M is a compact minimal submanifold of a Riemannian manifold N
with metric h. The isometric immersion φ : M → N is called stable if the
second derivative of the volume V ol(M,φ∗th) at t = 0 is nonnegative for every
smooth variation {φt} of φ with φ0 = φ. Then we say that M is a stable
minimal submanifold of N . Choose a smooth variation {φt} of φ with φ0 = φ
and (∂/∂t)φt(x)|t=0 = Vx(x ∈M) for any vector field V ∈ Γ(φ−1T (N)). Then the
classical second variational formula is given as follows:

(d2/dt2)V ol(M,φ∗th)|t=0 =

∫
M

〈J (V N ), V N 〉dv

where dv denotes the Riemannian measure of (M, g) and V N the component of V
normal to M . J is a self-adjoint strongly elliptic linear differential operator of order
2 acting on the space Γ(N(M)) of smooth sections of the normal bundle N(M),
called the Jacobi operator of φ. J has discrete eigenvalues µ1 < µ2 < · · · → ∞.
Set

Eµ = {V ∈ Γ(N(M)) | J (V ) = µV }.
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We call the number
∑
µ<0 dimEµ the index of φ or the index of M in N ; denote

it by i(φ) or i(M). It is easy to see that φ is stable if and only if i(φ) = 0. The
number dimE0 is called the nullity of φ and denoted by n(φ) or n(M). Define

P = {XN | X is a Killing vector field on N} ⊂ Γ(N(M)).

Then P ⊂ E0. The dimP is called the Killing nullity of φ and denoted by
nk(φ) or nk(M).

In particular, if M is an m-dimensional compact totally geodesic submanifold
immersed in a compact Riemannian symmetric space N with metric gN , the im-
mersion φ : M → N can be expressed as follows: There are compact symmetric
pairs (U,L) and (G,K) with N = U/L, M = G/K and

φ : M = G/K → N = U/L,

gK → ρ(g)L

where ρ : G → U is an analytic homomorphism with ρ(K) ⊂ L and the injective
differential ρ : g → u satisfying ρ(m) ⊂ p. Here u = l + p and g = k + m are
the Cartan decompositions of u and g, respectively. There exists an adU -invariant
inner product (,) on u such that (,) induces the metric gN on N . By (,) we also
denote the adG-invariant inner product on g induced from (,) through ρ. Let
m⊥ be the smooth orthogonal complement of ρ(m) with p relative to (,), and k⊥

the orthogonal complement of ρ(k) in l . Put g⊥ = k⊥ + m⊥. Then g⊥ is the
orthogonal complement of ρ(g) in u relative to (,), and g⊥ is adρ(G)-invariant.
Let θ be the involutive automorphism of the symmetric pair (U,L). Choose an
orthogonal decomposition g⊥ = g⊥1 ⊕ · · · ⊕ g⊥t such that each g⊥i is an irreducible
adρ(G)-invariant subspace with θ(g⊥i ) = g⊥i . Then the Casimir operator C of the
representation of G on each g⊥i is aiI for ai ∈ C. Put g⊥i = k⊥i + m⊥i , where
k⊥i = k⊥ ∩ g⊥i and m⊥i = m⊥ ∩ g⊥i .

Theorem 1.1 ([1]). The index, nullity and Killing nullity of φ are given as follows :

(1) i(M) =
t∑
i=1

∑
λ∈D(G),aλ>ai

dimHomK(V (λ), (m⊥i )C) dimV (λ);

(2) n(M) =
t∑
i=1

∑
λ∈D(G),aλ=ai

dimHomK(V (λ), (m⊥i )C) dim V (λ);

(3) nK(M) =
t∑

i=1,m⊥i 6=0

dim g⊥i ,

where D(G) is the set of irreducible representations of G and aλ is the eigenvalue
for the Casimir operator of the irreducible G-module (λ, Vλ) relative to (, ).

2. The space Qm and its totally geodesic submanifolds

The main result of [3] is the following theorem. It gave the classification of
all complete, connected, totally geodesic submanifolds of the complex quadratic
hypersurface: Qm = SO(2 +m)/SO(2)× SO(m), m > 1.

Theorem 2.1 ([3]). If M is a maximal totally geodesic submanifold of Qm, M is
one of the following three spaces:

(1) Qm−1;
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(2) a local Riemannian product of two spheres Sp and Sq, p+ q = m;
(3) the complex projective space P (Cn+1) of complex dimension n, 2n = m.

If M is a nonmaximal, totally geodesic submanifold of Qm, M is either contained
in Qm−1 in an appropriate position in Qm, or the real projective space P (Rn+1)
of real dimension n, 2n = m, which is the intersection of P (Cn+1) in (3) and the
local product space in (2) with p = q = n.

Now we have Riemannian symmetric spaces

N = Qm = U/L, U = SO(m+ 2), L = SO(2)× SO(m).

Then u = l + p is the corresponding Cartan decomposition, where

l =

{(
A 0
0 B

)
| A =

(
0 a
−a 0

)
, a ∈ R, B ∈ gl(m), Bt = −B

}
,

p =

{(
0 A
−At 0

)
| A is a matrix of 2 rows and m columns over R

}
.

From now on, we denote the set of matrices of m rows and n columns with
elements in R by R(m,n).

If M is a compact totally geodesic submanifold immersed in N , the immersion
φ : M → N can be expressed as follows: There exist a compact symmetric
pair (G,K) with M = G/K and a homomorphism ρ : G → U such that φ has
form as gK → ρ(g)L. Then ρ(K) ⊂ L and the injective differential ρ : g → u
satisfies ρ(m) ⊂ p. We choose an adU -invariant inner product on u as (X,Y ) =
TrXY (X,Y ∈ u); it induces the metric on Qm. Let g = k +m be the corresponding
Cartan decomposition of g. Below we list the corresponding ρ, k and m in every
case.

1. M = Qn (n < m), ρ : g → u is

A −→
(
A

0

)
∈ u, A ∈ g,

k =


 A

B
0

 | A ∈ gl(2), B ∈ gl(n), At = −A, Bt = −B

 ,

m =


 0 A 0
−At 0 0

0 0 0

 | A ∈ R(2, n)

 .

2. M = Sp × Sq (p+ q = m). ρ : g → u is

(A,B) −→


b11 0 b12 b13 · · · b1,q+1

0 A 0 0 · · · o
b21 0 b22 b23 · · · b2,q+1

b31 0 b32 b33 · · · b3,q+1

· · · · · · · · · · · · · · · · · ·
bq+1,1 0 bq+1,2 bq+1,3 · · · bq+1,q+1

 .
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Here A = (aij) ∈ gl(p+ 1), B = (bij) ∈ gl(q + 1), At = −A, Bt = −B.

k =


 0

A
B

 | A ∈ gl(p), B ∈ gl(q), At = −A, Bt = −B

 ,

m =




0 0 0 X
0 0 Y 0
0 −Y t 0 0
−Xt 0 0 0

 | X ∈ R(1, q), Y ∈ R(1, p)

 .

3. M = CPn = SU(n+ 1)/SU(n) (m = 2n). ρ : su(n+ 1)→ so(2n+ 2) is

A+ iB −→ Pn+1(A,B).

Here Pn+1(A,B) is
a11 b11 a12 b12 · · · a1,n+1 b1,n+1

−b11 a11 −b12 a12 · · · −b1,n+1 a1,n+1

· · · · · · · · · · · · · · · · · · · · ·
an+1,1 bn+1,1 an+1,2 bn+1,2 · · · an+1,n+1 bn+1,n+1

−bn+1,1 an+1,1 −bn+1,2 an+1,2 · · · −bn+1,n+1 an+1,n+1


where A = (aij), B = (bij) ∈ gl(n+ 1), At = −A, Bt = −B, TrB = 0.

k =

{(
0 0
0 Pn(B,C)

)
| Bt = −B, Ct = C, TrC = 0

}
,

m =

{(
0 O(A,B)

−O(A,B)t 0

)
| O(A,B) ∈ R(2, 2n)

}
where

O(A,B) =

(
a1 b1 · · · an bn
−b1 a1 · · · −bn an

)
.

4. M = RPn = SO(n + 1)/SO(n) (m = 2n). ρ : so(n + 1) → so(2n + 2) is
A→ Pn+1(A), and Pn+1(A) equals

a11 0 a12 0 · · · a1,n+1 0
0 a11 0 a12 · · · 0 a1,n+1

· · · · · · · · · · · · · · · · · · · · ·
an+1,1 0 an+1,2 0 · · · an+1,n+1 0

0 an+1,1 0 an+1,2 · · · 0 an+1,n+1


where A = (aij) ∈ so(n+ 1).

k =

{(
0 0
0 Pn(A)

)
| A ∈ so(n)

}
,

m =

{(
0 T (A)

−T (A)t 0

)
| T (A) ∈ R(2, 2n)

}
,

T (A) =

(
a1 0 a2 0 · · · an 0
0 a1 0 a2 · · · 0 an

)
.
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3. The indices, nullities and stability

of the geodesic submanifolds in Qm

We choose the inner product (X,Y ) = TrXY on u = so(m + 2) which induces
the metric on Qm. In every case, we first calculate g⊥, m⊥ and the orthogonal
decomposition of the G-module (g⊥)C.

1. M = Qn (n < m),

g⊥ =

{(
0 B
−Bt C

)
| B ∈ R(n+ 2,m− n), C ∈ gl(m− n), Ct = −C

}
=

{(
0 0
0 C

)}
⊕
{(

0 B
−Bt 0

)}
= g⊥1 ⊕ g⊥2 ,

m⊥1 = 0,

m⊥2 =


 0 0 D

0 0 0
−Dt 0 0

 | D ∈ R(2,m− n)

 .

Obviously the representation of G on g⊥1 is trivial. Below we investigate the G-
module (g⊥2 )C. Let Eij be the square matrix with entry 1 where the i-th row and
j-th column meet, all other entries being 0.

1) If n+ 2 = 2s,m+ 2 = 2(s+ t), set Hi = E2i−1,2i −E2i,2i−1 (1 ≤ i ≤ s); then
h = spanC{Hi}s1 is a Cartan subalgebra of gC. Let Fij = Eij −Eji and

G±jk = F2j−1,2k−1 ± F2j,2k + i(F2j−1,2k ∓ F2j,2k−1) (j 6= k).

It is obvious that

(g⊥2 )C = spanC{G±jk | 1 ≤ j ≤ s < k ≤ s+ t or 1 ≤ k ≤ s < j ≤ s+ t},
(adH)G+

jk = (ej(H)− ek(H))G+
jk ,

(adH)G−jk = sgn(j − k)(ej(H) + ek(H))G−jk

for H ∈ h, where ej(Hk) = −iδjk. So the set of weights of the G-module (g⊥2 )C is

Φ = {±ej, . . . ,±ej︸ ︷︷ ︸
2t

| 1 ≤ j ≤ s}.

We can choose a set of simple roots of (g)C as

R = {αj = ej − ej+1, αs = es−1 + es | 1 ≤ j ≤ s}.
In this orientation, all the dominant weights which are also highest weights are
{e1, . . . , e1︸ ︷︷ ︸

2t

}. But the representation having the highest weight e1 is exactly the

first basic representation ω1 of so(n+ 2), so

(g⊥2 )C = ω1 ⊕ · · · ⊕ ω1︸ ︷︷ ︸
2t

.

Generally, for the representation having the highest weight λ =
∑
i aiωi of g, the

Casimir operator C has the form C = aλI, where

aλ = −(aiωi + 2ρ, ajωj) = −(aiajgij + 2
∑
j,k

ajgjk).

Here ρ is half the sum of positive roots, and the information about gij may be found
in [4].
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Therefore, the Casimir operator C of g on (g⊥i )C has the action aiI (i = 1, 2);
here a1 = 0 and a2 = −(2s− 1). So

{λ ∈ D(G) | aλ > a2} = {0},
{λ ∈ D(G) | aλ = a2} = {ω1}.

It is easy to see that kC = CH1 ⊕ so(n,C). Now m⊥1 = 0, and the set of weights
of the CH1-module (m⊥2 )C is

{1, . . . , 1︸ ︷︷ ︸
2t

,−1, . . . ,−1︸ ︷︷ ︸
2t

}.

Since the action of so(n,C) on (m⊥2 )C is trivial, as a K-module,

(m⊥2 )C =
⊕
2t

(λ(1, 0, . . . , 0)⊕ λ(−1, 0, . . . , 0)).

By the branching rule of representations [5], dimω1 = 2s = n+ 2,

ω1 =

{
λ(1, 1, 0, . . . , 0)⊕ λ(1, 0, . . . , 0)⊕ λ(−1, 0, . . . , 0), s > 3

λ(1, 0, 1, 0, . . . , 0)⊕ λ(1, 0, . . . , 0)⊕ λ(−1, 0, . . . , 0), s = 3.

So we have

i(M) = 0,(1)

n(M) = (n+ 2)(m− n),(2)

nK(M) = (n+ 2)(m− n).(3)

2) If n+ 2 = 2s,m+ 2 = 2(s+ t) + 1, let

D±j = F2j−1,m+2 ± iF2j,m+2, 1 ≤ j ≤ s.

Then

(adH)D±j = ±ej(H)D±j , 1 ≤ j ≤ s, H ∈ h.

The set of dominant weights which are also the highest weights of the g-module
(g⊥2 )C is

{ω1, . . . , ω1︸ ︷︷ ︸
2t+1

}.

Using methods similar to 1) we get

i(M) = 0,(4)

n(M) = 2s(2t+ 1) = (n+ 2)(m− n),(5)

nK(M) = (n+ 2)(m− n).(6)

For other cases of m+2 and n+2, we can get the same results by similar discussion.
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2. φ : M = Sp×Sq −→ Qm (p+q = m). By a series of similarity transformations,
we have

g =

{(
A

B

)
| A ∈ so(p+ 1), B ∈ so(q + 1)

}
,

k =




0 0 0 0
0 A 0 0
0 0 0 0
0 0 0 B

 | A ∈ so(p), B ∈ so(q)

 ,

m =




0 X 0 0
−Xt 0 0 0

0 0 0 Y
0 0 −Y t 0

 | X ∈ R(1, p), Y ∈ R(1, q)

 ,

g⊥ =

{(
0 B
−Bt 0

)
| B ∈ R(p+ 1, q + 1)

}
,

m⊥ =




0 0 0 Y
0 0 X 0
0 −Xt 0 0
−Y t 0 0 0

 | X ∈ R(1, p), Y ∈ R(1, q)

 .

If p + 1 = 2s, q + 1 = 2t, choose Hi = E2i−1,2i − E2i,2i−1 (1 ≤ i ≤ s + t);
then h = span{Hi}s+t1 is a Cartan subalgebra of gC = (so(2s) ⊕ so(2t))C. By a
similar discussion as before, we know (g⊥)C is an irreducible g-module. It has the
highest weight λ(1, 0, . . . , 0 − 1, 0, . . . , 0), so it is the tensor product of the first
basic representations of so(2s) and so(2t). And

a = −(λ(1, 0, . . . , 0− 1, 0, . . . , 0) + 2ρ, λ(1, 0, . . . , 0− 1, 0, . . . , 0))

= −(λ1(1, 0, . . . , 0︸ ︷︷ ︸
s−1

) + 2ρ1, λ1(1, 0, . . . , 0))

−(λ2(1, 0, . . . , 0︸ ︷︷ ︸
t−1

) + 2ρ2, λ2(1, 0, . . . , 0))

= −2(s+ t− 1),

{λ ∈ D(G)|aλ > a} = {0, λ(1, 0, . . . , 0− 0, . . . , 0), λ(0, . . . , 0− 1, 0, . . . , 0)},
{λ ∈ D(G)|aλ = a} = {λ(1, 0, . . . , 0− 1, 0, . . . , 0)}.

Considering k = so(p)⊕ so(q), we have

(m⊥)C = (m⊥1 )C ⊕ (m⊥2 )C

as a K-module, where

m⊥1 =




0
X

−Xt

0

 | X ∈ R(1, p)

 ,

m⊥2 =




Y
0

0
−Y t

 | Y ∈ R(1, q)

 .



2508 ZHAO QIANG

It is obvious that the actions of so(p) on m⊥1 and so(q) on m⊥2 are their standard
representations. Thus, as a K-module,

(m⊥)C = λ′(1, 0, . . . , 0− 0, . . . , 0)⊕ λ′(0, . . . , 0− 1, 0, . . . , 0).

But

λ(1, 0, . . . , 0− 0, . . . , 0) = λ′(0, . . . , 0− 0, . . . , 0)⊕ λ′(1, 0, . . . , 0− 0, . . . , 0),

dimλ(1, 0, . . . , 0− 0, . . . , 0) = p+ 1, dimλ(0, . . . , 0− 1, 0, . . . , 0) = q + 1,

λ(1, 0, . . . , 0− 1, 0, . . . , 0) = λ′(1, . . . , 0− 1, 0, . . . , 0)

⊕λ′(1, 0, . . . , 0− 0, . . . , 0)⊕ λ′(0, . . . , 0− 1, 0, . . . , 0)⊕ λ′(0, . . . , 0− 0, . . . , 0),

dimλ(1, 0, . . . , 0− 1, 0, . . . , 0) = (p+ 1)(q + 1).

So we have

i(M) = m+ 2,(7)

n(M) = 2(p+ 1)(q + 1),(8)

nK(M) = (p+ 1)(q + 1).(9)

We have the same results for the other cases of p and q by similar discussion.
3. φ : CPn = SU(n+ 1)/SU(n) −→ Q2n (m = 2n),

g⊥ = {Q(A,B)|A,B ∈ so(n+ 1)},

m⊥ =

{(
0 s(a, b)

−s(a, b)t 0

)
| s(a, b) ∈ R(2, 2n)

}
.

Here, for A = (aij), B = (bij), Q(A,B) is
a11 b11 a12 b12 · · · a1,n+1 b1,n+1

b11 −a11 b12 −a12 · · · b1,n+1 −a1,n+1

· · · · · · · · · · · · · · · · · · · · ·
an+1,1 bn+1,1 an+1,2 bn+1,2 · · · an+1,n+1 bn+1,n+1

bn+1,1 −an+1,1 bn+1,2 −an+1,2 · · · bn+1,n+1 −an+1,n+1

 ,

s(a, b) =

(
a1 b1 · · · an bn
b1 −a1 · · · bn −an

)
.

A Cartan subalgebra of g can be imbedded in u as

h = {
n+1∑
i=1

ciHi |
∑
i

ci = 0}.

The set of the weights of the g-module (g⊥)C =
∑
j 6=k CG−jk is

{±(ej + ek) | j 6= k}.

Choose {e1 − e2, e2 − e3, . . . , en − en+1} as the set of simple roots of gC. The
dominant weights of (g⊥)C are e1+e2 and −en−en+1. By comparing the dimensions
among (g⊥)C and the spaces of the representations having the highest weights
{e1 + e2,−en − en+1}, we know

(g⊥)C = λ(0, 1, 0, . . . , 0)⊕ λ(0, . . . , 0, 1, 0).

Since (m⊥)C =
∑
k>1(CG−1k ⊕ CG−k1) and {

∑n+1
i=2 ciHi|

∑
i ci = 0} is a Cartan

subalgebra of k = su(n), the set of the weights of (m⊥)C is {±ek}n+1
k=2 . If we choose
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{ei − ei−1|2 ≤ i ≤ n} as the set of simple roots of k , the dominant weights of the
k -module (m⊥)C are e2 and −en+1. So

(m⊥)C = λ′(1, 0, . . . , 0)⊕ λ′(0, . . . , 0, 1),

a = −(λ(0, 1, 0, . . . , 0) + 2ρ, λ(0, 1, 0, . . . , 0))

= −(λ(0, . . . , 0, 1, 0) + 2ρ, λ(0, . . . , 0, 1, 0))

= −2(n− 1)(n+ 2)/(n+ 1),

aλk = −k(n− k + 1)(n+ 2)/(n+ 1) for λk = λ(0, . . . , 0, 1,︸ ︷︷ ︸
k

0, . . . , 0);

{λ ∈ D(G)|aλ > a} = {0, λ1, λn},
{λ ∈ D(G)|aλ = a} = {λ2, λn−1}.

By the branching rule of representations, we know

λ1 = λ′(1, 0, . . . , 0)⊕ λ′(0, . . . , 0), λn = λ′(0, . . . , 0, 1)⊕ λ′(0, . . . , 0),

λ2 = λ′(0, 1, 0, . . . , 0)⊕ λ′(1, 0, . . . , 0),

λn−1 = λ′(0, . . . , 0, 1)⊕ λ′(0, . . . , 0, 1, 0),

dimλ1 = dim λn = n+ 1, dimλ2 = dimλn−1 = n(n+ 1)/2.

Therefore we get

i(M) = 2(n+ 1),(10)

n(M) = n(n+ 1),(11)

nK(M) = n(n+ 1).(12)

4. RPn = SO(n + 1)/SO(n) −→ Q2n (m = 2n). Through a series of similarity
transformations, we have

g =

{(
A

A

)
| A ∈ so(n+ 1)

}
,

k =




0
A

0
A

 | A ∈ so(n)

 ,

m =




0 X 0 0
−Xt 0 0 0

0 0 0 X
0 0 −Xt 0

 | X ∈ R(1, n)

 ,

g⊥ = g⊥1 ⊕ g⊥2 ⊕ g⊥3 ,

m⊥ = m⊥1 ⊕m⊥2 ⊕m⊥3 ,
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where

g⊥1 =

{(
C
−C

)
| C ∈ so(n+ 1)

}
,

g⊥2 =

{(
0 B
−Bt 0

)
| B = Bt ∈ gl(n+ 1)

}
,

g⊥3 =

{(
0 B
−Bt 0

)
| B ∈ so(n+ 1)

}
,

m⊥1 = 0, m⊥2 =




X
−Xt

X
−Xt

 | X ∈ R(1, n)

 ,

m⊥3 =




X
Xt

−X
−Xt

 | X ∈ R(1, n)

 .

It is easy to see

(g⊥2 )C = (g⊥21)C ⊕ (g⊥22)C,

where

(g⊥21)C = λ(0, . . . , 0), (g⊥22)C = λ(2, 0, . . . , 0),

(m⊥21)C = 0, (m⊥22)C = (m⊥2 )C.

Without loss of generality, suppose n = 2s− 1; then

(g⊥1 )C = λ(0, 1, 0, . . . , 0), (g⊥3 )C = λ(0, 1, 0, . . . , 0).

As a K-module, it is easy to see

(m⊥2 )C = λ′(1, 0, . . . , 0), (m⊥3 )C = λ′(1, 0, . . . , 0).

So a21 = −(4s− 2), a3 = −4(s− 1). For λk = λ(0, . . . , 0, 1,︸ ︷︷ ︸
k

0, . . . , 0), we have

aλk = −k(2s− k) (1 ≤ k ≤ s− 2), aλs = aλs−1 = −s2/2.

{λ ∈ D(G) | aλ > a21} =


{λ1, λ2}, s > 8,

{λ1, λ2, λs−1, λs}, 3 ≤ s ≤ 7,

{λ1, λ2, λ3}, s = 3,

{λ ∈ D(G) | aλ = a21} = λ(2, 0, . . . , 0),

{λ ∈ D(G) | aλ > a3} =

{
λ1, s > 6,

{λ1, λs−1, λs}, s ≤ 6,

{λ ∈ D(G) | aλ = a3} = λ2.
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By the branching rule of representations, if s > 3 we get

λ1 = λ′(1, 0, . . . , 0)⊕ λ′(0, . . . , 0), dimλ1 = n+ 1,

λ(2, 0, . . . , 0) = λ′(2, 0, . . . , 0)⊕ λ′(1, 0, . . . , 0)⊕ λ′(0, . . . , 0),

dim λ(2, 0, . . . , 0) =
(n+ 1)(n+ 2)

2
− 1,

λ2 = λ′(0, 1, 0, . . . , 0)⊕ λ′(1, 0, . . . , 0), dimλ2 = n(n+ 1)/2,

λs = λ′(0, . . . , 0, 1) = λs−1,

dim λs−1 = dimλs = 2s−1.

If s = 3

λ(2, 0, 0) = λ′(2, 0), λ1 = λ′(1, 0) = λ3,

λ2 = λ′(0, 0)⊕ λ′(0, 1),

dimλ(2, 0, 0) = 10, dimλ1 = dimλ3 = 4, dimλ2 = 6.

Thus we have

i(M) =

{
(n+ 1)(n+ 4)/2, n > 5,

16, n = 5,
(13)

n(M) =

{
(n+ 1)2 − 1, n > 5,

0, n = 5,
(14)

nK(M) = (n+ 1)2 − 1.(15)

Finally, we get the following theorem:

Theorem 3.1. The indices, the nullities and the Killing nullities of the totally
geodesic submanifolds in Qm are listed in the following table. Among all the totally
geodesic submanifolds in Qm, only Qn(n < m) are stable; the nullity and the Killing
nullity are equivalent except for Sp × Sq (p+ q = m).

M i(M) n(M) nK(M)

Qn 0 (n+ 2)(m− n) (n+ 2)(m− n)

SP × Sq(p+ q = m) m+ 2 2(p+ 1)(q + 1) (p+ 1)(q + 1)

CPn(m = 2n) 2(n+ 1) n(n+ 1) n(n+ 1)

RPn(m = 2n > 10) (n+ 1)(n+ 4)/2 (n+ 1)2 − 1 (n+ 1)2 − 1

References

1. Y.Ohnita, On stability of minimal submanifolds in compact symmetric spaces, Compsitio
Math., 64(1987), 157-189. MR 88k:53082

2. B.Y.Chen, Geometry of slant submanifolds, Katholieke Universiteit Leuven, 1990. MR
92d:53047

3. B.Y.Chen and T.Nagano, Totally geodesic submanifolds of symmetric spaces I, Duke Math.

J., 44(1977), 745-755. MR 56:16543
4. E.B.Dynkin, Semisimple subalgebras of semisimple Lie algebras, Amer. Math. Soc. Transl.

Ser. 2, vol. 6, Amer. Math. Soc., Providence, RI, 1957, pp. 111-244. (Russian original) MR
13:904c



2512 ZHAO QIANG

5. W.G.Mckay and J.Patera, Tables of dimensions, indices, and branching rules for representa-
tions of simple Lie algebras, Lecture Notes in Pure and Applied Mathematics, vol. 69, Marcel
Dekker, New York and Basel, 1981. MR 82i:17008

Department of Mathematics, Beijing University, Beijing, 100871, People’s Republic

of China

Department of Mathematics, Northwest Normal University, Lanzhou, 730070, Peo-

ple’s Republic of China


