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LASZLO ZSILINSZKY

(Communicated by Franklin D. Tall)

ABSTRACT. Sufficient conditions for abstract (proximal) hit-and-miss hyper-
space topologies and the Wijsman hyperspace topology, respectively, are given
to be Baire spaces, thus extending results of McCoy, Beer, and Costantini.
Further the quasi-regularity of (proximal) hit-and-miss topologies is investi-
gated.

0. INTRODUCTION

Recently there has been considerable interest in investigating properties of so-
called hit-and-miss, resp. proximal hit-and-miss hyperspace topologies, i.e. topolo-
gies on the class CL(X) of all nonempty closed subsets of a topological, resp. uni-
form space X (see [B2], [BT1], [BT2], [DMH], [V]). To describe these topologies, for
any £ C X denote E~ ={A € CL(X);ANE #0}, Et ={Ae CL(X);AC E}.
Further if (X, ) is a uniform space, put 7T = {A € CL(X);3U € U with U[A] C
E}, where U[A] = {z € X;3 a € A with (z,a) € U}. Sets in E~ “hit” E, whereas
sets in ET “miss” the complement E° of E and sets in ETT are “far” from E°.
The abstract hit-and-miss topology for CL(X) (first studied by Poppe in [P1], [P2])
has as a subbase all sets of the form V~, where V' is an arbitrary open subset of
X plus all sets of the form (B¢)T, where B ranges over a given nonempty family
A C CL(X). If (X,U) is a uniform space and (B°)" is replaced by (B°)** in
the above definition we get the so-called prozimal hit-and-miss topology (cf. [B2]).
Varying A we obtain diverse hyperspace topologies: if A = CL(X) the familiar
Vietoris topology Ty (cf. [KT], [Mi]), resp. the prozimal Vietoris topology T,y (cf.
[DMN], [BLLN]); if A = nonempty closed compact subsets of X, the Fell topology
TF (cf. [F], [KT]), resp. the prozimal Fell topology Tpr (this clearly coincides with
7r in case of a Hausdorff space X); if A = closed proper balls in a metric space,
the ball topology T, resp. ball-prozimal topology T, (cf. [HL], [BT1]). For other
topologies see [B2].

If (X, d) is a metric space we will consider one more hyperspace topology, the so-
called Wijsman topology Ty, which is the weak topology generated by the distance
functionals d(z, A) = inf{d(z,a);a € A} (where x € X, # A C X) viewed as
functionals of set argument (see [FLL], [B2]). Although this topology is neither
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hit-and-miss nor proximal hit-and-miss in general (cf. [HL]), it is a fundamental
tool in the construction of the lattice of hyperspace topologies, for most of the
above and many other known topologies arise as suprema and infima, respectively,
of appropriate Wijsman topologies (cf. [BLLN], [CLP]).

The question as to when the hyperspace is a Baire space, i.e. a space where every
countable intersection of dense open subsets is dense, has been thoroughly investi-
gated by McCoy in [MC] for the Vietoris topology. For other hyperspace topologies
there are only partial results, e.g. if X is a locally compact Hausdorff space, then
(CL(X),7F) is a locally compact Hausdorff space ([KT]), hence a Baire space as
well; or if X is metrizable with a separable complete metric, then (CL(X), Ty ) is
completely metrizable ([B1], [C]) and is thus a Baire space. It is the purpose of
this paper to find sufficient conditions for the Baireness of abstract (proximal) hit-
and-miss topologies and as a consequence also for the Wijsman topology. We will
make use of [MC], properly modifying and extending its techniques and ideas. In
order to achieve this we first find conditions for the quasi-regularity of (proximal)
hit-and-miss topologies. It turns out that (C'L(X), 7,v) is a Baire space if X is e.g.
a Baire uniform space with a countable pseudo-base; (CL(X), 7r) is a Baire space
if X is almost locally compact and nonempty closed compact subsets of X have
open neighbourhoods with compact closure; (CL(X), 7,r) is a Baire space if X is a
locally compact uniform space; and finally CL(X) endowed with 75, 7,5, and T,
respectively is a Baire space if X is a separable Baire metric space or a completely
metrizable space.

1. NOTATION AND TERMINOLOGY

Let (X, T) be a topological space and w stand for the set of all positive integers.
Let CL(X), K(X) be respectively the nonempty closed and nonempty closed com-
pact subsets of X. If E C X, then E, intE will stand for the closure and interior,
respectively, of E in X. In a metric space (X,d) denote by S(z,r) (B(x,r)) the
open (closed) ball about x of radius r > 0 and write B(X) for the nonempty closed
proper balls of X. Given nonempty sets A, B C X define the gap between them
as D(A, B) = inf{d(a,b);a € A,b € B}. Throughout the paper when speaking of
notions concerning uniform spaces we will assume that X is endowed with a uni-
formity U. A topological space X is said to be Ry (pseudo-Ry) if every nonempty
open subset of X contains the closure of each (of some) of its points (cf. [D], [Zs]);
further X is called quasi-regular if every nonempty open set contains a closed set
with nonempty interior.

A collection P C 7\ {0} is said to be a pseudo-base for X if every nonempty
T-open set contains a member of P (cf. [O]). Define the following sets ([MC]):

SX,P)={f:P—-P;f(U) CU for every U € P} and
RS(X,P)={f:P—P;f(U)CU for every U € P}.
If U € Pand f,g € S(X,P) or RS(X,P), define [U, f, g1 = g(U) and for i > 1
U, f,gli—1), ifiis even,
U, f.9li = SUU,foli), i
9([U, f,gli-1), ifiis odd.

Write (Uy,...,U,)5 for (B )+ ﬁﬂz U7 C CL(X), further (Uy,...,U,)5" for
(BT N, Uy and (Uy,...,Un)p for [T (BN U;) x [[;2,,, B° € X,
where B,Uy,..., U, C X (n E w). Then for any U = (Uy,...,U,)} (resp.
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U = (Uy,...,U,)§") we can assign U, = (U, ..., U,)% and conversely for any U =
(Ut,...,Un)5 we can put Uy = (Uy,...,U,) % (vesp. Usy = (Uy,...,U,)5"). In
what follows A will be a fixed nonempty subfamily of CL(X) and Ag = AU {0}.
For A’ C Ag denote by X(A’) the set of all finite unions of members of A’. Then
Bh ={(U1,...,Un)5; B € ¥(Ag),Un,...,U, € T,n € w} is a base for a topology
A on X¢. Indeed, if U = (Uy...,Un)5, V= (Vi,...,Vin)h € BX and n > m,
then

UnNnvV=UnW,...,.U,NVy,Unt1,....Un)5up € Ba-

The hit-and-miss topology (resp. proximal hit-and-miss topology) TI (resp. TZ"’)
on CL(X) has as a base B (resp. BL{™") all sets of the form (Un,...,U,)5 (resp.
(Ut,...,Un)E"), where B € %(A),Uy,...,U, € 7, n € w. The symbols cl,(E),
cl+(E) and cl4+(E) will stand for the closure of E in (X*,74), (CL(X),7X) and
(CL(X),7{T), respectively. Whenever f : By — B, define £, (U) = (f(U.))+
(f++(U) = (f(U.))44) for every U € Bf (U € BL") and conversely whenever
FiBY =B (f:BL — BLY) define £.(U) = (f(U4) (£.(U) = (F(Us).)
for every U € BA. A mapping f from a topological space X onto a topological
space Y is said to be feebly continuous (feebly open) if intf=1(V) # 0 (intf(U) # 0)
for any nonempty open V.C Y (U C X). A feeble homeomorphism is a feebly
continuous feebly open bijection (cf. [HMC]).

2. AUXILIARY RESULTS
The following characterization of Baire spaces is proved in [MC] (Theorem 2.3).

Theorem 2.1. Let X be a quasi-reqular space and P a pseudo-base for X. Then
X is a Baire space if and only if for every U € P and f € RS(X,P) there exists
g € S(X,P) such that (;2,[U. f,gli # 0.

Lemma 2.2. (i) Suppose that X has a countable pseudo-base and there exists a
countable family A" C A such that whenever B € ¥(A),B # X and W; € 7\ {0}
are disjoint for each 1 <1i <n (n € w) there exists D € X(A') such that BC D C X
and W; N D¢ # 0 for every 1 <i <n. Then (X“,7X) has a countable pseudo-base.

(ii) If X is a Baire space and (X*,TX) has a countable pseudo-base, then (X%, TX)
18 a Baire space.

Proof. (i) Let P be a countable pseudo-base for X. Then {(Ui,...,U,)5;B €
S(A"UA{D}),Us,...,U, € P,n € w} forms a countable pseudo-base for X*. As
for (ii), it can be shown analogously to the proof of Theorem 2.6 in [O]. The only
difference is that instead of the sequence {Y("#)}, we should consider a sequence

Bl(cn’“) = 1>, Bi for some By € ¥(Ao) (k € w). O

Lemma 2.3. Let B € ¥(A¢) and Uy, ..., U, € 7 (n €w). Then
Q) o ((U,...,Un)s) = (Ui ABS,....Us N B,
(i) if X s pseudo-Ro, then cl+((Ux,...,Uy)5) D (U1 N BS,...,U, N B} 5
(iil) elst((Us,...,U)ET) D (UL N Be,...,U, N B} .

Proof. (i) This follows from the definition of closure in (X, 7) and (X*, 7} ), respec-
tively.

(ii) The proof of Hilfsatz 5(b) in [P2] works for pseudo-Ry spaces as well if
point-closures are used instead of singletons.
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(iii) Let A € (U1 N BS,...,U, N B)} 5 and denote U = (Uy,...,U,)5". Let
V = (Vi,..., V)5 be a 7{"-neighbourhood of A. Then U[A] N U[D] = ( for
some U € U. It is not hard to find a; € U[A]NU; N B¢ and b; € U[A]NV; N B¢
foreach 1 < ¢ < mnand 1 < j < m. Then there exist entourages W; and Z;
with a;, € Wi[B]® and b; € Z;[B]° for all 1 < i < mand 1 < j < m. Put
V=UNNL, WL Z; €U. Then Ag = U, {a:i} VU, {b;} C V[BI%, so
Ap € (B¢)™T; consequently 4g € UNV, whence A € cl, . (U). O

Lemma 2.4. Let B,D € X(Ag) and Uy, ..., Uy, V1,..., Vi € 7 (m,n € w). Then
(VinDe,...,.V,,n Do) o Cﬁ]l,...,Un)E (resp. VinDe,...,.ViuN D). C
(Ut,...,Un)E") implies that D C B¢ and for all 1 <1i < n there exists 1 < j <m
such that V; N D¢ C Uj.

Proof. Let A € (VinDe,...,V,,N D)t =V and denote U = (Uy,...,U,)%.
Suppose that Ag = D°NB # (). Then AUAq € V\ U, which is a contradiction; thus
D¢ C Be. Similarly, if there exists an 1 < i < n such that A; = V; N D¢\ U; # 0
for each 1 < j < m, then U;nzl Aj eV \ U, and the proof follows. As for the

statement in parentheses observe that always (Uy,...,U,) 5" C (Ur,...,Uy) 5. O

Lemma 2.5. We have

(i) f+ € S(CL(X),BX) (f++ € S(CL(X),BX™")) for every f € S(X*,BX);

(i) if X is pseudo-Ro, then f. € RS(X*,BY) for each f € RS(CL(X),BX),
(iii) f. € RS(X¥,By) for each f € RS(CL(X),BX™).
Proof. Only (ii) and (iii) need some comments. Let f € RS(CL(X),BX) and de-
note U= (Uy,...,U,)%5 € Bi. Then f(U;) = (V4,..., V)5, € Bf and by Lemma
2.3(ii) we get (VAN De,..., Vi, N D) ., C elye((Va,...,Vin)}) = e+ (f(U4)) C
U,. In virtue of Lemma 2.4 D¢ C B¢; further Vi,...,V}, can be chosen so that
V;nDe CcU;N B for all 1 < j <m. Then by Lemma 2.3(i) we have

o (f+(U)) = clu(V1, ..., Vin)p) = Vi N D, Vin N D)
= ((‘/1 chv'”va ﬁDc)j;ztD)* c (U+)* = U7

hence f, € RS(X¥,B}). Finally (iii) follows analogously from Lemma 2.3(iii) and
Lemma 2.4. |

3. QUASI-REGULARITY OF (PROXIMAL) HIT-AND-MISS TOPOLOGIES

We will say that A € CL(X) is a quasi-Urysohn (uniformly quasi-Urysohn)
family provided whenever B € X(A) and W; € 7\ {0} are disjoint for each 1 <i <n
(n € w), there exists D € X(A) such that B C intD ¢ D (U[B] C D for some
U elU) and W;N D # ( for every 1 <4 < n. We will say that X is A-quasi-regular
provided whenever W € 7\ {0} there exists B € A such that § # intB C B C W.
If A = CL(X) this reduces to quasi-regularity of X and for A = K(X) we get so-
called almost locally compact spaces (cf. [MCN]). Further X will be called uniformly
A-quasi reqular provided whenever ) # W is an open subset of X there exists B € A
and U € U with U[B] C W. This condition holds for A = CL(X), K(X) and B(X).

Theorem 3.1. (i) If (CL(X),7X) (resp. (CL(X),7X")) is quasi-regular, then A
is a (uniformly) quasi-Urysohn family and X is quasi-reqular. Further in both cases
(XY, 7X) s quasi-regular.
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(i) If X is (uniformly) A-quasi-reqular and A is a (uniformly) quasi-Urysohn
family, then (CL(X),7X) (resp. (CL(X),7{")) is a quasi-regular space.

Proof. (i) Suppose that there exists a non-pseudo-Ry X such that (CL(X),7%) is
quasi-regular. Then there exists a nonempty T-open V with V* = () and we can
find A € V™ and V € Bf such that A € V C cl+(V) C V™. Then similarly to
Lemma 1 in [Zs] it follows that ANV € cl;.({A}) C ¢l (V) C V~, which is a
contradiction. So X is pseudo-Rg. Now if U € 7\ {0}, then the quasi-regularity
of 7X yields a nonempty (Vi,...,V;,)s € B4 with 71{-closure contained in U~. In
virtue of Lemma 2.3(ii) and Lemma 2.4 we get that () # V; NS¢ C U for some
1 < j < m, which implies the quasi-regularity of X. Finally, if B € X(A) and
W; € 7\ {0} are disjoint for each 1 < i < k (k € w), then there exists a nonempty
U = (Uy,...,U,)}, € Bf such that U C ¢l (U) € (Wy,..., W)} According to
Lemma 2.3(ii) we have D¢ € (Wy,...,Wg)E, so D¢ C B¢ and W; N D¢ # () for
all 1 <14 < k; whence A is a quasi-Urysohn family. The proximal case works out
similarly making use of Lemma 2.3(iii) and Lemma 2.4. Finally the quasi-regularity
(complete regularity) of X and that A is a (uniformly) quasi-Urysohn family easily
imply the quasi-regularity of (X*,7X) by Lemma 3.3(i).

(ii) Take a nonempty U = (Uy,...,U,)}5 € BL. We can choose D € $(A) such
that B C intD C D and U; N D¢ # @ for all 1 <4 < n. Further pick S; € A with
0 #intS; C S; C U;ND¢, and z; € intS; with {z;} C intS; for every 1 <i < n. Put
V = (intS1,...,intS,)},. Then J;_, {z;} € V and if C € cl+(V) \ U, then either
C g B¢ or CNU; =0 for some 1 <7 < n. In the first case C € (intD)~ and in the
second C € (S£)*, contradicting C € ¢l (V). It means that ) # V C ¢l (V) C U,
so (CL(X),7%) is quasi-regular. The proximal case works similarly. Indeed, if
now U = (Uy,...,U,) 5t € BL", then we can choose D € L(A) and U € U
with U[B] € D and U; N D¢ # @, further S; € A and W; € U with W;[S;] C U;
(1 <i <mn). Then UJ;_, Si € Wi[Si],...,W,[Sn])5t = V and an argument
similar to that for the hit-and-miss case applies. O

Remark 1. The necessary conditions for quasi-regularity of the (proximal) hit-and-
miss topology in Theorem 3.1(i) are not sufficient conditions. Indeed, consider
X = [0,2] with the Euclidean metric, and put U = [0,1) and A = {[z,2];z €
(1,2]}. Then A is a quasi-Urysohn family; further U¢N B¢ € ¢l (U)\ U~ whenever
U = (Uy,...,U,)5 € BL. It means that (CL(X),71) is not quasi-regular. The
proximal case works out similarly. Finally, according to Lemma 2.3(i) (X, 7X) is

quasi-regular; thus, quasi-regularity for 73 does not imply quasi-regularity for TX

(resp. 7AT) in general.
Corollary 3.2. (i) (CL(X),7v) is quasi-regular if and only if X is quasi-reqular;
(i) Let X be a uniform space. Then (CL(X),T,v) is quasi-reqular.

Proof. (i) Observe that if A = CL(X), then A-quasi-regularity of X as well as
the quasi-Urysohn property for A coincide with quasi-regularity of X. As for (ii)
observe that both conditions of Theorem 3.1 follow from complete regularity of the
uniform topology. O

Corollary 3.3. (i) (CL(X),7r) is quasi-regular if and only if X is almost locally
compact and the closed compact subsets of X have open neighbourhoods with com-
pact closure.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2580 LASZLO ZSILINSZKY

(ii) (CL(X),Tpr) is quasi-regular if and only if X is a locally compact uniform
space.

Proof. (i) Sufficiency: If B € K(X) and U; is a nonempty 7-open set disjoint to
B for each 1 < i < n (n € w), we can choose a closed compact subset B; of
U; with nonempty interior. Further m is compact for each x € B, so there ex-
ists a nonempty 7-open neighbourhood V, of z with compact closure such that
Ve € Ni_, B. Then the compactness of B guarantees a finite family V., ..., V,, .
covering B, hence choosing D = U;"Zl V., we see that K(X) is a quasi-Urysohn
family. Now Theorem 3.1(ii) applies. Conversely, in view of Theorem 3.1(i) it
suffices to show that quasi-regularity of the Fell topology forces almost local com-
pactness on X. So let W € 7\ {(}. First suppose that some closed compact subset
of X meets W. Then there exists K € K(X) with W NnintK # 0 (K(X) is a
quasi-Urysohn family by Theorem 3.1(i)), hence the quasi-regularity of X yields
a K1 € K(X) with § # intK; C K; C W. Suppose now that no member of
K(X) meets W. By the quasi-regularity of (CL(X),7r) we get some nonempty
W = (W,..., Wk)g € 7 with 7p-closure contained in W—. If SN W€ # (), then
it is not hard to show that SeNWe¢ € clp(W) C W, which is a contradiction.
Consequently S¢ = W and W has no nonempty open subset different from W.
Accordingly W is compact and from quasi-regularity of X we can infer that W is
closed as well, which contradicts the choice of W.

(ii) It has been already mentioned that a uniform space is always K (X )-quasi-
regular. Further an easy compactness argument yields that local compactness of X
implies that K (X) is a uniformly quasi-Urysohn family. Conversely, the uniform
topology is Ry, so point-closures are compact; thus applying the uniform quasi-
Urysohn property for point-closures we get local compactness of X. O

Corollary 3.4. Let (X,d) be a metric space. Then (CL(X),7g) and (CL(X), 7pB)
are quasi-regular.

Proof. Let B =JjL, B(x;, ;) € %(B(X)) and W; = S(y;, 8;) be disjoint for each
1<i<n(yi € X,0 >0). Then v; = mini<;<, d(z;,y;) > «; for every 1 < j <
m, so choosing D = UjL, B(z;, 2275 we easily get that B(X) is a (uniformly)
quasi-Urysohn family. As for (uniform) “ball”-quasi-regularity it suffices for any
W = S(z,a) to pick B = B(z, §). |

Remark 2. Note here that the ball and the ball-proximal topology need not be
regular in general (see [HL] and [H], Theorem 4.1).

4. BAIRE SPACES AND (PROXIMAL) HIT-AND-MISS TOPOLOGIES

By a proper modification of the proof of Theorem 3.8 in [MC] we can prove our
main theorem.

Theorem 4.1. Suppose that (X, 7x) is a Baire space and (CL(X),7{) (respec-
tively (CL(X),7X")) is quasi-regular. Then (CL(X),7X) (resp. (CL(X),7XT)) is
a Baire space.

Proof. Let U € Bf and f € RS(CL(X),BX). Then by Theorem 3.1(i) X is
pseudo-Ry, so by Lemma 2.5(ii) f, € RS(X¥,B%). Further in view of Theorem
3.1(1) (X¥, 7X) is a quasi-regular Baire space; thus according to Theorem 2.1 there
exists g € S(X“, BX) such that ;2 [Us, f«, g]; contains some element (zj); € X“.
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It can be shown that [U, f, g+]2n = ([Ux, fx, gl2n)+ for all n € w (cf. [MC],Theorem
3.8). Observe that by Lemma 2.5(i) g € S(CL(X),BX). Now whenever n > 1,
then (zx)i € [Us, fx, gl2n = (Ur,...,Un)% for some Uy,..., U, € 7, B € X(Ay)
and m € w. Consequently x; € B¢ for all k € w and x, € Ux N B¢ for each
1 <k <m Then A = {z);k €w} C B and AN (Uy N B¢) #  for every
1 <k < m, thus in virtue of Lemma 2.3(ii) we have

Ae(UinNB....,U,NB)} o Celi((Un,...,Un)E)
= cl+(([Us, fx, gl2n)+) = i ([U, £, 9+]2n) = el (f(9+([U, f, 9+]2n—2)))
C g9+([U, f,9+]2n-2) C [U, f,9+]2n—2
for every n > 1. Accordingly (2, [U, f,g+]i # 0, so (CL(X),7X) is a Baire space
by Theorem 2.1.
Finally an analogous argument justifies the theorem for the proximal hit-and-

miss topology as well. It suffices only to use Lemma 2.5(iii) instead of Lemma
2.5(ii) and Lemma 2.3(iii) instead of Lemma 2.3(ii). O

Corollary 4.2. Let X be a (uniformly) A-quasi-regular Baire space with a count-
able pseudo-base. Suppose that A contains a countable (uniformly) quasi-Urysohn
family A" (i.e. in the definition of (uniformly) quasi-Urysohn family we require

D e x(A)).
Then (CL(X),7X) (resp. (CL(X),7X")) is a Baire space.
Proof. See Lemma 2.2, Theorem 3.1(ii) and Theorem 4.1. O

In the sequel we will adopt the informal definition of complete spaces (cf. [FK]),
i.e. spaces that can be proved Baire by an argument similar to the proof of the Baire
Category Theorem. Examples of such spaces are e.g. the completely metrizable
spaces, locally compact regular (Hausdorff) spaces, pseudo-complete spaces, Cech-
complete spaces or the (weakly) a-favourable spaces (see [HMC], [AL], [W]).

Theorem 4.3. Suppose that X is a complete space and (CL(X),7X) ((CL(X),
7X7)) is quasi-reqular. Then (CL(X),7X) ((CL(X),74")) is a Baire space.

Proof. It can be shown similarly to [FK] (p. 230) using Lemma 2.3(i) that the
completeness of X implies that (X“,7X) is a Baire space. Further use Theorem
4.1. O

Corollary 4.4. Let X be a quasi-regular (uniform) space. If X is complete or is
a Baire space having a countable pseudo-base, then (CL(X),7v) (CL(X),pv)) is
a Baire space.

Proof. See Corollary 3.2, Corollary 4.2 and Theorem 4.3. O

Remark 3. Notice that the non-parenthetic part of the previous corollary is pre-
cisely the result stated in [MC]. However less is actually proved, since the proof of
Corollary 3.9 in [MC] implicitly uses that X is further a Tj-space.

Corollary 4.5. (i) If X is almost locally compact and the closed compact subsets
of X have open neighbourhoods with compact closure, then (CL(X),Tr) is a Baire
space.

(i) Let X be a locally compact uniform space. Then (CL(X),Tpr) is a Baire
space.
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Proof. (i) In view of Corollary 3.3(1) (CL(X),7r) is quasi-regular. Observe that
the classical proof of Bairness of locally compact regular spaces (cf. [K], Theorem
34, p. 200) works for almost locally compact spaces as well; thus, X is complete
and Theorem 4.3 applies. Case (ii) can be shown similarly using Corollary 3.3(ii)
instead of Corollary 3.3(i). |

Remark 4. The above corollary is interesting only for non-regular or non-locally
compact spaces, since otherwise the Fell topology makes C'L(X) a locally compact
Hausdorff space (see [KT] and [Zs], Theorem 2), hence the hyperspace is a Baire
space. On the other hand Example 3.4 in [MCN] demonstrates that conditions of
Corollary 4.5(i) are more general than local compactness plus regularity.

Corollary 4.6. Let X be a metric space. If X is a separable Baire space or is
complete, then (CL(X), ) as well as (CL(X),Tpr) is a Baire space.

Proof. If X is complete, then Theorem 4.3 and Corollary 3.4 apply. Suppose now
that (X,d) is a separable Baire metric space and E is a countable dense subset
of X. Then A" = {B(e,r) € B(X);e € E,r is a positive rational} is a countable
subfamily of A = B(X). If B = JjL, B(z;,a;) € 3(B(X)) and F' # 0 is a finite
subset of B¢, then §; = d(x;, F) — a;j > 0; further there exists e; € E N S(xj, %’)
and a rational r; such that a; + % <r;<d(zj,F)— % for each 1 < j < m. Then
B(zj,a5) C Blej,ry) for all 1 < j < m and F C D® where D = UL, B(ej,r)) €
E(A); thus, A’ satisfies conditions of Lemma 2.2(i). Consequently (X, 75 y)) is
a Baire space and Theorem 4.1 applies. O

5. BAIRE SPACES AND THE WIJSMAN TOPOLOGY

It is well known that for certain base spaces 7,5 = T, e.g. it holds in any
normed linear space (cf. [HL] for conditions characterizing this equality). As the
following theorem demonstrates there is an even closer connection between 7,5 and
Tw as far as their Baireness is concerned.

Theorem 5.1. (CL(X),mw) is a Baire space if and only if (CL(X), TpB) is.

Proof. The identity I : (CL(X),Tp) — (CL(X), Tw) is continuous since T C Tpg
([B2], Theorem 2.2.3(a)). Now choose any nonempty U = (Uy,...,U,) 5" € BE&),
where B = U;nzl B, Bj = B(zj,a;) (z; € X,a; > 0,1 <j <m). If 4, € U,
then AgNU; # 0 (1 <4 < n)and D(B,Ay) > 0, so there exists a; € Ay N U;
with d(z;,a;) > a; forall 1 <¢ <nand 1 < j < m. Denote 41 = {a1,...,an}
and put @ = mini<;j<m d(z;, A1). Then a > a; for all 1 < j < m, so defining
Uy = ML {A4 € CL(X);d(x;, A) > “52}y NN, U, € mw, we have A; € U,
Further if A € Uy, then D(A, B;) > a_;‘j > 0 for each 1 < j < m. It means that
() # Uy C U, whence I is a feeble homeomorphism and such mappings preserve
Baire spaces (see [N]). O

Corollary 5.2. If X is a separable Baire metric space or is a complete space, then
(CL(X),mw) is a Baire space.

Proof. See Theorem 5.1 and Corollary 4.6. O

Remark 5. Tt is worth noticing in connection with Corollary 5.2 that for every sepa-
rable completely metrizable space X the Wijsman topology is completely metrizable
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(cf. [B1], [C]). On the other hand, Costantini constructed a complete metric space
X such that (CL(X), 7w ) is not Cech-complete.
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