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Abstract. We show that if V is a finite vector space, and G is a subgroup of
PΓL(V ) having the same orbit sizes on 1-spaces as an orthogonal or unitary
group on V , then, with a few exceptions, G is itself an orthogonal or unitary
group on V .

Let C be a finite orthogonal or unitary group, with associated vector space V ,
and let G be a subgroup of PΓL(V ) having the same orbit sizes as C on the set
of 1-dimensional subspaces of V . We shall show that, with a few exceptions, under
these hypotheses G must itself be an orthogonal or unitary group on V . The precise
result is stated in the Theorem below.

This paper was written in response to a question of Prof. S. Abhyankar, who
makes use of the result in [Ab].

Theorem. Let q be a prime power, d ≥ 3 an integer, and V = Vd(q) a vector space
of dimension d over Fq. Suppose that G is a subgroup of PΓLd(q) such that the
sizes of the orbits of G on the 1-spaces of V are as in one of cases (1)− (5) in Table
1 below. If d ≤ 7, assume that q > 2; and if d ≤ 4, assume that q > 3.

(a) If the orbit sizes are as in (4) or (5) of Table 1, then either G � PSUd(q
1/2),

or d = 3, q = 4, G � 32 = O3(PSU3(2)) (and if also G ≤ PGL3(4), then G �

PSU3(2)).
(b) If the sizes are as in (2), then either G � PΩ+

2m(q), or G � PSUm(q) (m
even), or d = 8, G � Ω7(q) (embedded irreducibly in PSL8(q)), or d = 4, q =
5, G � A6.

(c) If the sizes are as in (3), then either G � PΩ−2m(q), or G � PSUm(q) (m
odd), or d = 4, G � 2B2(q) (q an odd power of 2), or d = 6, q = 3, G � L3(4), or
d = 4, q = 4, G ≤ ΓL1(28).

(d) If the orbit sizes are as in (1) with q odd, then either G � Ω2m+1(q), or
d = 7, G � G2(q).

(e) If the orbit sizes are as in (1) with q even, then G � Sp2a(qb) (2ab = 2m) or
G � G2(qb) (6b = 2m), embedded naturally in Sp2m(q) acting indecomposably on
V (fixing a 2m-dimensional subspace W , with V/W trivial).

Conversely, all the groups arising in (a)-(e) do have orbit sizes as in Table 1.

Remarks. 1. The classical groups arising in conclusions (a)-(d) all act in the natural
way on V .
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2. If we relax the assumptions in the Theorem made on q for small d, more
examples occur, but it would not be hard to list these.

Table 1

Case d orbit sizes

(1) 2m+ 1 q2m−1
q−1 , 1

2q
m(qm + 1), 1

2q
m(qm − 1)

(2) 2m (qm−1)(qm−1+1)
q−1 , qm−1(qm − 1) or

(qm−1)(qm−1+1)
q−1 , 1

2q
m−1(qm − 1), 1

2q
m−1(qm − 1) (q odd)

(3) 2m (qm+1)(qm−1−1)
q−1 , qm−1(qm + 1) or

(qm+1)(qm−1−1)
q−1 , 1

2q
m−1(qm + 1), 1

2q
m−1(qm + 1) (q odd)

(4) 2m (qm−1)(qm−
1
2 +1)

q−1 , qm−
1
2 (qm−1)

q
1
2 +1

(q square)

(5) 2m+ 1 (qm+ 1
2 +1)(qm−1)
q−1 , qm(qm+ 1

2 +1)

q
1
2 +1

(q square)

In the proof we shall use primitive prime divisors: if n ≥ 3 and (q, n) 6= (2, 6),
then by [Zs] there is a prime which divides qn − 1 but does not divide qi − 1 for
1 ≤ i ≤ n − 1. Such a prime is called a primitive prime divisor of qn − 1 and is
denoted by qn; note that qn ≡ 1 mod n. Write q∗n for the product of all primitive
prime divisors of qn − 1, counting multiplicities.

The proof of the Theorem is a fairly routine application of the results in [Li] and
[GPPS]. The paper [Li] determines the irreducible subgroups of PΓLd(q) having
exactly two orbits on 1-spaces, and can be used to handle such cases in the Theorem.
And [GPPS] lists subgroups of PΓLd(q) which have order divisible by qe for some
e > 1

2d; since our group G is in general divisible by such a prime, this applies to
our problem. Despite the routine nature of the proof, we feel that the result may
be of some interest, especially in view of the application [Ab].

Proof of the Theorem. Let G ≤ PΓLd(q) be as in the statement of the Theorem.
Write q = pf with p prime. Assume first that d ≥ 5, and also that q > 2 if d ≤ 8;
we shall handle the excluded cases later. Referring to Table 1, we see that |G| is
divisible by q∗d, q∗d−1 or q∗d−2 in case (1), (2) or (3), and by (q1/2)∗2d or (q1/2)∗2d−2 in
case (4) or (5).

Suppose first that G is reducible on V . Then G ≤ Pi, the stabilizer in PΓL(V )

of an i-space, for some i. The orbit sizes of Pi on 1-spaces are qi−1
q−1 and qi(qd−i−1)

q−1 ,

so one of these is an orbit size of G. The only possibility is that d = 2m+1, i = 2m
and the orbit sizes of G are as in case (1) of Table 1. Thus G ≤ P2m = QL,
where Q ∼= (Fq)

2m is the unipotent radical and L � SL2m(q) is a Levi subgroup.

The orbit sizes of P2m are q2m−1
q−1 , q2m; G is transitive on the first orbit, and Q is

transitive on the second. Therefore Q 6≤ G. As G acts irreducibly on Q, it follows
that G ∩ Q = 1, whence G is isomorphic to a subgroup of L which is transitive
on the 1-spaces of V2m(q). The list of all transitive linear groups is given in [Li,
Appendix 1], and the only possibilities which are divisible by the orbit sizes in (1),
hence by 1

2q
m(q2m − 1)/(q − 1), are as follows:

(i) G ≤ ΓL1(p2fm) (where q = pf );
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(ii) G � S = Sp2a(qb) (where 2ab = 2m, a ≥ 1);
(iii) G � S = SLa(q

b) (where ab = 2m, a ≥ 3);
(iv) G � S = G2(qb) (where 6b = 2m, q even).
In case (i) the divisibility condition forces pfm to divide 4fm, whence p =

2, fm = 4; but the subgroup G ∩ GL1(28), being of odd order, fixes a 1-space of
V , so G has an orbit size dividing |G : G∩GL1(28)|, hence dividing 8, which is not
the case.

In case (iii), or in case (ii) with q odd, we have H1(S,Q) = 0 by [JP]. It follows
that the subgroup S of G is conjugate to a subgroup of L, hence fixes a 1-space of
V . But then G has an orbit of size dividing |G : S|, which is not so.

In the remaining cases ((ii) with q even, and (iv)), H1(S,Q) has dimension 1
by [JP]; by the argument of the previous paragraph, S does not fix a 1-space,
so S is not conjugate to a subgroup of L. It follows that conclusion (e) of the
Theorem holds. Here S lies in a subgroup Sp2m(q) acting indecomposably on V ,
with orbit sizes as in (1) of Table 1 and point stabilizers P1 (a parabolic), O+

2m(q)
andO−2m(q). The group S is transitive on each of the orbits, since Sp2m(q) factorizes
as S.P1 = S.O+

2m(q) = S.O−2m(q) (see [LPS, Tables 1 and 2]).
Now assume that G is irreducible on V . Write Z = Z(GLd(q)). Choose an

integer b, maximal such that G ≤ ΓLa(qb)/Z (ab = d) in its usual embedding in
PΓLd(q). If a = 1 then |G| divides (qd − 1)df (where q = pf ), which is impossible
since orbit sizes in Table 1 divide |G|. Hence a ≥ 2.

The subgroups of ΓL(V ) having two orbits on 1-spaces, and their orbit sizes, are
listed in [Li, Appendix 2]. A glance at this list shows that the only such groups
having orbit sizes as in Table 1 satisfy conclusion (a), (b) or (c) of the Theorem.
Thus we may assume that G has three orbits on 1-spaces; the orbit sizes are then
as in (1), (2) or (3) of Table 1, with q odd in cases (2), (3). In particular, |G| is
divisible by q∗e , where e = d, d− 1 or d− 2.

Let X be one of the classical groups SLa(qb), Spa(qb), Ωa(qb), Ua(qb/2), chosen
to be minimal such that G ≤ NΓL(V )(X)/Z. Write X̄ = X/X ∩ Z. If G contains

X̄ then X must be orthogonal or unitary, and from the orbit sizes of X we see that
b = 1 in the orthogonal case, b = 1 or 2 in the unitary case; hence G is as in (a)-(d)
of the Theorem. Consequently we may assume that X̄ 6≤ G.

At this point we apply the main result of [As] on the subgroups of the classical
group NPΓL(V )(X̄). According to this result, either G lies in a member of one of
the families C1, . . . , C8 of subgroups of this group, or G ∈ S, a certain collection of
almost simple subgroups. A discussion of this result can be found in [KL, Chapter
1], and detailed descriptions of the members of the families Ci in [KL, Chapter 4].

Suppose first that G ∈ Ci for some i. As G is irreducible, and by choice of b and
X , i is not 1, 3 or 8; also subgroups in Ci for i = 4, 5, 7 do not have order divisible
by q∗e . If G ≤M ∈ C2, then G stabilizes a decomposition V = V1 ⊕ . . .⊕ Vk, where
each Vi has Fq-dimension r, rk = d and G ∩ PGL(V ) ≤ (GLr(q) wr Sk)/Z. As q∗e
divides |G| and e ≥ d − 2 > d/2, we must have r = 1, k = d and q∗e = d − 1 or d.
But G has at least k orbits on 1-spaces, so this is impossible when d ≥ 5. Finally,
suppose that G ≤ M ∈ C6. Then |M ∩ PGL(V )| divides r2k|Sp2k(r)|, where r is
prime, a = rk and r|qb − 1. Since q∗e divides |G|, this means that r = 2, a = d = 2k

and q∗e = 2k±1 with e = d or d−2. A result of Hering [He, 3.9] determines all (q, e)
such that q∗e = e+ 1, and this implies that (q, e) = (3, 4), (3, 6) or (5, 6). In the first
case d = 4, contrary to assumption; in the second case G ≤ 26.Sp6(2) < L8(3), and
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the orbit sizes of 26.Sp6(2) on 1-spaces are 720, 2560 by [Li, Appendix 2], neither
of which is an orbit size of G; and in the last case the orbit sizes of G do not divide
26|Sp6(2)|.

It remains to deal with the case where G ∈ S. Here G is almost simple; write
S = F ∗(G). In [GPPS, Examples 2.6 - 2.9], all possibilities for subgroups in S
which are divisible by a primitive prime divisor qib, i > a/2, are listed. Clearly
e = ib with i > a/2, so our group S is in this list.

Suppose first that S is of Lie type in characteristic p. Then S is given by [GPPS,
Example 2.8]. The only possibilities with |S| divisible by q∗e (e ≥ d−2) are (S, d, e) =
(L2(q3), 8, 6), (Ω7(q), 8, 6), (G2(q) or 2G2(q), 7, 6) (q odd), (G2(q2), 14, 12) (q odd),
(U3(q), 8− δ3,p, 6) or (U3(q2), 14, 12) (p = 3). Of these, the only cases where |Aut S|
is divisible by the orbit sizes in Table 1 are S = Ω7(q), G2(q), as in conclusions
(b), (d) of the Theorem. In these cases S lies in Ω+

8 (q), Ω7(q) respectively, and is
transitive on each orbit of these groups on 1-spaces (see [LPS] again).

Now assume that S is alternating, sporadic, or of Lie type in p′-characteristic.
From the lists in [GPPS, Examples 2.6, 2.7 and 2.9], we see that one of the following
holds:

(i) there is only one primitive prime divisor of qe − 1 dividing |G|, and this is
equal to e+ 1 or 2e+ 1; moreover, this prime divides |G| to the first power only;

(ii) S = L2(s) with s prime, d = (s±1)/2, e = (s−1)/2 and q∗e = (e+1)(2e+1).
Consequently q∗e must be e+1, 2e+1 or (e+1)(2e+1). Hence the possibilities for

(q, e) are given by [He, 3.9]. In case (ii), (q, e) is (3, 18) or (17, 6). But then either
S = L2(37) < Ld(3) (d = 18 or 19), or S = L2(13) < Ld(17) (d = 6 or 7), and
|Aut S| is not divisible by the orbit sizes. Therefore (i) holds, and the possibilities
for q, e are as follows:

q = 2 : e = 3, 4, 8, 10, 12, 18 or 20
q = 3 : e = 4 or 6
q = 4 : e = 3 or 6
q = 5 : e = 6.

Suppose that q = 2 or 4. Since we are assuming G to have three orbits on 1-spaces,

we must have d = 2m+ 1 and |G| divisible by the orbit sizes q2m−1
q−1 , 1

2q
m(qm + 1),

1
2q
m(qm − 1). (In particular, e = 2m = d − 1.) From [GPPS], we see that the

only possibilities for S = F ∗(G) satisfying these conditions are S = PSp4(5) or
PSp6(3), with q = 2, d = 13. However, PSp4(5), PSp6(3) are not subgroups of
L13(2) by Lagrange’s theorem.

Now let q = 3. Here e = 4 or 6, so 5 ≤ d ≤ 8. If d = 5, the orbit sizes 40, 45, 36
divide |G|, and [GPPS] shows that S = M11; however, M11 < L5(3) has only two
orbits on 1-spaces, by [Li]. If d = 6 then the orbit sizes ofG are 130, 117, 117 or 112,
126, 126, whence |G| is divisible by either 32.5.13 or 24.32.7; now [GPPS] implies
that S is L3(4), A7 or J2. The first case is in conclusion (c) of the Theorem, and
L3(4) < Ω−6 (3) is transitive on each Ω−6 (3)-orbit on 1-spaces (see [At, p. 52]). In
the second case, G = A7 or S7 has orbit sizes 112, 126, 126; but A7 and S7 have no
transitive actions of degree 112 (see [At, p.10]). Finally, J2 6≤ L6(3) by Lagrange’s
theorem. When d = 7, [GPPS] gives no possibilities for G of order divisible by the
orbit sizes 22.7.13, 2.33.7, 33.13. Now suppose d = 8. The orbit sizes imply that |G|
is divisible by either 25.33.5.7 (case (2) of Table 1) or by 13.41 (case (3)). By [GPPS],
the former holds, and S = Sp6(2),Ω+

8 (2), A9 or L3(4). In the first three cases the 8-
dimensional representation of S is uniquely determined (see the 3-modular character
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tables of these groups in [At2]), and embeds S ≤ Ω+
8 (2) < Ω+

8 (3) < L8(3). But in
this representation, Ω+

8 (2) has an orbit of size 120 on 1-spaces (see [Li, p.505, case
3(e,f)]). Finally, if S = L3(4), one checks using [At, p.23] that the group G with
F ∗(G) = S has no transitive action of degree 23.33.5, which is one of the required
orbit sizes.

Now suppose that q = 5. Then e = 6 and 6 ≤ d ≤ 8. When d = 6, |G| is
divisible by either 13.31 (case (2) of Table 1) or 22.33.52.7 (case (3)). By [GPPS],
the latter holds, and S = J2. But J2 < L6(5) has only two orbits on 1-spaces, by
[Li]. Finally, when d = 7 or 8, [GPPS] shows that there are no possibilities for S
with |G| divisible by the required orbit sizes.

This completes the proof of the Theorem under our initial assumption that d ≥ 5
and that q > 2 if d ≤ 8. By the hypotheses of the Theorem, it remains to handle the
cases d = 3, 4 with q ≥ 4, and d = 8, q = 2. The argument given at the beginning
of the proof of the Theorem (second paragraph) shows that if G is reducible then
d = 3, q is even and G � Sp2(q) as in conclusion (e). Thus we suppose that G is
irreducible. In the case d = 8, q = 2, G has two orbits on 1-spaces, and we check
that conclusion (b) or (c) holds using [Li]. Thus we suppose from now on that d = 3
or 4 and q ≥ 4.

As in the proof above, we choose b maximal such that G ≤ ΓLa(q
b)/Z, where

ab = d. If a = 1 then the orbit sizes must divide (qd − 1).d logp q, which implies
that d = 4 and q = 4, 8 or 16 (and the orbit sizes are as in (3) of Table 1). The
subgroups of ΓL1(qd) having two orbits on nonzero vectors are given by [FK, §3],
from which we see that an example arises if and only if q = 4, as in conclusion (c).

Hence we now assume that a ≥ 2; and (a, b) = (d, 1) or (2, 2). Again choose a
classical group X of dimension a over Fqb , minimal such that G ≤ NΓL(V )(X)/Z.

If G contains X̄ = X/X ∩ Z, then one of (a)-(d) of the Theorem holds, so assume
X̄ 6≤ G. Suppose that G is contained in a member M of one of the families Ci
of subgroups of N(X̄). Then i 6= 1, 3, 4, 7, 8 by choice of b and X . If i = 2 or 5
then the orbit sizes of M are not compatible with those of G. And if M ∈ C6,
then |G ∩ Ld(q)| divides 24.33 (if d = 3), or 28.32.5 (if d = 4). The fact that |G|
is divisible by orbit sizes in Table 1 forces either d = 3, q = 4 or d = 4, q = 5.
In the first case, G ≤ 32.2S4 (see [At, p.23]) and G has orbit sizes 9,12 as in (5)
of Table 1. Then clearly G � 32, as in (a) of the Theorem; moreover, if also
G ≤ PGL3(4), then G ≤ 32.2A4, whence from the action on the orbits, G contains
32.Q8 = PSU3(2). Now consider d = 4, q = 5. Here G ≤ 24.Sp4(2) and the orbit
sizes of G are 36, 60, 60 or 36, 120. By [Li], the group 24.Sp4(2) has orbit sizes
60, 96. The normal subgroup 24 has 15 orbits of size 4 and 16 of size 6, both sets
permuted transitively by the factor Sp4(2) (see [Li, 1.2]). Hence G cannot contain
this 24, and so G∩24 = 1. Thus G = A6 or S6, as in conclusion (b) of the Theorem.

Thus G lies in the collection S of almost simple subgroups of NPΓL(V )(X̄). Let
S = F ∗(G). For d ≤ 4, the members of this collection are well known, and are
among the following (see [Kl, Chapter 5]):

d = 3 : S = A5, A6 or L2(7)
d = 4 : S = A5, A6, A7, L2(7), U4(2), L3(4) or L2(q).

By [Li], the only possibility for G having two orbits is d = 4, q = 5, S = A6, as in
(b) of the Theorem. So assume that G has three orbits; these have sizes q + 1,
1
2q(q + 1), 1

2q(q − 1), or (q + 1)2, 1
2q(q

2 − 1), 1
2q(q

2 − 1), or q2 + 1, 1
2q(q

2 + 1),
1
2q(q

2 + 1). The only possibilities with |Aut S| divisible by orbit sizes are as
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follows:
d = 3, q = 4, S = A5 or A6, and
d = 4, q = 5, S = A6 or A7.

In the case d = 3, A6 has orbit sizes 6,15 (see [Li]), and there is no irreducible A5 in
L3(4). And in the case d = 4, A6 has two orbits ([Li]) and there is no A7 in L4(5).

This completes the proof of the Theorem.
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