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ABSTRACT. For elliptic parabolic operators with time dependent coefficients,
bounded and measurable, the absolute continuity of the two caloric measures
plus a Fatou theorem are shown to hold on the parabolic boundary of a smooth
cylinder given a Carleson-type condition on the coefficients of the operators,
and assuming one of the measures is a center doubling measure. Given a
stronger Carleson condition, and no doubling assumption, another kind of
Fatou theorem result holds. The method of proof follows that of Fefferman,
Kenig and Pipher.

There has been much work done in the past 20 years on extending classical results
for harmonic functions on bounded domains to solutions of elliptic and parabolic
equations. The present paper is concerned with non-tangential convergence to
boundary data of solutions to

0 :
<E—L)u:01nDT:DX[O,T]7

(A)
u ‘BPDT = f € L2 (BPDT)

on a smooth cylinder domain Dp. L is a strictly elliptic operator with time-
dependent coefficients, bounded and measurable.

The Fatou theorem for solutions to (A) with f € L* (8,Dr) and coefficients
of L time-independent was proved by Fabes, Garofalo and Salsa in their paper
“A backward Harnack inequality and Fatou theorem for nonnegative solutions of
parabolic equations” [8]. A key estimate in their proof was the center doubling con-
dition for parabolic measure (see below); with this condition it is possible to obtain
non-tangential convergence of a solution at the boundary of its domain by a clas-
sical argument [12], [8]. As Fabes, Garofalo and Salsa showed the center doubling
condition for a caloric measure is equivalent to a backward Harnack inequality for
the Green’s function at the boundary [8]. Yannick Heurteaux [10] has also obtained
the center doubling condition for caloric measures whose associated operators have
time-dependent coefficients which satisfy certain Lipschitz conditions. She obtains
a comparison of measures as well as the Fatou theorem and backward Harnack
inequality. As far as I am aware it is not known whether a caloric measure whose
operator has time-dependent coefficients which are only assumed to be L satisfies
a center-doubling condition or not.
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In this paper a different approach to the Fatou theorem is used. The key ingre-
dient is a Carleson-type condition for two caloric measures; the proofs are in the
spirit of the stopping time arguments in Fefferman, Kenig and Pipher “The the-
ory of weights and the Dirichlet problem for elliptic equations” [9]. Non-tangential
convergence of solutions to (A) is obtained for operators L whose coefficients are
bounded and measurable, and satisfy a Carleson-type condition (C;) and (Cs) in
Theorems 1 and 2 below) with respect to a second operator M. All additional
assumptions hold only for M. Consequently a Fatou theorem is obtained for solu-
tions to operators whose associated caloric measures are not assumed to satisfy a
center-doubling condition.

The center doubling condition for a caloric measure dwX070)(Q, s) = dw(Q, s) is
that for all parabolic boundary disks A, (Qo,s0) = {(Q,5) € 9,Dr : dp(Q, 55 Qo,50)
< r} there is a constant C' independent of (Qo, so) and r so that

w (A (Qo,50)) < Cw(Ax (Qo,%0)),
OpDr = 0D x (0, T|UD x {t =0},

dp(x,t;y,8) = |lz—y|| + |t — s|% where ||| denotes Euclidean distance in R".

(Remark: It is not hard to show that any caloric measure whose associated
operator has L™ coefficients satisfies a bottom doubling condition, i.e. 3 C > 0
independent of (Qo,s0) and r so that if Ay = (Qo,50) = {(Q,5) € 9,Dr;[|Q — Qo <
L and so — % < s < s}, then w (A, (Qo,50)) < Cw (Ap,z (Qo,50)))-

Using a standard estimate for the Green’s function G(z,t;y, s), Fabes, Garofalo
and Salsa [8] showed that the center doubling condition for dw(Q, s) is equivalent
to the backwards Harnack inequality for G(z,t;y,s) at the lateral boundary of
Dr. These estimates allow them to compare the non-tangential maximal function
of a solution with the Hardy-Littlewood maximal function and then use standard
arguments to obtain a Fatou theorem [12].

An attempt to adapt B. Dahlberg’s result for elliptic measures [4] to the parabolic
setting, in other words to find conditions which will imply the absolute continuity
of two caloric measures, led me to consider the possibility of using a Carleson-
type condition on two measures to obtain non-tangential convergence for a solution
instead of trying to prove a center-doubling condition. The stopping-time argument
in the proof of Lemmas 2.9 and 2.10 in Fefferman, Kenig and Pipher’s paper [9] is
the basis for the proofs of the two theorems which are presented here. Fefferman,
Kenig and Pipher proved B. Dahlberg’s result on absolute continuity for elliptic
measures by a different method than the one originally presented by B. Dahlberg
and under weaker assumptions.

The first section of this paper obtains a Fatou theorem—Corollary 2—from the
L? inequality of Theorem 1 by standard methods. Theorem 1 says that if two
parabolic operators % — Lo and % — L1 have coefficients satisfying a Carleson-type
condition (C;) below) and the measure wy associated to one operator, % — Ly, is a
center doubling measure, then an L? inequality for solutions to the other operator,
% — L4, can be proved.

The measure wy associated to % — L4 is not assumed to be a center doubling mea-
sure. The L? inequality |Nu1llp2(guy 0,079 < C If1lL2(dws 0, pryWhere Nui(Q, s)

is the non-tangential maximal function of u;(z,t) and wu; ) oppp = [o then gives

absolute continuity of wy with wy (Corollary 1) and a Fatou theorem for uq(x,t). I



FATOU THEOREMS FOR PARABOLIC EQUATIONS 2345

am indebted to Thomas Wolff for pointing out the argument which gives the Fatou
theorem from Theorem 1; it replaces a much longer argument I had originally used.

The main result of this paper is in section 2. Section 2 presents a second Fatou
theorem and its proof. In Theorem 2, there is no doubling assumption on either
caloric measure wy or wi. Instead a Carleson-type condition with vanishing trace
is assumed, (C3) (see B. Dahlberg’s original Carleson condition in [4]), and non-
tangential convergence to boundary data is assumed for one operator’s solution;
given these conditions, the other operator’s solution also converges non-tangentially.

1.

Definitions and Notation. D = D x [0,7] is a smooth cylinder in R+ say
D = B} (0) the unit ball in R", 8,Dr = 0D x [0,T]U D x {0}. The operators

n

0 0 "9 0

ij=1 """ ig=1 "
are strictly elliptic divergence form operators whose coefficients are time dependent,
bounded and measurable.

For f € L? (dwo, d,Dr) we assume that

o0 .
(& _ LO) ug=01in Dp, wug |apDT: I

0 .
(& — Ll) uy =0in Dy, wuy |o,pr= [,

F(z,t) = uy (x,t) —ug (z,t)

(see [7] for the existence of such solutions given continuous boundary data).

Xo, T Xo,Ti .
wo = w(() 0,70) 4nd wy = wg 070) are the caloric measures for the operators

% — Ly and % — Ly, and Go (z,t;y, s), G1 (z,t;y, s) are the Green’s functions on
Dr.

T, (Q,8) ={(y, 1) | dp (¥, 1:Q, 5) < p}; A, (Q, 5) =T (Q,8) N OpDr,
AL(Q,5) = A (Qs+ (2+1) 17)
A2 (Q,8) = Ar (Qys — (24 m)17)
dp (y, ts2,5) = |o =yl + |t — 5|2,
| | = Euclidean metric in R", R,

6 (x,t) =dp (x,t;0,Dr),

Lo (Q,8) ={(y,t) € Dy :dy (y,t;Q,5) < ad (y,t)},
Sy (u) (Q, ) = (/ IV, (5, )28 (g, )" dydt) ,
Is(Q,s)

@ s | [1(03) e (@)

r<ro
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is the usual (non-centered) Hardy-Littlewood maximal function with respect to
caloric measure and

M@= sw s [ (@) de(@9),

r<rg

(Qo,50)€EAL(Q,s)
[eij (x,t)] = [ai; (@, t) — bij (x,t)],

e (z,t) = sup|ai; (z,t) — b (x,1)],
]

aly,s) = sup le (=, )],
(z,8)€EPs(x,s) (,8)
—2

O(x,t
P (95”5)—{(%S)EDT:dp(y,S;:r,t)< (3;’ )},

No(u)(Q,8)=  sup  |u(z,t)],
(z,t)eT(Q,s)

1/2

N (u) (Q,5) = sup u (y, t)|* dydr

: /
(2.H)€Ta(Qu5) ’Péw (x,t)’ Pscen (@1
2

Theorem 1. If there is an 9 > 0 sufficiently small so that for all (Q,s) € OpDr
. 2
(Cl> sup (X T) 1 / GO (X07,I‘207y78)a (y’s>dyds <80,
p<ro \wy " (A, (Q, 8)) JT,(Q.s)NDr 6% (y, s)

then whenever wy satisfies a center doubling condition there is a constant c, ¢ =
c(\,n,ro,€0,a0), such that

(D) 1Naoutll 12 (dwo 0, D) < €151 22 (do 0, D) -
Corollary 1. w; is absolutely continuous with wg on OpDr.
Corollary 2. lim (g5 u1(z,t) = f(Q,s) a.e. dwp.
(z,1)€Ta(Q,s)
Corollary 2 to Theorem 1 is the doubling Fatou theorem.
Theorem 1 is an extension of a theorem proved in [13] where
(D) HNulHLZ(dWO,BPDT) <c ||fHL2(dw0,apDT)

was shown to hold on the case where Lo = Ly on D x [0,63] and the Carleson
condition (C1) was therefore only assumed to hold on D x [63,T].

The proof of Theorem 1 is very similar to the proof of the previous result. For
the sake of clarity, an outline of the argument is included here.

Proof of Theorem 1. Theorem 1 is proved by adapting the argument in the proof
of Theorem 2.5 in [9] to the parabolic setting. The following versions of Lemmas
2.9 and 2.10 in [9)

Lemma 1. N (F)(Q,s) < CreoMu, (S (u1)) (Q,s) and | N (6VF) | 22 (dwo,0, D7) <
CseollS (u1) [l 22 (dwo. 0, D) -
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Lemma 2.

IS 2(dwo, 0, D7) < CallIN(E)| £2(dwo,0, D) + INEVE) | + [ fll L2(dwo, 8, D) )-
along with the inequalities

(1) ||S(U0)|‘L2(dw0,apDT) <Gy ||fHL2(dw0,8pDT)7
(2) ||N(U0)|\L2(dw0,apDT) <Cs ||fHL2(dw0,apDT)

yield the desired result (D), again by using the argument in [9], p. 78.

Lemmas 1 and 2 are also obtained by adapting the proofs of Lemmas 2.9 and 2.10
in [9] to the parabolic setting. The details of the adaptations are long and technical.
They appear in another paper where a version of Theorem 1 is proved on the lateral
boundary of Dy in full [13], so they are not repeated here. The essential ingredients
in adapting the arguments in [9] to the parabolic setting are using parabolic cubes in
place of ordinary cubes, the energy estimate on parabolic solutions (p. 623 Lemma
1.1 [1]) in place of Cacciopoli’s inequality for elliptic functions, Holder continuity
for solutions which vanish on the lateral boundary 9 Dy = 9D x (0,T) (cf. [1],
Theorems C & D), the comparison theorems for such solutions ([8], Theorems, 1.6
and 1.7) and standard estimates on the Green’s function Gy ([1], [8]). Assuming
the Carleson-type condition on the full parabolic boundary 0, Dt allows one to use
the same stopping time argument (which is the key to the proofs of Lemmas 2.9
and 2.10 in [9]) across the bottom of 9, Dr as well as on the lateral boundary. It is
necessary to use the center-doubling property of wy and backwards Harnack at the
boundary for Gy in several places to obtain Lemmas 1 and 2.

(1) is proved using Green’s theorem and a standard argument on the area integral
[5]. (2) follows from Theorem 2.13 in [8] and a standard argument involving the
Hardy-Littlewood maximal function [12]. The center-doubling property of wy is
essential for obtaining both these inequalities.

Now Corollary 1 follows from inequality (D) taking f(Q,s) = xg(®,s), and
(1)
using estimates on the Radon-Nikodym derivative difjm(@, s). (See pages 4 & 5
w1

of [13].) Corollary 2 also follows from (D) by a standard argument [12].

2.

For Theorem 2, the operators Lo, L; are assumed to be the same if t < §3.

Theorem 2. If there is an €(r) so that for all r < ro and (Q,s) € 9,Dr N
{Dx[83.T]}

(C2)

sup 1 / GO (X07T0;y75) a’2 (y78>
p<r \ Wo (Ap (Q7 s+ 2p2)) T,(Q,s)NDr 62 (yv S)

and if MEE (S (u1)) (Q,8) < 00 a.e. dwo, then im (54— (q.s) w1 (x,t) = f(Q,s)
(z,t)eT(Q,s)
a.e. dwy whenever im (5 (0.5 Uo (7,t) = f(Q,s), for some 3> a.
(@,)ET5(Q.5)
Here e (r) <cr?, 2 <y <2+ % where ag = Hélder constant for Lo and L;.

1/2
dyds) <e(r)

Theorem 2 assumes no doubling condition on either caloric measure; it is neces-
sary to assume the Fatou theorem holds for one operator’s solution to obtain the
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same result for the other solution, given a Carleson condition which has a time lag
and is of vanishing trace, i.e. (Cz) is considerably stronger than (C1). At present
I do not know how to obtain an inequality of the form (D) unless wy is a center
doubling measure, so the argument to prove Theorem 2 is necessary to obtain a
Fatou theorem when no center doubling condition is assumed for either measure.

Proof of Theorem 2. The argument that follows uses the ideas of the proof of
Lemma 2.9 in [9]. The method for obtaining the Riesz decomposition for para-
bolic functions in Doob [6] can be applied to elliptic-parabolic operators along with
integration by parts and identities for solutions u; to (% — Li) u; = 0 to obtain the
following integral representation of the difference between the two solutions:

uy (z,t) —ug (z,t) = F (x,t) = / /V Go (z,t;y,5) - [eij (y, s)] Vyui (y, s) dyds.

Fixing (Qo,s0) € 9,Dr, so > 63 and taking (z,t) € [, (z,t), F (z,t) can be
further subdivided as

F(ZL’,t):/ VyG0~e~Vyu1+/ VyG()'é"vy’UJl.
P&(a;,t) (z,t) DT\Pégé,t) (z,t)

Now it is enough to show that Ny F (Qo, 80) — 0 as h — 0 to obtain

lim Nu x,t = ,8
T'a(Qo,80)3(x,t)—(Qo,s0) 1( ) f(QO O)

whenever

lim Nug (z,t) = . 50)
I'5(Q0,50)3(2,t)—(Qo,50) o (@,t) = f(Qo, s0)

for some a < (. To estimate ]VhF (Q, s), one can estimate
1/2
7/ |Fy (y, )| dyds
‘Pgmt x, t ‘ Pé(zt)

and F» (z,t) for (z,t) € T'(Q,s). Both these quantities will be shown to be
< e(6(z,t)) H(Q,s) where € (6 (z,t)) — 0 as (x,t) — (Q,s) in I'(Q,s), and
H(Q,s) < oo a.e. dwy.
First
1/2

— / Py ()P dyds | <e(8(2,1)) - Sur (Q,5)
)Pﬂ x,t) ‘ PA_Z

by the argument in [13] and [9], since that argument did not depend on Gy (x, t;y, s)
satisfying a backwards Harnack condition. This means

(1) NoF1(Q,s) < e (h)Sui (Q,s).

To estimate N, F» (Q, s), F (z,t) can be estimated pointwise. It is necessary to
use a somewhat different approach from the one in [13] and [9] because the Carleson
condition doesn’t give the necessary decay in all parts of Dp.
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First fix (z,t) € I'(Q, s) and subdivide Dp\Pse.) (z,¢) into the regions:
2

L b(t
0 = {5) 4y i) < 250

where (x*,t*) is the projection of (z,t) onto the lateral boundary of Dp (so t = t*,
x* is the radial projection of z onto 9D if D is the unit ball of R™),

Q= {(:5) 120796 (0,0) < dy (g si2", ') < V5 (2, 1 Dy

for 7 =0,1,2,---, N —1 where N is chosen so that 26 (x,t) = ¢y, a fixed constant
(say co = g for example),

6 (x,t)

&@@—{@ﬁ”d@ﬁD%i ;SZﬁ}ﬁ%ﬁD%

(&

D]:{(y78>|d(y78D)N2J6($7t>7526(2)}m UQj ﬂDT,j:1,2,"',N,
j=0

N-1 N
Q% = Dr\ U Q; U Rzt U U D; »,
Jj=0 Jj=1
SO
Q% = {(y,s) € Dr | 6(y15) > CO}'
Now write
F2 ({E,t) = / VyGo & Vyull
DT\Psgmz,t) (z,t)
N n
SR TRYAE Y
/90 ; 2y Rs(a,t) Jz:; D; Q%

and then each of these integrals can be bounded as follows:

The integrals over o, R ) and ;N R, ;) can be estimated using a stopping
time argument similar to the one in Fefferman, Kenig and Pipher [9] as adapted
to parabolic functions [13]. However, the fact that Go (z,t;y, s) no longer satisfies
a boundary backwards Harnack condition (and a fact which is equivalent to this,
namely that wg does not satisfy a center doubling condition [8]) means a time lag
must be introduced. This necessitates having a time lag in the Carleson condi-
tion (Cz) and also means the time lag maximal function must be used in place
of the ordinary Hardy-Littlewood maximal function. Notice that (C2)=(C;1) and
MEL(f)(Q,8) = My, (f) (Q,s). These expressions are equivalent if wg is a cen-
ter doubling measure. The stopping time argument for the region )y appears in
Appendix A* at the end of this paper. It gives
(2)

VyG-e-Vyur| <ce(é(z,t)) Mf)gl (Su1 (Qo, s0)) -

Qo
In the regions ;, Holder continuity at the boundary of Dr is used on
Go (z,t;y,9), (y,5) € Qj, so Go (z,t;y,s) # 0 only for ¢t > s. Pick (z;,¢;) € Qj41,
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say where (z;,t;) is the A, (-,-) point for the projection of ; N {s <t} onto
OpDr = Aj. Then

dy (z,t; 2%, )\ *
t; - Lt < o e e
|G0 (17, 7y15) GO (ZE yU3Y, S )| QIr‘le{a)ét}|G(’ ay75)| ( 2]6(.’1,',t) )

= .2—joz G Y, = 2_ja G s b33 Ys
O By 0 G O = e G e i)

by the Carleson box estimate (cf. [8], Theorem 0.3) on Gy, for any point (y, s) € ;.

For ©; N R, +) one can apply the stopping time argument (Appendix A*) us-
ing the estimate (obtained by using Holder continuity and the global comparison
principle (Theorem 1.7 in [8]))

Go (Xo,T0;y, 5)

Go (z,t;y,s) < c-277¢ Xo To (At)

in the appropriate place to find that
3)

because 6 (y,s) ~ 6 (z,t), for (y,s) € Rs (x,1).

/ VGy e« Vuy| < c277% (6 (x,)) M5 (S (1)) (Qo, 50)
QiNRs(x,1)

C
N
For the remaining region at the boundary R, N (U Qj> , a fixed set of
§=0

£(m)
boundary disks or cubes A,, (Q;,s;) can be chosen so that |J A, (Qi,s:) =
i=1
8;D2T7 m = m(6y,T) is a uniform radius and the points Q;, s; are such that
MELSuy (Qi,8;) < oo. Again using local comparison (Theorem 1.6 in [8]) on
Go (z,t;y,8) < c% and the stopping time argument on each boundary
region T}, C R,y where T}, N 9 Dp = AL, (Qi, si) gives

(4) / o eV, Go (20, 8) s (4, 8) Vyus (9, ) dyds
R&(a: t)ﬂ( ! Qj)

£(m)

< ce (6 (z,t) ZM”S’ u1) (Qi, 85) -

(Qq, si) are fixed, which means this expression — 0 as § (z,t) — 0.

The remaining regions lie away from 8;‘ Dr so one must keep a factor of
|Go (x,y;Y0,0)| in order to obtain an upper bound which — 0 as 6 (z,t) — 0.

In Q; NT(Qo, s0) let (x;,t;) be a fixed point at the upper right hand corner
of Q; NT, and (y;,s;) be the corresponding point at the lower right hand corner
§(wj,tj) ~ 2198 (2, t) =r; ~ 6 (y;,s;). Then

/ VG ¢ Vi Sa(m,ﬂ)
SZjﬂF 2 2

dund 1/2 1/2

S

(/ Co 199> 22 ) (/ |Vu1|2>
Q_’;ﬁl—‘a j Q;Nr
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by Cauchy-Schwarz and the energy estimate on Gg. Using Holder continuity on Gg
in the adjoint variable and Harnack in both the adjoint and forward variables the
above is

1/2
(N Go (@), t53y.9)]
< 2 (N .7) / . 1/2 / | 0 VERNER A . 2
<( (1Go (@, t:0,0)/*) ) e ) s

1/2
(/ |Vu1|2> — A
SZJ‘QF

Again by the comparison principle (Theorem 1.6 in [8])

c-|Go (Xo,Tos y, 5)|
Xo,To (At)

|G0 (xjvtj;ya 5)| S
SO
1/2
A< 27N Gy (80, 0)[ /2 2 (276 (a, 1)) - ( / |Vu1|2>
QjﬂF
< 27D g |Go (610, 0)) M2 - S (un) (Qos 50)

and summing over j gives

/ . V,Go (@, 659.5) - €4 (4, 8) - Vyur (y, 5) dyds
U Q ﬂF(Qo,SQ)

<c-|Go (x,t;y0,0)|1/2 Sui (Qo, So0) -

N
For the regions D; again subdivide (J D; N FEQO-SO) into pieces of cylindrical
i=1 ’
{(m)
annuli T/ which correspond to Ajs (Q;, si). By adding Qo, so to |J (Qi,s;) one
i=1
can handle Q; NT (Qo, s0)° here as well. Now

1/2
—g |GO (X07T0;y75)| 9
V,Go-e-Vyup| <c277¢ / st
/TiMﬂDj y0 y U1 Zk: ( Tf* 62 (y,S) (y ) Y
W |Go (Xo, To; Yok, 80| (/k
“0 ) (Aj’k> Tj
279 1/2
E k,b
< o (1
= w())(o To (At (QZ)S’L)) Z (Z ( ))
wo (If’b

2 Wk)n) /T;« Vun (y. )" dyds |

Te

1/2
[Vui (y, s)] dyd5>

1/2
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again using the stopping time argument decomposition (see Appendix A*) the above
is

c- 2799 (§5) -

Xo,To
wo (A§\4) Ay Sﬁul (Q7 S> dwo (Q7 S>

<c- 2_j0‘2j76 (ZE, t)’y Mi’ol'Sgul (QZ, 51') s
so if v < « these integrals sum over j to give

N £(m)

o |3 VyGo- ey - Vyur| < 8 (2,6) S MEESur (Qy55)
DjﬁF(Q,S)C

=1 =0

For the last region 21 an argument similar to the one for ; NI’ (Q, s) yields an
upper bound of

£(m)

(6) / V,Go-e-V,U| <c|Go (, t; o, 0)['/? E Suy (Qy,85) -
Q1 P
8 7=0

Putting (1)-(6) together it is easy to see that F (z,t) — 0 as (z,t) — (Qo, So)
non-tangentially so that N, ¢ 2 (Qo,s0) — 0 as ¢ (z,t) — 0.

Appendix A*. Stopping time argument for a non-doubling measure.

To
(QOvSO) € 8;DT X [68,T] 3T S ?7

2A7« (Qo, 50) Q 8;—DT, 6 (Ji,t) =T fOI' (Ji,t) S Fa (Qo, 50) .

(z*,t*) = projection of (x,t) onto d,; Dr so that t* = t.

6(x,t
QO = {(y,S) | dp (y,S;(E*,t*> < %} ﬂDT,

Ag (l'*,t*) =Ag =N BI;FDT
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Qo can be covered by parabolic boxes whose dimension compares with their
distance from 9 Dp U D x {t = t* — 6% (x,t) /4} so that the projection of each box

onto 81‘," Dy is a dyadic surface cube which lies inside Ag. Let Ur Jk = the union of
all such dyadic surface cubes and Tf = the union of the corresponding parabolic
boxes in Dr. Notice Qo C T} and A¢ = U I}.

Now write

V,Go (Xo,To:y,5) - €ij (Y, 8) - Vyur (y, s) dyds

Qo

<
3k
Tfﬂﬂo;ﬁ@

/ VGy-e-Vu
T

J

1/2
Go (a,t;y, )|’
5 / Gty yas)  sup ey s)]
i,k (1+”)TJ{C (

6(y78>2 y,s)GTj,k

1/2
. (/ [Vuq (y,s)|2dyds> =A
Ty

by Cauchy-Schwartz and the energy estimate. Now if (y, s) € Qg

' GO ($7t;y7 S)
Go (Xo,T0;y, 5)

. Go (z,t; A, (x*,t%))
T | Go (X0, To; Ay (%, 1%))

by the local comparison theorem applied to the adjoint variable of Gy (Theorem
1.6 in [8]), valid for all strictly elliptic Ly. By Theorem 1.5 in [8]

Go (z,t; A, (x*,1%)) oy §(z,t)" w® (A, (z%,t* — ar?))
GO (X(), TO;ZT (ZL’*, t*)) 6 (.’IJ, t)n CUXU’TU (AT ((E*, t* —+ ﬁT‘2))

c/

< .
> wX07T0 (Ar ($*7t* + ﬁT2))

¢’ depends on 3 and the constant in the definition of A, A, points.
So

|GO (ZE ty S)| <e |G0 (XOaTO;y15)| )
S R AR (@)

Remark. AN Ay =0 and in fact Af must lie slightly above Ag; the constants in
this section depend on 7 (see Definitions and Notation).

Also by Theorem 1.5 in [8]

(yvs) € (1 + T]) T]k = GO (XOaT(vaa 5) <
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so as in [9] one obtains

1/2
C GO (XOaTO;ya‘S) CL2 (y,S)
|
wXo.To (AL (z*,t*)) Ee: ; ( (1+n)T* 62 (y, s)

Xo,To k,b
wy (Aj ) )
N == | VUL (y,s)|" dyds
TJ?“

1/2
)"
by writing the Y as ), > where I} € 7, and 7 is defined as follows:
7,k 0 T

Let
OZ = {(Q?S) € AO : SB (ul) (Q?S) > 2@} )

~ 1
O = {(Q,s) €Ny M2 (XO[) (@, 5) > 5}.
Then 7o =J I Jk such that

1
G0 (10 101) > Lo (1)

but wy (I;—C’b n Og+1> < %WQ (Ijlc7b)
If I¥ € 7, then I} C O,. Also
i) IJ]? € Ty = Wwo (If’b> < 2wyq (Ij]?’b N 6e\0g+1),
i) wo (6g) < 2w (Op);

both hold without wy being a doubling measure (see [9]).
Using the Carleson condition on A, then

1/2
C
A< e2 (8 (m,t)) wo ™o (AP
Wl (Af)(x*,t*))%:(; o (247)

1/2
: <§ wg X T (A?’b n 62\Ol+1>> </k Vuy (y, )] 6 (y,s) ™" dyd5>
Tj

Te

» 1/2

4

ce (6 (x,t))
~ wo(Ag)

ce (6 (x,t))
wo (A)  Ja,

Z 2%)0 (Og) <

14

5 (u1) (Q; 8) duwo (@, 5)

< ce (6 (x,1)) - M5LS (1) (Qo.50) -
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3.

Discussion: The Carleson-type condition in [9] adapts to the parabolic setting
without too much difficulty. However to obtain inequality (D) of Theorem 1 it is es-
sential that the measure wq satisfy the center doubling condition. It is conjectured
that the Carleson-type condition on Ly and L, and the assumption that wg satisfies
a center-doubling condition, should be sufficient to obtain a center-doubling condi-
tion for wy. My inability to prove this conjecture led me to consider other ways of
proving a Fatou theorem. If center doubling is proved for a general caloric measure,
Theorem 2 will be obsolete; however, the method of obtaining the non-tangential
convergence of wuj(x,t) directly from the Carleson condition may prove useful in
other settings where doubling is not known.

The author would like to thank Carlos Kenig for helpful conversations about the
theorems in this paper.
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