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ABSTRACT. For characterization of best nonlinear approximation, DeVore,
Howard, and Micchelli have recently suggested the nonlinear n-width 6, (W, X)
of a subset W in a normed linear space X. We proved by a topological method
that for 6,(W,X) and the well-known Aleksandrov n-width a, (W, X) in a
Banach space X the following inequalities hold: 6241 (W, X) < an(W, X) <

6n (W, X). Let Kz?,e be the unit ball of Besov space Bz?,fﬁ a>0 1<

p,0 < oo, of multivariate periodic functions. Then for approximation in
Lg, 1 < q < oo, with some restriction on p,q and «, we established the

asymptotic degree of these n-widths: an(Kp'y, Lq) & 6n(Ky g, Lq) 0™

1. INTRODUCTION

In nonlinear approximation such as the rational approximation and the approxi-
mation by splines with free knots etc., a function f is approximated by the elements
of a nonlinear manifold parametrized continuously by R™. To characterize the best
method of such nonlinear approximations, DeVore, Howard and Micchelli [5] re-
cently have suggested the nonlinear n-width of a subset W in a normed linear
space X as

6,(W, X) i= inf sup [z — My (F(2))l|x
My zew
with the infimum taken over all continuous mappings F from W into R"™ and
all continuous mappings M,, from R" into X. (Here instead of d,, we use the
symbol 6,, to avoid confusion with the well-known Kolmogorov n-width.) Another
similar definition of nonlinear n-width has been introduced by Mathé [10]. For
approximation in Ly(I), 1<g¢ <oo, I=][0,1], the unit balls Uy, 1<p<gq<
o0, 7 =1,2,..., of Sobolev spaces W} (I) have nonlinear n-width ([4], [5])

6n(Uy, Ly(X)) = n™",

and the unit balls K2 of Besov spaces BS(I), a > 0, p = (o +1/q)”", have
nonlinear n-width ([4], [5], [6])

5(Kg, Ly(D)) ~ 0.
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On the other hand, in 1933 Aleksandrov [1] introduced another nonlinear n-width:
an(W, X) := inf sup [lz — F(z)|x
F.Cy zeW

with the infimum taken over all compact sets C;, C X of topological dimensions
< n and all continuous mappings from W into C,,. (In the definition one can
be restricted with taking the infimum over all polyhedrons.) For approximation
in Ly(I%), 1 < ¢ < oo, the unit balls U2 of Sobolev spaces W (I%), o >
(d/p —d/q)+, have Aleksandrov n-width

an (U, Ly(1) ~ =/,

This degree was obtained in [12] for d = 1 and « natural and recently in [9] for
d>1and a> (d/p—d/q)+, where z := max{0,z} for x € R.

In this paper we investigate relationships between 6, and a, and the degree
of these quantities in the space L, := L,(T?), for the unit balls K7y in Besov
spaces Bz‘j‘)@(Td)7 a > 0,1 < p < oo, of multivariate periodic functions, where
T? = [~7, 7]¢ denotes the d-dimensional torus.

The main results of this note read as follows.

(i) For any compact set W in the Banach space X we have

(L1) Samss (W, X) < an(W, X),
() Hf1<p<qg<oo, a>d/p—d/gorl<qg<p<oo, a>0,then
(1.3) an( ﬁqu(Td)) ~ on( 3,97Lq(Td>) ~n

The assertion (i) shows that a,, and 6,, are closely related. However, we will give
an example stating that they are strictly different. An inequality similar to (1.1)
was proved by Mathé, for the nonlinear n-width introduced in [10]. From (1.1-2) it
follows that for 1 < p,q < co and o > (d/p — d/q)+:

5(Ug, Ly(1h) = n=/4,

2. COMPARISON OF a,, AND 0,

First we prove (1.1) and (1.2). For this purpose we need some results from
topology. The dimension of a topological space X is the maximal nonnegative
integer n such that for any finite open covering 2 for X there exists a finite open
covering € of multiplicity < n+ 1 for X inserted into Q. (Recall that €’ is said to
be inserted into £, if every element of Q' is a subset of at least one element of Q).
Denote by C(X,Y) the set of all continuous mappings from the topological space
X into the topological space Y.

Lemma 2.1 (Pontryagin-Nobeling, cf. [2]). Every n-dimensional compactum s
homeomorphic to a subset of RZ*+1,

Lemma 2.2. Let T be an n-dimensional metric space. Assume that there exists
F e C(T,X) such that F(T) is a compact subset in X. Then for arbitrary ¢ > 0
there exist an n-dimensional polyhedron P C X and F. € C(T, P) such that

(2.1) 2161? |1F(z) — Fo(x)||x < e.
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Proof. The lemma is a slight generalization of Aleksandrov’s theorem stating it
for the case when X = R™ (m > n), F(T) C [0,1]™ (cf. [2]). Obviously,
Aleksandrov’s theorem can be extended to the case when X is finite dimensional
and F(X) is included in the unit ball in X. We now prove the lemma in the
general case. Given arbitrary € > 0, we find an m-dimensional linear manifold
LcX (m>n)and G € C(F(T),L) such that (cf., e.g., [13])

(2:2) sup [|G(y) — G=(y)l|x <e/2.
yeF(T)

We have G := G.F € C(T,L). Thus, there exist an n-dimensional polyhedron
P C L and F, € C(T, P) such that

sup [|G(z) — Fe(z)l|x <e/2.
zeT
This and (2.2) give (2.1). The lemma is proved.

We are now in a position to prove the following

Theorem 2.1. For any compact subset W in the Banach space X the inequalities
(1.1) - (1.2) hold.

Proof. Given arbitrary € > 0, by the definition of a,, there exist an n-dimensional
compact set K C X and F € C(W, K) such that

sup ||z — F(x)||x < a+e¢,
xeW

where a := a, (W, X). There exists by Lemma 2.1 a homeomorphism G from K onto
a compact subset of R?"T1. A theorem of Dowker [8] states that every continuous
mapping from a compact subset of R™ into the Banach space X can be extended
to a continuous mapping from the whole R™ into X. Let My, 1 : R — X
be such an extension of the mapping G~! inverse to G. We have H := GF €
C(W,R?"*1) and therefore,

bon41(W, X) < sup & — Mani1 (H(2))[[x = sup [z — F(z)llx <a+e.
zeW zeW
This proves (1.1).

We next prove (1.2). Given arbitrary e > 0, by the definition of ¢, there exist
H e C(W,R"™) and M,, € C(R", X) such that

(2.3) sup || — M,(H(z))||x < 6+¢/2,
rzeW
where 6 := 6, (W, X). Theset T := H(W) C R" is compact as well as M,,(T'). Thus

by Lemma 2.2 there exist an n-dimensional polyhedron P C X and F. € C(T, P)
such that

sup [|[Mn(y) — Fe(y)l|x <e/2.
yeT

Hence, for F := F.H € C(W, P) we have by (2.3)
sup [l — F(z)||x < sup [z — Mn(H(2))]x
zeW zeW

+msé1$v |M(H(x)) — Fo(H(z))||lx <6+e.

This proves (1.2). The theorem is proved.



2760 DINH DUNG AND VU QUOC THANH

From Theorem 2.1 one can see that in many cases of W and X a, (W, X) and
6, (W, X) have the same degree. However, in general, these quantities are strictly
different approximation characteristics as the following example shows. Let S™ :=
{z eR": |z =1 =z, =0, n+2<j<m} (n+2 < m), then clearly,
an(S™,R™) = 0. On the other hand, by using Borsuk’s antipodality theorem, for
any F € C(S™,R") there exists y € S™ such that F(y) = F(—y). Thus for any
M, € C(R™,R™)

Sup. l[# = My (F(2))[| = max{l|ly + M (F'()I], ly = Mu(F)II} = llyllm-.

This means that 6,(S™, R™) > 1.
The Bernstein n-width of a symmetric subset W in the normed linear space X
is defined by

bp(W, X) := sup sup{b: bBXNL,41 CW}

Ln+1

with the outer supremum taken over all (n + 1)-dimensional linear subspaces of
X. This quantity introduced by Tikhomirov (cf. [13]), is quite suitable for lower
estimating various n-widths. In our case we have

(2.4) 2a, (W, X) > b, (W, X),

on (W, X) = bn (W, X).

The first inequality was proved by Tikhomirov (cf. [13]) and the second one by
DeVore, Howard and Micchelli [5]. We temporarily use the symbols +,, for either
a, or b,.

Lemma 2.3. If Y is a subspace of the linear normed space X, W C Y and P :
X — Y is a continuous linear projection, then

V(W X) = |||~y (W, Y).

Proof. The lemma in both cases can be proved by a similar argument. We will
prove it, for example, for §,. Putting F’ := F and M’ := PM,, € C(R",Y) for
any F e C(W,R"), M € C(R",X) and x € W, we have for x € W
[P lz = Mu(F(x))|| = [|[P(z) — PMnu(F(2))llx
= |lo = M(F'())]|x-
Hence,

[Pll6n(W, X) > inf = sup [z — M, (F'(z)))]|x-
F, M7, zeW

This proves the lemma for 6,, because the right side of the last inequality is not less
than 6,(W,Y).

Lemma 2.4. Let the linear space L be normed by ||.||x and ||.||ly and W C L. As-
sume that W is compact in the norm ||.|x and v, (W, X) > 0 for some nonnegative
integer n. Then for every nonnegative integer s

Vnts(W,Y) < (W, X)7s(BX,Y),
where BX ={zx e L: |z|x <1}.
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Proof. This lemma has been proved by Khodulev (oral communication, 1986) for
an. We will prove it for 6,. For any F € C(W,R"), M, € C(R", X) and
H e C(BX,R?®), M;eC(R*Y)put G(z) :=x— M,F(z) and

A= sup [|G(z)]|x-
zeW
Since W is compact in the norm ||.||x and 6, (W, X) > 0, we have 0 < X < oo.
We define F* € C(W,R""*) and M, € C(R",Y) by
F(x) := (F(x), H(G(2)/A), zeW,
and
My (&) = Mn(§) + AM,(n), £€R",neR"
From the equality
x— My, F(x) = MG(z)/A — M H(G(x))/A)}
and the inclusion G(z)/\ € BX, we obtain

sup ||z — My, F*(z)|ly < sup |lz — MpF(2)||x sup |z — MH(z)lly.
zeW zeW reBX

This proves the lemma for 6,,.

For 1 <p < oo, R™ can be equipped by the norm

m

lzllip = Q)P (p < 00)

k=1
with the usual change to the max norm when p = co. Let B* denote the unit ball
in [
Lemma 2.5. If 1 <p,g< o0, m>n, then

(n+ DYt for p<yg,
an(Bgl7l;n): 17 fO?” P=q
(m—n)t/a=te for p>gq.

Proof. This lemma was proved by Tikhomirov [13] for p = ¢, by Stesin [12] for

p < q and by Khodulev for p > ¢. In the last case the inequality an(BZ’,”, l;”) <

(m — n)1/971/P s easily verified and the inequality an (B, 17) > (m — n)l/a=1/p

immediately follows from the first case and Lemma 2.4 by setting X := [, Y = [[",
W:=B;” and s:=m—n—1.
3. NONLINEAR WIDTHS IN BESOV SPACES

If > 0and 1 <p,0 < oo, then the Besov space By, = Bge(Td) consists of all
functions f defined on T? such that the norm

1fllBz, == Ifllp +1flB2,
is finite, where

oo = o Eowr(£ 00 a7, 1< <o,
Bp,g T SuPtZO t—awr(f, f)p>7 0 = 0,
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r > «a, wr(f,.)p is the modulus of smoothness of order r of the function f €
L,(T%). It is well known that different values of 7 > « give equivalent norms (see,
e.g., [11]). Let

—1+2ZCOSkt+2 Z ((2m — k)/m)coskt
k=m-+1

be the de la Vallée Poussin kernel. Then the multidimensional de la Vallée Poussin
sums are defined by

d
z) =[] Vin(;)
j=1

for m € N. For functions f on T¢ consider the convolution operator V,, f := f*V,,
defining the de la Vallée Poussin sum of f. The differences of successive de la Vallée
Poussin sums are defined by

(I)()f = Vlf, q)k = VYQkf—Vva71f, k=1,2,... .
Ifaa>0,1<p,0 < oo, then (cf. [11])

1713 z{@i"—o@“’“ll@kfu)%l/@, l<h<,

(3.1)
supy, 2°%(| @y f || 5, f = oo

Let T}, denote the set of trigonometric polynomials of order < m in each variable
z;, Jj=1,2,..4d.

If 1 < p < oo, then for every f € T,
(32) I £llp = m= 4Py | (RE)P) P

ke Pp,
with the change to max norm when p = oo, where P, := {k € Z% : —2m < k; <
2m,j=1,..,d},h =7/2m (cf. [14]). Let
Kpo={f€Bps: |fllps, <1}
be the unit ball in Bjy. In what follows we again use the symbol =, for either a,,

or 6y,.

Lemma 3.1. Ifa >0, 1 <p,0,q < co and {ny};2, is a sequence of nonnegative
integers such that ZEO,O ng < n, then for each nonnegative integer s

Yn(Kpgy Lg) < 2W/P= /D5y, (Blls+2) jells+2)
+ Z 2—(Oé—d/iD-i'd/q)k,ymC (Bg(s-i-2)7 ZZ(S+2)).
k=s+1
Proof. The lemma can be proved for both linear and Aleksandrov n-widths in
similar ways. We will prove it, for example, for Aleksandrov n-widths. Moreover,
because of the inclusion By g C Bpg,6 < 6, it is enough to prove the lemma for
0=
If f € Ky, then

f=Vaf+ Y @uf,

k=s+1
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the series converging in L,,, and

(3-3) Vas fllp < ¢ (¢>0),

(3.4) 1w flp <277

The inequality (3.3) follows from the inequalities ||V fll, < [|Vinllill fllp and || Vin |1
< (¢ > 0) for any m, the inequality (3.4) follows from (3.1). Note that the
operators Vos and ®y, k > s, are continuous in L, and

Voo f € By i={g € Toerr : [lgllp < ¢}
and

Opf € Bp:={g € Torr: ||gll, <27}, k=s+1,58+2,....

Let Fy : By — Cf be a continuous mapping from By into Cy C Tor+1,k =
s,s 4+ 1,..., where Cy are polyhedrons of dimension ng. We define a polyhedron
C =Y, Cy of dimension < n and the continuous mapping F : Ky, — C by

F(f) = Fs(Va: /) + Y Fu(@1f).

k=s
We have for f € K

I1f = F(f)llg < Voo f = Fs(Vae H)llg + D 1®0f = Fi(@nf)lg-

k=s+1
Hence we get
(3.5) an(KQ o Lg) < n,(Be, Tyt N Lg) + D iy (Br, Torr N Ly).
k=s+1

By using (3.2) we can see

an, (Bs, Toor1 N Lg) me 2(/p=d/Dsq, (pdlkts) jd(s+2))

an, (Br, Torsr N L) m 2007 4/0td/ kg, (pd(k+2) d(k+2))
for k > s. This and (3.5) prove the lemma.

Theorem 3.1. If1 <p,0,q < oo and o > (d/p—d/q)+, then

an(Kyg, Lg) < n™/%

Proof. First we consider the case p < ¢. For a given natural number n (large
enough) let s be the natural number defined by the condition 20(s+3) < p < 2sH4),
Taking a fixed number 6§ with 0 < § < (o —d/p+d/q)/(1/p —1/q), we define the
sequence {ng}5, by ns = 24%2) and ny = [en=2%4*=%)] for k > s with constant
¢ depending on § only and chosen such that > 7" nj, < n, where [t|] denotes the
integer part of t € R. To prove the theorem we now apply Lemma 3.1. Obviously,

n, (‘Bg(s-‘r2)7 lg(s+2)) -0
and by Lemma 2.5
n, (Bg(k+2),lg(k+2)) ~ (n2—5(k—s))d/q—d/p.
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Hence by Lemma 3.1 we obtain

an( gqu) < Z 2_(°‘_d/p+d/q)k(n2—5(k—s))(d/q—d/p)
k=s+1

_ nd/q—d/p255(d/q—d/p) Z 2—5k,
k=s+1
where 3 =a —d/p+d/q—6(d/p—d/q) > 0. Therefore,

an(K g, L) < nd/a—=d/p9és(d/q—d/p)g—Ps o, p—a/d

Thus, the theorem is proved in the case p < ¢g. In the case p > ¢ it can be proved

in a similar way by setting ng = n and ngy =0 for k > s.

Lemma 3.2. If1<p<g<oo, 1<60< o0 anda >0, then for any f € T},
[fllBa, <m*[fllq-

Proof. Since ||f|l, < (2r)¥/P=d/4| f||, for f € Ly(T?%) and 1 < p < ¢ < o0, it is
enough to prove the lemma for the case p = ¢. For a given natural number m (large
enough), let s be the natural number such that 2°=! < m < 25. If f € T,,; then
f € Tvs and

f=Y af.
k=0
Hence, (3.1) and the inequality ||« f|l, < || fllp. & =0,1,2, ..., give
1£llBg, <D 2% 1@ fllp < IIfllp Y 2% < m®||flp-
k=0 k=0

Theorem 3.2. If 1 <p<g<oworl<g<p<oo, 1<6<o00anda>D0,
then

an(Kp g, Lg) > n~ /"

Proof. If 1 < p < g < oo, then from Lemma 3.2 it follows that b, (K, L) >

n~%/d_ This and inequality (2.4) prove the theorem in the case 1 < p < ¢ < oo.
Let m be the natural number defined by the condition (2m —1)? < 2n < (2m+1)4.
By Lemma 3.2 we have Ky D B :={f € Ty, : |||, < em™*} with the constant ¢
and, therefore

(3.6) an( oo Lq) > an(B, Ly).
For a function f defined on T¢, let
(Smf)@) = Y fre®,
KEAm

where fi, is the k-th Fourier coefficient of f, (k,z) is the scalar product of k and
zand A, ={k€Z?: |kj| <m, j=1,2,..,d}. Then S,, is a linear continuous
projection from Ly onto T, and || S,,||z,—r, < ¢ (1 < ¢ < oo) for some constant
¢ independent of m. Applying Lemma 2.3, we get

(3.7) an(B, Lg) > an(B,LyNTy,).
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By use of the Marcinkiewicz theorem (see [14] for univariate polynomials; the the-
orem and its proof for multivariate polynomials are completely analogous) one can
verify

an(B,LgNTy) > m_o‘m(l/p_l/Q)dan(Bf,v, lév),

where N = (2m + 1)¢. Combining this and (3.6)-(3.7), by Lemma 2.5 we prove the
theorem in the case 1 < ¢ < p < 0.

From Theorems 3.1-2 and 2.1 we obtain (1.3).

Remark . After submitting this paper to Proceedings of the AMS we received a
manuscript by DeVore, Kyriazis, Leviatan and Tikhomirov [7] which gives some
interesting results close to our paper. In particular, the authors obtained asymptotic
degree of nonlinear n-widths of K7y in spaces Lq with 0 < ¢ < oo, using wavelet
decompositions.
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