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ABSTRACT. In this paper we construct a family of compact flat manifolds, for
all dimensions n > 3, with holonomy group isomorphic to Z% and first Betti
number zero.

INTRODUCTION

In 1957 Calabi (see [Cal], [Wo], p.126) showed that the compact flat manifolds
with zero first Betti number are the building blocks for all compact flat manifolds.

Hantzsche and Wendt (1935) constructed the only existing 3-dimensional com-
pact flat manifold with first Betti number zero; this manifold has holonomy group
ZyDZs. Cobb ([Col, 1975) constructed a family of manifolds with these properties,
for all dimensions n > 3.

It has been suggested that Cobb’s family might exhaust all compact flat mani-
folds with 1 = 0 and holonomy Zs & Zy ([HS], p.184).

In this paper we will construct a family of compact flat manifolds M,, with
B1 = 0 and holonomy group Zs ® Zso, which includes Cobb’s family as a (relatively
small) subclass. More precisely, we shall prove (see Theorem 3.5) that if ¢,, denotes
the cardinality of Cobb’s family, and b,, that of M,,, then ¢, ~ Cn? and b,, ~ Bn®
as n — oo, with C' = ﬁ and B = ﬁ The first manifold not in Cobb’s family
appears in dimension 5.

The main tool in our construction is a result of Dotti-Miatello and Miatello
([DM]) where an explicit general procedure for the construction of compact flat
manifolds with holonomy Z5 is given.

We notice that the case of holonomy group Zs @ Zs is the simplest to be consid-
ered, since it is well known (see [HS]) that no flat manifold with a cyclic holonomy
group can have zero first Betti number.

1. PRELIMINARIES

If M is a compact flat Riemannian manifold of dimension n then M ~ I"\ R"
where I', the fundamental group of M, is a torsion-free discrete cocompact subgroup
of I(R™) = O(n) x R™. These groups are usually called Bieberbach groups.
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By Bieberbach’s first theorem, for such a I', there exists an exact sequence
0—A—>T—G—1

where A is the only maximal free abelian normal subgroup of I' and G is a finite
subgroup of O(n). The group G is called the point group of T and is isomorphic to
the holonomy group of the manifold M. Furthermore, Bieberbach also proved that,
if I" and I are two isomorphic discrete cocompact subgroups of I(R™) then there
exist A € Gl(n,R) and v € R" such that AL,I'L_,A~! = I". This implies that
if M and M’ are compact flat Riemannian manifolds with isomorphic fundamental
groups, then M is diffeomorphic to M’.

On the other hand, the exact sequence above induces an action of G on A, which
defines an n-dimensional integral representation of G. If T and I are isomorphic,
where the isomorphism is given by AL,, then A : A — A’, the point groups G and
G’ are isomorphic, and the holonomy representations p and p’ are related by

p;ngfl = Apg AT

for any ¢ in G. In this case we will say that p and p’ are A-equivalent.

We state a particular case of a proposition proved in [DM] which gives a pro-
cedure to construct Bieberbach groups, of arbitrary dimensions, with point group
isomorphic to Z3. Moreover, this proposition characterizes all such groups.

Proposition 1.1. Let By and By in O(n) be such that (By, Bo) ~ Z3. Let A be a
lattice in R™ stable by By and Bs and let by and bs be chosen so that
(2) (Bl — I)bg — (BQ — I)bl S A;

(1) (Bi+Db; e A= (B; + A, i =1,2;

Then T’ = (By Ly, , BaLy,, A) is a Bieberbach group with translation lattice A and
M =T\ R" has holonomy group Z3.

Conversely, if T is a Bieberbach group with point group isomorphic to Z3 and
translation lattice A, then T' ~ (B1Ly,, BoLy,, A) with (B, Ba) ~ Z2 where, fur-
thermore, By, Ba,b1 and bs satisfy conditions (i)—(iii).

We will make use of this proposition in sections 2 and 3.

2. COBB’S FAMILY

We begin this section with an application of Proposition 1.1, constructing a
family of Bieberbach groups with point group Z3 and trivial center. This family
will be isomorphic to the one constructed by Cobb in [Co] and will be used in
section 3.

Example 2.1. Let B; and Bs be the m x m diagonal matrices defined by

-1, if1<i<m—my, 1, if1<i<ms,
(B1)ii = . ! (B2)ii = . s
1, ifm—mp <i<m, -1, ifms <i<m,

where my + mo < m. In addition, we choose by = eTm, by = eﬁe% in R™ and
we let A be the canonical lattice. It is not difficult to check that the conditions in
Proposition 1.1 are satisfied. By varying m; and ms in such a way that 1 < m; <
mg and m1 + 2mg < m, one obtains a family of Bieberbach groups, one for each
pair (m1, mz), which we shall denote by T, m.,)-
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Since Z(I') = A%, where G = (B, Bs), the condition m; +ma < m ensures that
the constructed Bieberbach groups have a trivial center. Recall that for M = T'\R"
we have 1 (M) = rank Z(T").

We now prove that a different choice of b; and by does not affect the isomorphism
class of T'(y; im.)-

Lemma 2.2. If By and Bs are as in Example 2.1, b~1 and b; are such that the
conditions of Proposition 1.1 are satisfied and TV = (BlLb~1‘,B2Lb~2<,A>, then TV ~
F(m17m2).

Proof. We consider I' = («, 8,A) and I = (&,B,A), where @« = Bi1Ly,, 8 =

BsLy,, a = BlLa, 6 = BQLB; and A is the canonical lattice. It follows from

Proposition 1.1 that the most general form for b, and by is

~ 1
by = (2171, <o Tmgs Tmg 415 -+ Tm—mas §6m—m1+17 T Eém)
~ 1 1 1 1
b2 = (5617 ey 5677127 §6m2+1 + xm2+17 ey §6m—m1 + wm—mpxm—ml—i-h e 7$m>

with §; = 0or 1 Vi and Y 1% 6; > 1, Z:’;n";_h 6 > 1, Z:’;m_mlH 6 > 1. Tt is
clear that we can choose x; € [0,1) Vi. B
We must find A € Gl(m,Z) and v € R™ such that AL, [L_,A"! =T. If

Aq
A= A2 )
As

where A1, A and A3 are square matrices of dimensions ms, m —mi — mg and my
respectively, then clearly A commutes with By and By. Hence the result will follow
if we can solve the following equations:

A(By —I)v+ Aby =b;  (mod A),

A(By — I)v + Aby = by (mod A).

We divide this system of equations into three parts, each one corresponding to
the matrices A;. We denote v = (v1,v2,v3), b1 = ((b1)1, (b1)2, (b1)3) and similarly
for by, by and bo.

We choose a;1 = 6; for i =1,...,mq. Recall that there is at least one §; # 0, so
we may assume 0; # 0. Then we complete A; as follows:
o1 1
6]‘_1 1
Al = )
1
Oms 1
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where the blank spaces are zeros. Notice that A; € Gl(mg,Z). Now we calculate

U1 by —2A1’Ul = (bl)l-

In an analogous way we obtain Az and vs.

For the second set of equations we choose a; (;,—m,) = 6;, for i = ma+1,...,m—
my1; assuming §; = 1 we complete As as follows:

1 6m2+1

A2 = )
1 0141

1 6771—777,1

where the blank spaces are zeros and thus A € Gl(m —my — mg,Z). Then v, is
the solution to —2Asve = (by)a2. O

We now show that the above family coincides, up to isomorphism, with the one
given by Cobb. For this, let X,Y,r;,s;,t;, u; be as in [Co], with 0 < ¢ <m —1. We
have that V = {u;} generates a lattice A of dimension m. We note that the vectors
u; are orthogonal to each other and all of them have the same length. One verifies
that X and Y act on the basis V by

X(’I”l) =T, X(SZ) = —S4, X(tz) = —ti; Y(TZ) = —Ty, Y(Sl) = S, Y(tz) = —ti.
After reordering, if necessary, we may assume that

V= {T07 <o 3Tmy—1,505- - Sm—mg—m1—17t07 .- 'atml—l}

and thus X = By, Y = B1By and XY = Bj, where By, By are as in Example
2.1. We also set b; = % and by = % If we let m3 = m — m1 — ma, the
conditions on (m1,m2) in Example 2.1 are equivalent to those used by Cobb, namely
1 <my <my <mz and my + mg +mg = m. By the lemma above, it follows
that for each such choice of (mq,mg), the group defined by Cobb is isomorphic
to Iy ,msp)- Furthermore, it is proved in [Co] that if (m1,mg) # (mf,m5) then
Cmy ma) 2 Tm),my), by observing that the associated integral representations of
the respective point groups are not A-equivalent for any A € Gl(n,R).
We shall denote the family in Example 2.1 (i.e. Cobb’s family) by

Co = {F(M1,m2) 1 <my <mg, mi+2me < m}

Remark 1. Notice that by choosing by = <5 and by = 61'2"63 , in Example 2.1, one
obtains Cobb’s family without making use of Lemma 2.2. Our election was made

in order to simplify the construction in the following section.

Remark 2. As a consequence of Lemma 2.2 and the converse assertion in Proposi-
tion 1.1, it follows that any Bieberbach group with trivial center, canonical trans-
lation lattice A and point group G ~ Z3 acting diagonally on A, is isomorphic to
T (my,ms), for some (m1,mz), i.e. it lies in Cobb’s class.
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3. A NEW FAMILY

If J=(94), then {£I,+J} defines an integral representation of Z3. For n > 3,
we will consider the n X n matrices

D1 D2

B1: . ) 32:

where D; and Dy are the diagonal matrices used in Example 2.1 and Ag are 2 X 2
matrices, each one equal to one of J, —J or —I, and such that the blocks A] and
Al are different, for each j =1,... k.

If m is the dimension of Dy and Dz, then n = m+2k. Now, we take by = <* and

by = m in R". If a« = By Ly,, 3 = BaLy, and A is the canonical lattice, then
it is easy to see, by using Proposition 1.1, that T' = («, 5, A) is a Bieberbach group
with point group Z3. Moreover, as in Example 2.1, the corresponding manifold has
first Betti number zero, because of the condition imposed on the j-th blocks of By
and BQ.

Let B, 1 be the collection of all Bieberbach groups constructed in this manner,
with n, k fixed, and let B,, be the union of all B,, ; with 0 < k < [(n — 3)/2]. Notice
that B, o = C,,, Cobb’s family.

We now determine Hy (M, Z) ~ oy, where M =T\ R™ and I € By, 1.

Since [a, Le,] = L_ge, for i = 1,2,...,m —my and [B, Le,] = L_g., for i =
ma+1,...,m, then Lo, € [I,T], fori=1,2,...,m.

We observe that for each j =1,...,k,

L

if A]=J,

em+42j —€m425-1)

— ; J_
[a7 Lem+2j71] - L_5m+2j_5m+2j71’ if Al - _J7
; J_
L_26m+2j—17 if Al = —I,
AT —
Lem+2j71_€m,+2j7 if Al - J7
— : J
[a7 Lem+2j] - L_em+2j—1_€m,+2j7 if Al - _J7

Loser ;s if A1 =1,
and similarly with (8 instead of . Thus
<[a7 Lem,+2j71]7 [67 L€m,+2j71]> = <[a7 L€m,+2j]7 [ﬁ7 Lem+2j]>

em+42j —€m425—1 L_5m+2j_5m+2j71>'

Furthermore, a® = Le,,, % = Le, and [0, 8] = L_¢,4¢,_,., +e,,- Putting together
all this information we obtain

H(M,Z) ~ 7% ® 273",
As a consequence of this calculation and Bieberbach’s theorem we have:

Proposition 3.1. If I'; are n-dimensional Bieberbach groups in By, i = 1,2,
with k1 # ko, then I'1 and T’y are not isomorphic.

We now introduce another invariant to distinguish groups in B, i, with fixed n
and k.
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Let B € O(n), preserving the canonical lattice A. Let AT be a sublattice of
maximal rank T of A, such that B acts on AT as the identity and AT admits a
B-invariant complement A*. Similarly we define t—, A~ and A~ for minus identity
instead of identity.

Lemma 3.2. If B' = ABA™! with A € Gl(n,Z) and t'* are defined as t* with B’
in place of B, then (t'T,¢'7) = (tT,t7).

Proof. Since A = AT @ AT is a B-invariant decomposition, then B = B|x+ ® B|a+.
So B’ o A|p+ = A|a+ and therefore B’ acts as the identity on A(AT). But A(AT)
is also B’-invariant, and A’ = A = A(AT) & A(AT) implies that t* < ¢'*. By
exchanging the roles of t+ and ¢'T we get that ¢’ < ¢+, so /T = ¢t*. The same
argument proves the assertion for ¢~ and ¢'~. O

For each T € By, i, I' = (B1Ly,, BaLp,, A), set B3 = B1Bs and for 1 < ¢ < 3 let
A} be a sublattice of maximal rank ¢; of A, the canonical lattice, with B; acting
on A as the identity and such that A" admits a B;-invariant complement A;". We
define A; and A; similarly.

The following triple of pairs will be important in the sequel. We shall denote

Ir = ((tii_vtl_% (t3_7t2_>7 (t;—?tg))'
Corollary 3.3. IfI', IV € B, and I' ~ T, then tr = tr/, up to permutation.

Proof. Recall that there exist A € Gl(n,Z) and v € R" such that AL,I'L_,A~! =
IV, hence A(By, Bo)A~! = (B}, B}). Thus Lemma 3.2 clearly implies the corollary.
|

Let k; = |[{j : Al = —I}| fori=1,2, and ks = |{j : AlA = —TI}|. Notice that
ki 4+ ko + ks =k.

Let Af =(ej : (By)j; =1,1<j<m), fori=1,23and A; = (¢ : (B;);; =
—1,1 < j <n). It is not difficult to see that A (resp. A]) is, in fact, a sublattice
of A of maximal rank m; (resp. m —m; +2k;), with B; acting as the identity (resp.
minus identity) and admitting a B;-invariant complement. Indeed, this fact can
be proved by using ideas in [Re] by considering the groups % fori =1,2,
which are invariant, up to isomorphism, under equivalence. Thus we have

tr = ((mhm —mq + 2k1), (m27m —mg + 2k2), (mg,m —ms+ 2k3))
The next lemma will be central in the proof of the main result.

Lemma 3.4. Let ', TV € B,,. Then T’ ~ 1" if and only if tr = tr/, up to permuta-
tion.

Proof. The necessary condition is Corollary 3.3. Conversely, if tp = tr/, up to
permutation, then there exists o € S3 such that m; = m;(i) and k; = k;(i), 1<i<
3. By a permutation of the first m elements of the basis of A’ (the canonical lattice),
we can modify, if necessary, the diagonal parts, Dj, of B; so that D; = D! (i)’ 1<
i < 3. In the same way, we can make a permutation of the last 2k elements of the
basis of A’ so that A] = —I if and only if A", = —I, for j = 1,...,k. Since
this change of basis of A’ is made by conjugation by a unimodular matrix, we may
assume that D; = D} and A7 = —T if and only if A”J = —I,for1 < j <k,1<4 < 3.

The proof of Lemma 2.2 shows that there exist a matrix A € Gl(m,Z) and a
vector v € R™ such that conjugation by AL, takes D;L, into Dngg )
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‘We now set
Ch

Ck

where C; = (§ %) if A] = —A] or A} = —A"}, and C; = (}9) otherwise, for
j=1,...,k. With this choice one has that CB;L;,C~! = Bng;,l <4 < 3, hence
I" and I are isomorphic, as asserted. This completes the proof of Lemma 3.4. O

The purpose of the next theorem is to estimate b,, the number of isomorphism
classes of groups in B, and to compare it with ¢,, the cardinal of Cobb’s family

Ch.
Theorem 3.5. For each dimension n > 3,

b, = |{ ((ml,m —mi + 2k1); (mg,m —ma + 2ks); (mg,m —mg + 2ks)),

up to permutation : 1 <my <mo < mg;
m1+m2+m3+2(/€1 +I€2+I€3) =n; m;, k; € N0}|

Furthermore, b, ~ Bn® and ¢, ~ Cn? as n — oo, with B = ﬁ and C = 2713
Proof. By Lemma 3.4, it is clear that for each fixed dimension n > 3, there are b,
isomorphism classes of Bieberbach groups in B,.

Since ¢, = H(ml,mg,mg) 1 < mp < mo < mgand mi +mo +m3 = m}}
then ¢,;, = p3(m), i.e. the number of partitions of m with exactly three parts. It is
known that

(m+2)(m+1)

(m—1)(m-2) _
223

<
923 < ps(m) <

(see [An], p.56). Hence, it follows that cp, ~ zizm? as m — oc.
We show next that b,, ~ Bn® as n — oo.
Let I' € B,,. Then I' € B,, ;, for some 0 < k < [”T_?’} If we denote by

Sk = {((m1,m —my + 2k1); (m2, m — ma + 2kz); (M3, m — m3 + 2k3)),
up to permutation : 1 < my; < mg < mg; m1 + me +msg =m;

ki+ko+ks=k; m+2k=n, mi,kiENo},

then the number of isomorphism classes of groups in B, i is |[Sp x| and b, =

[52]
> k=0 |S"k|

To obtain a lower bound of |S,, x|, we will restrict to the elements in Sy, j satis-
fying m; < ma < ms.

Given (my,ma,m3), m; < ma < mg, then any two different ordered triples
(k1, k2, k3) with k1 + ko 4+ ks = k produce different elements in S, . Set gz(m) =
|{(m1,m2,m3) :mp < mg < mgand my +mg +m3 =m, m; € N}| There are

GD*42) ordered triples (k1, ko, ks) and gs(m) triples (mq,ma, ms). Thus one has,

at least, qu (m) different elements in S, ;. Since g3(m) > % (see
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[An], p.56) then

(m—4)(m —=5) (k+1)(k + 2)

bz 3 o !
=
=33 2 (n—2k—4)(n 2k —5)(k + 1)(k +2).

n=3
Expanding the terms of the sum, evaluating > ,L?J } kP for p = 1,2, 3,4 and replac-
ing ["T_B] by ("54), it is easy to see that b, is greater than a polynomial in n of
the fifth degree, whose leading coefficient is ﬁ

On the other hand,

2

(k+1)(k+2)

b, < Cp———,
< kZ:O 5

since for every triple (mq,ma, m3) with 1 < m; < mg < mg and m;+mao+ms =m

(k+1) (k42
2

there are at most ) different elements in Sn,i. Hence,

(m+2)(m+1) (k+1)(k+2)

<
bn < P 223 2
| b2
= 333 > (n—2k+2)(n — 2k + 1)(k + 1)(k +2).
k=0

As before, one can show that the last expression is less than or equal to a polynomial

of the fifth degree with the same leading coefficient, ﬁ O

4. REMARKS

With the help of a computer one can calculate b,, and ¢,,, and compare them for
small values of n.

To do this it is convenient to distinguish three cases:

1) my < mo < ms,

il) m1 = ma < mg or my < mg = ms,

ili) my = my = mg. This occurs if and only if 3|n — 2k.

The first case was analyzed in the proof of the previous theorem. For each triple
(ml, m2,m3) of type 11) there are |{(/€1, ko, kg) tky < ko, ki+ko+ks =k, k; € N0}|
different elements in S, ;. In iii), each unordered triple produces a different element
of ’Sn,k-

The results obtained, for some n’s, are shown in the following table.

n 345 6 7 8 9 10 20 30 40 50 100
Cn 112 3 4 5 7 8 33 75 133 208 833
11 3 5

10 15 27 38 823 5471 21571 63284 1873365
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As seen above, n = 5 is the smallest dimension in which a new manifold appears
which is not in Cobb’s class. Denote this manifold by Ms ;. Then M5 is a non-
orientable compact flat manifold with fundamental group I' = (a, 3, A), where
o= B1Ly,, B = BsLp, and A is the canonical lattice, with

-1 1
-1 -1

Bl ! ) BQ -1

= O
O =
|
—_
o

and bl = 673, b2 = %.

It can be proved, as in Lemma 2.2, that for these B; and Bs, any possible choice
of by and b, satisfying the conditions of Proposition 2.1 gives rise to isomorphic
groups, thus to diffeomorphic manifolds.

Also, for Ms 1, one computes Hy (Ms 1, Z) = Z3 & Zs, hence 31 = 0, and by [Hi]
one can show that G =2, 83 =4, 64, =1 and 85 = 0.
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