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ABSTRACT. Let G be a locally compact Vilenkin group with dual group I'. We
give a sufficient condition for f € L°°(T") to be a multiplier of weak type (p, p)
on GG. Some applications of our result are given. We also prove that our result
is sharp.

1. INTRODUCTION

In their 1968 paper [5] on LP(R)-multipliers, Littman, McCarthy and Riviere
gave an example of a sequence of functions (f,,)*, such that

(i) supp(fn) C [27, 27T for each n € Z;
(i) (fn)® €1°(Mp(R)) for 1 < p < 00, p # 2, where M,(R) is the space of all
LP(R)-multipliers;
(i) fi=3"0" oo fn & Mp(R).
The above example shows that the regularity condition on each f,, in the Hor-
mander multiplier theorem cannot be dropped. It is natural to ask the following
two questions:

Question 1. How little regularity on each f,, is needed if we only want f as defined
in (iii) to be a multiplier of weak type (p,p) on R?

Question 2. Is there a positive real number s such that the condition (f,,)>,, €
15(Mp(R)) is itself sufficient for f as defined in (iii) to be a LP(R)-multiplier?

In [1, Theorem 3] Carbery gave an answer to Question 1. Question 2 was an-
swered by Cowling, Fendler and Fournier in [2, Theorem 2]. See also Onneweer
and Quek [6, Theorem 1.1].

An analogue of the example by Littman et al. on locally compact Vilenkin groups
G (see Definition 1.1 below) was given by Onneweer and the author in [6, Theorem
2.2]. We can therefore ask both Questions 1 and 2 mentioned earlier on G instead
of on R. In order to make our questions more precise, we give a brief description
of locally compact Vilenkin groups and introduce some notation.
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Definition 1.1. A locally compact Abelian group G is said to be a locally compact
Vilenkin group if there exists a strictly decreasing sequence of compact open sub-
groups (G,)>,, such that |~ G, = G, N, G, = {0} and sup{order G,,/Gp41 :
n € Z} < .

Examples of such locally compact Vilenkin groups are the p-adic numbers and,
more generally, the additive group of a local field, see Taibleson [7].

We shall denote the dual group of G by I', and for each n € Z, let I';, denote the
annihilator of G,,, that is,

I'={yeTl:vy(x)=1forall z € G,}.

We choose Haar measures p on G and A on I' so that u(Go) = A(Tg) = 1. Then
w(Grn) = (ATy))7! for all n € Z; we set my, := A(I[',,). For an arbitrary set A
we denote its characteristic function by x4. The symbols = and ~ will be used
to denote the Fourier and inverse Fourier transform, respectively. It is easy to see
that for each n € Z we have

(xc.)” = (A\Tw) 'xr, = Fy

In order to give the definition of a (Fourier) multiplier we first introduce the space
S(Q) of test functions on G. A function ¢ : G — C belongs to S(G) if ¢ has compact
support and if ¢ is constant on the cosets of some subgroup G,, (n depending on
¢) of G. The Fourier transform maps S(G) one-to-one and onto S(I'), with S(T")
defined like S(G); cf. Taibleson [7, p. 37].

Let 1 < p < oo. For f € L(T) and ¢ € S(G), define T'¢ by (T$) "~ = f¢. The
function f is said to be

(i) an LP(G)-multiplier if there exists a positive constant C so that for all ¢ €
S(G) we have |Tll, < Cllélly; we wiite |fllxg, = sup{|[Tel,/I6llp : 6 €
S(G)} and denote the space of all LP(G)-multipliers by M,(G);

(ii) a multiplier of weak type (p,p) on G if there exists a positive constant C' so
that for all ¢ € S(G) we have

Wz e G |Top(x)| >t} <Ct7P|¢l,  t>0.

Let X be a Banach space. For 1 < p < co we define [P(X) to be the set of all
sequences (f,)* in X such that > || fu]/% < oo, with the usual modification
if p = 0.

We now state our analogues of Questions 1 and 2 on G. Let (f,,)>°, be a sequence
of functions in L*°(T") such that supp(f,) C I'yy1 \ Ty, for all n € Z.

Question 1’. How little regularity on each f,, is needed so that > > f, isa
multiplier of weak type (p,p) on G7

Question 2’. Is there a positive real number s such that the condition (f,)*,, €
I15(M,(Q)) is itself sufficient for >°°° _ f, to be an LP(G)-multiplier?

n=—oo

We remark that the answer to Question 2’ was obtained by Onneweer and the
author in [6, Theorem 2.1]. One of our aims in this paper is to give an answer to
Question 1’.

Finally, we state the results obtained in this paper. In the next section we prove
the following theorem which is the main result of this paper.
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Theorem 1. Let 1 <p <2 and let f € L>°(T). Suppose

> sup |[(F7) " xave] g, < o0,
k=0 €L

where f™ = fxr, . \r,. Then f is a multiplier of weak type (p,p) on G.

Our proof of Theorem 1 is motivated by Carbery [1, Theorem 1]. As a conse-
quence of Theorem 1 we have the following corollary.

Corollary 1. Let {a(j)}5° be a sequence of positive numbers satisfying Z;X;l ja(j)
<oo. Let 1 <p< 2 andlet f € L=(T). Suppose

1F % (B = Ellag, < ali =), for alli >,

where Fj = (xg,;) " and fi= Ixri .- Then fis a multiplier of weak type (p,p)
on G.

We remark that Corollary 1 is an analogue on G of Theorem 3 in Carbery [1].
Thus Corollary 1 gives an answer to Question 1’.

In Section 3 we prove the following theorem which gives a simpler sufficient
condition for f € L>°(T") to be a multiplier of weak type (p,p) on G in terms of its
smoothness. We say that a function f : I' — C is in the Lipschitz space Ag, 5 > 0,
if f e L(T) and

£ (&) = f(n)
€ = nl?
where [€ —n| = AT),) f{—nel, \y—1, n €Z.

|| fllas := sup < 00,
E#n

Theorem 2. Let 1 < p <2 and let f € L*°(T"). Suppose there exists § > (2—p)/2p
such that

1£7]la, <Cm;?,  je,
where C is a constant independent of j. Then f is an LP(G)-multiplier.

The referee has kindly suggested the following open question whose answer seems
to be beyond the methods of this paper.

Open Question. Let 1 < p < 2 and let 5 = (2 —p)/2p. Let f € L°°(T) such that
HfjHAﬁ Scmj_ﬁa jEZ,
where C is a constant independent of j. Is f a multiplier of weak type (p,p) on G?

In the last section we show that Theorem 1 is sharp in a certain sense. More
precisely, we prove the following theorem.

Theorem 3. Let G be a dyadic group, that is, order G, /Gpi1 = 2 for all n € Z.
Let 1 < r < p < 2. Then there exists a function f € L°°(T) such that

o0

S sup () " xene)  llag, < oo
k=0 €7

but f is not a multiplier of weak type (r,r) on G.
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2. PROOFS OF THEOREM 1 AND COROLLARY 1

We precede the proof of Theorem 1 by two lemmas. The first lemma is an
analogue on G of the Calderon-Zygmund decomposition lemma. See Edwards and
Gaudry [3, Theorem 2.3.2] for a proof of the lemma.

Lemma 2.1. Let ¢ € LP(G), 1 < p < o0, and let o > 0 be given. Then there exists
a sequence of functions (¢;)° such that

() 6= X205,

(ii) ¢; € LP(G) for each j >0 and 3272, [|¢;511h < Cllollb,

(iii) |¢o(x)| < Co for almost every x € G,

(iv) there exist disjoint sets Ij := xj 4 G, (;) such that supp(¢;) C I; for j € N,
(v) flj ¢;(x)du(z) =0 for j €N,

(vi) N5l < CoPu(ly) for j €N,

(vi)) 3272, u(ly) < CoP|gllE.

Lemma 2.2. Let 1 <p <2 and let (h,)>,, € IP(LP(G)). Let p, = xr,,\r, for
n € Z. Then

oo

Z (pnﬁn) ;

n=—oo

P o
<C Y lhalp,
p

n=—oo

where C' is a positive number independent of (hy)> .

Proof. Tt is easy to see that for n € Z, p, € My(G) N M;(G) with ||pnllan, = 1
and ||pnllar, = |[(pn) |l £ 2. For p = 2 and (h,)>®, € [*(L*(G)), we apply
Plancherel’s equality to obtain

2 2

oo

n=-—oo 2 n=-—00 2 n=-—0o0
= 37 llonha) 15 < 3 lIhnll3,

where the last inequality is due to ||pn||ar, = 1.
For p =1 and (h,)>®, € I}(L'(G)), we apply Minkowski’s inequality to obtain

Z (pniln) .

n=—oo

o0

< Y Mpaha) <2 Y bl

1 n=—oo n=—oo

where the last inequality follows from ||pp || < 2.
Consequently, interpolation yields for 1 < p < 2,

o0

Z (pniLn> )

n=—oo

p oo
<C Y My, () € P(LP(@)),
p n=—oo

which completes the proof of Lemma 2.2.

Proof of Theorem 1. We first assume that f € L°°(T") has compact support. For
¢ € S(G) define Tp by (T'¢p) " = f¢p. Then Top = f~ x ¢.
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Fix ¢ > 0 and apply the Calderén-Zygmund decomposition to ¢. Using the
notation of Lemma 2.1 we obtain

¢=co+ Y ¢;.
j=1
Let g = ¢o + 22,2, ¢j * Ay, where A,y = (xr,, ;) ~, and let
h=2 (¢ = &5 * Dugy)-

j=1

Then
{reG:|To(x)] >0} C{xeG:|Ty(x)| >0/2}U{z € G:|Th(z)| >0c/2}
= F,UF,.

We shall prove that (E,) and p(F,,) are each less than Co~P||¢||) for some positive
C independent of ¢.
(a) Estimate of u(Ey). For the set E, we have

(1) W(Es) < 4072 Tyll3 < Co™?[|g|l3  because f € Ma(G).
We claim that [|g||3 < Co®~?||¢|5. We first note that

An) = (ruy) ™ = [1Gn()) ™ XG0
Now supp(¢;) C I; := x; + Gp;) for j € N. Hence we have supp(¢; * A, (jy) € I;.
Since I; N I; = ¢ for ¢ # j, i,j € N, we have
2
> ik Muih|| =D 165 = Anyll3.
j=1 j=1

2

It follows that
2

lgll3 = ||¢o + > ¢ * Angy)

Jj=1 9

<C | lgolls + D 1165 % Aniy 3
=1
It is clear that
ol < [ loll%7 60(o)lPdu(o)

(3) < o | po|Z  (by Lemma 2.1(iii))

< Co®P|¢|p  (by Lemma 2.1(ii)).
To estimate [|¢; * A, ;|3 for j € N, we note that

65 % Anpllp < 5llpll Angiy I = [l

and

S Je
Il
Q
Q

167 % Anilloo < I05l1pl12ni) lpr < (Cop(L;) ) (u(I;)
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where £ + L = 1. Thus
p ' p
16 Angiy I3 < Ca?7P|lgs]5 for j € N.
It follows that
D Ny % Anyllz < C”P Y osl13
j=1

=1

(4)
< Co®P|¢|p  (by Lemma 2.1(ii)).
Substituting inequalities (3) and (4) into (2) we get [|g||3 < Co®7P[|¢[|2. We now

conclude that u(E,) < Co™P||¢||% by substituting our inequality for ||g[|3 into (1).
(b) Estimate of p(F,). We have

Thiz)=|f" = Z(¢j — ¢ * Anip) | (@)
=1
= Z 7 XGoiy * (@5 — &5 Apiy)(2)
(5) =
) X G * (85— b5+ D)) (@)
j=1
=U(x)+V(z)

Hence
F, ={x € G:|Th(z)| > c/2}
C{zeG:|U@)| >c/4}U{zeG:|V(z)| >0o/4}
= A, UB,.
To estimate (A, ) we observe that supp(¢; — ¢; * Ay(;)) C Ij := x5 + Gy for

J € Nand supp(f ~ XG, ;) € Gn)- Thus f 7 xa, ) * (0 — @5 * Ap(j)) is supported
by I; for j € N and so the function U as defined in (5) is supported by U;’;l I;. It
follows that A, C (J;2, [;. By Lemma 2.1(vii) we have 372, pu(I;) < Co~?|[¢|b
and, consequently,

(6) 1(Ag) < Co™"|o|l5.
Next we estimate u(B,). Let f* = fxr, \r, and let w; = Z{jZIm(j):i} ¢;j. Then

V(@)=Y Xe\Guy, * (85 — 65 % Apiy) (@)

j=1
= Y (fxr) Xeva, * (wi —wix A) (@)
+ Z Z(fiJrk) “Xa\a; * (Wi —wi * Ag)(z)
i=—o0 k=0
= Vi(z) + Va(x).
Observe that V; = 0 because supp(w; — w; x A;) " \ I'; while

cr
supp((fxr;) “xa\a;) = ST
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Hence Vi = 0 and we have B, = {z € G : |Va(z)| > o/4}.

We shall prove that u(B,) < Co~P||¢||} by showing that ||Va], < C||l,. To
simplify the notation let g™* = (f"™%) “ xa\ @, and let h* = g"% « (w; — w; x A;).
Then

1B < 11(g"*) ™ Ila, llws — wi 5 Al
< 20(g"") " Nl llwillp-

Hence for fixed k& we have

oo ) ] oo

SR < Csupl|(g™F)  h, D Hlwill?
(7) 1=—00 4 1=—00

< Csup [[(g"") " Iy, 1ol
1

where the second inequality is obtained by observing that

oo o0
Do lwillr= > lesllp

i=—00 j=—o00
and by applying Lemma 2.1(ii). Consequently for fixed k we have (h%*)2 €
IP(LP(G)).
Now observe that supp(g**) ~ C I';ixe1 \Tivr and supp(w; —w; *A;) ~ C T\ T;.
It is easy to see that for fixed & > 0 we have

supp(h**) ~ = supp(g™*) * Nsupp(w; — w; * A;)
CTlitrt1 \Titr.

Now let p;r = Fitgs1 \ Tivk. Then p; (R%*)~ = (h%*) . Hence, by Lemma 2.2,
we have
P

oo
<O Y (IR < C'sup 1g™") " g, N2,
p

i=—00

i hi7k:

i=—00

where the last inequality follows from (7).
Applying the hypothesis of the theorem to obtain the second inequality, we have

ST wikl <> suplig™) s, 6], < Cllll,.
k=0 ||i=—o0 k=0 °

P

Therefore we have ||Vz|| < C||¢||, which implies that u(B,) < Co~?[|¢[b. Com-
bining with our estimate of u(A,) in (6) we conclude that p(F,) < Co=P||p|b. Tt
follows from our estimates of u(E,) and u(F,) that for o > 0, we have

(8) mz € G:[To(x)| > o} < CoP||o|}

for all € S(G). Hence we have proved that f is a multiplier of weak type (p,p)
on G under the additional assumption that f has compact support.

In general, for f € L>°(T") satisfying the hypothesis of Theorem 1 and for given
¢ € S(G), there exists k € Z such that T'¢ = Tj¢ where (Tx¢) ~ = (fxr,)¢. Since
fxr, also satisfies the hypothesis of Theorem 1, it follows from (8) that

mlr € G |Trp(x)| > o} < Co™P||¢|P.
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An examination of our proof of (8) shows that the constant C' is independent of k.
Hence we have
mz e G:|Te(x)| > ot = pfz € G : |Tip(x)| > o} < Co™?||¢][5.
The proof of Theorem 1 is now complete.
Proof of Corollary 1. To simplify the notation, we write g™* = (fi%)~ XG\G;

ik i ~ i — ik i,ky ~ i
a'nd gl = (f +k> XG»;+L\G7;+Z+1' Then g ow = Zl:l—oo gl and (gl ) = f +k *
(Fiti4+1 — Fiw1), where F,, := (x¢@,,) " - For i € Z and k > 0, we have

—1
ik ~ ik ~
g™ ) " llag, < > 19™) " g,

l=—00

~1
= Z LF* % (Figrgn — Firi)llm,

l=—o00
-1

< > alk-1).
l=—o00

Hence

00 oo —1 00
D osw[[(6) “llar, <D D alk—1) < ja(j) < oo
k=0 "* j=1

k=0l=—o0c0

Consequently the hypothesis of Theorem 1 is satisfied and we conclude that f is a
multiplier of weak type (p,p) on G.

3. PROOF OF THEOREM 2
Let £k > 0 and [ < 0. Using the notation in the proof of Corollary 1, we have
g )Mz = 1(g;™) ~ Il
= HfHk * (Fiipr — Fip)|l2
= |l % (Fiyisr = Fir)IXr i \Dg il (since k> 1)
<FTF o (Figagr — Firt)lloolIXTy i \Tasr |2
< C||fi+kHAﬁ (mi+l+1>ﬁ(mi+k+1)%
< C(migr) P (misi1)? (Migrir)?.
Hence
1Ggr™) ~ haay = llgr ™Il
<119 " 2 lxG G |12
< Cl(migr) P (migi11)? (Migrir) 2] (i)~
< Clmigr) ™72 (miga)? 2.

=

We also have
ik A ik i -
109") "~ e = 1(g7™) ~ Moo < I 5 (Fipira = Fi)lloo < Clmigr) ™ (miga)”.
Interpolation yields for 1 < ¢ < 2,
)™, < Clam) =020 ) 200200,
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Now choose ¢ such that 1 < ¢ < p and 8 > (2 — q)/2¢q. Then we have

-1
ik~ ik ~
sup [[(9") ~ |l a, Ssup{ > ™) IIMq}
3 K3

l=—o00

S Sup{le-B_@_q)/&] (mi+k)(2—q)/2q—ﬁ}
< C(27F)P-2-a)/2q

where the last inequality follows from the fact that m;y, > 2Fm; for all i € Z.
It is now clear that

> sup [[(gF) " la, < C Y (27F)FTETD/20 <o,
k=0 =0

2

By Theorem 1 we have f a multiplier of weak type (¢,q) on G. Since 1 < g <p < 2
and f is also an L?(G)-multiplier, we have f an LP(G)-multiplier.

4. PROOF OF THEOREM 3

In this section G will denote a dyadic group, that is, order G, /G, 1 = 2 for all
n € 7Z. Let 1 <r < p < 2. Choose ¢ such that »r < ¢ < p and choose a such
that 0 < o« < 1, ¢ < 2/(2 — &) < p. As in Gaudry and Inglis [4, Example 5.2] we
construct Rudin-Shapiro-like polynomials on G as follows:
For n > 0, fix 4§ in 'apy2 \ Iant1. Thenfor k=1,...,n+ 1, set
Po =00 = XG0
Pk = Pr—1t Yk Ok-1,
o) = Pk-1 ~ VkOk-1;
where 7} are chosen from I's, 11 such that (p}) * and (of) " are both constant and
non-zero on precisely 2F cosets of T',, in Tont2 \Tant1. Now define Q on T' by

Y sgn(ppy1) " (v) v € Tanya \Toptr, n >0,
(v) = .
0 otherwise.

Define f on I' by

f(y) = Z 2= r, (NQ(Y).

n=0
Note that for n >0, f(7) is constant (= £2(*~D("F1)/2) on the 2"+ cosets of I,
in Topq9 \ Tapp1 and is zero elsewhere. Let f7 = le"j+1\Fj. Then for n > 1, we
have |f2"F1(y) — f2"+1(p)| < 2-2@~D+D/2 where , p € T'. Hence

2n-+1 _ £2n+1
Hf2n+1||/\(17a)/2 S sup |f (7) (1{0()/2 (p)|
v#P Iy — pl

< glt(a=D)(n+1)/2-n(1-a)/2
<C- 2—211(1—04)/2'

It is easy to see that f7 =0 for j # 2n+1, n > 1. Hence f satisfies the hypothesis
of Theorem 2 with 8 = (1—«)/2 > (2—p)/2p which implies that f also satisfies the
hypothesis of Theorem 1 for p > 2/(2—a). Thus f is a multiplier of weak type (p, p)
on G. But by Gaudry and Inglis [4, Example 5.2], f is not an L9(G)-multiplier.
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Since r < g < p, f is not a multiplier of weak type (r,7) on G because otherwise f
is an L1(G)-multiplier, by interpolation between r and p.
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