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HEIGHTS OF ALGEBRAIC POINTS LYING
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Abstract. Our first aim will be to give an explicit version of a generalization
of the results of Zhang and Zagier on algebraic points (x, y) with x+y+1 = 0.
Secondly, we will show that distinct algebraic points lying on a given curve of
certain type can be distinguished in terms of some height functions. Thirdly,
we will derive a bound for the number of points on such a curve whose heights
are under a given bound and whose coordinates lie in a multiplicative group
of given rank.

0. Introduction

When K is a number field, let V = V (K) be the set of its places, and for v ∈ V
let | · |v be the absolute value belonging to v which extends the ordinary or a p-adic

absolute value of Q. Further set ‖x‖v = |x|dv/dv where d is the degree of K and dv
is the local degree associated with v. The additive version of the product formula
is that ∑

v∈V
log ‖x‖v = 0

for x ∈ K×. For such x set

h(x) =
∑
v∈V

max(0, log ‖x‖v) =
1

2

∑
v∈V
| log ‖x‖v|,

where the second equality follows from the product formula. Then h(x) is the
absolute logarithmic height of x; it is independent of the number field K in which
x is embedded.

It is an old conjecture of Lehmer [2] that when x is of degree d over Q, and is
not 0 or a root of 1, then

h(x) > c1/d(0.1)

with an absolute constant c1 > 0. The best result in this direction is due to
Dobrowolski [1] and says that h(x) > (c2/d)(log log d/ log d)3 if d = 3. The example
x = 21/d shows that (0.1) would be best possible. In contrast, there is the following
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result of Zhang [8]: Suppose x, y are algebraic but not 0 or cube roots of 1, and
satisfy

x+ y + 1 = 0.

Then

h(x) + h(y) = c3 > 0

with an absolute constant c3. Zagier [7] gave a more natural proof and determined

the best value of the constant: c3 = 1
2 log((1 +

√
5)/2). We will prove the following

Theorem 1. Let F (X1, . . . , Xn) be a polynomial with rational coefficients. Let
x1, . . . , xn be nonzero algebraic numbers with

F (x1, . . . , xn) = 0, F (1/x1, . . . , 1/xn) 6= 0.

Then
n∑
i=1

h(xi) = c3(F ) > 0.

When F has total degree f and coefficients in Z of maximum modulus H, we
may take

c3(F ) = 1/(24f+2nH).

S. Ahlgren pointed out to me that the theorem can be generalized to polynomials
F with coefficients in a number field with at least one real embedding.

When n = 2 and F (X,Y ) = X + Y + 1, then F (x, y) = F (1/x, 1/y) = 0 yields
x+ y = −1, xy = 1, so that x, y are the roots of Z2 + Z + 1, hence are cube roots
of 1. Therefore Theorem 1 contains Zhang’s Theorem.

Instead of the sum

hs(x) =
n∑
i=1

h(xi)(0.2)

we could have taken a more “sophisticated” function, such as, e.g.,

h(x1, . . . , xn) =
∑
v∈V

max(0, log ‖x1‖v, . . . , log ‖xn‖v).

h can be interpreted as the height of the point (1 : x1 : · · · : xn) in projective space
Pn, and one can formulate a result on heights of such points satisfying homogeneous
polynomial equations. But the proofs are more conveniently done in the affine
setting, and h has the disadvantage (crucial in (ii) below) that it is not invariant
under replacing x1, . . . , xn by 1/x1, . . . , 1/xn.

When A is a subgroup of Q̄×, where Q̄ is the algebraic closure of Q, let An be
the product group A× · · · ×A. Suppose x = (x1, . . . , xn), x′ = (x′1, . . . , x

′
n), . . . lie

in (Q̄×)n. In this group x/x′ = (x1/x
′
1, . . . , xn/x

′
n). We now set

δ(x, x′) = hs(x/x
′) =

n∑
i=1

h(xi/x
′
i).

Since h(1/x) = h(x) and h(xy) 5 h(x) + h(y), we have

(i) δ(x, x′) = 0, with equality precisely when x/x′ ∈ Un, where U is the group of
roots of 1.

(ii) δ(x, x′) = δ(x′, x).
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(iii) δ(x, x′′) 5 δ(x, x′) + δ(x′, x′′).

Thus δ induces a metric on the factor group (Q̄×)n/Un.
In what follows we will have n = 2 and we will have x = (x, y), x′ = (x′, y′), . . . in

(Q̄×)2. Let P ∈ C[X,Y ] be not divisible by X or Y . LetM =M(P ) be the set of
monomials XiY j occurring in P with nonzero coefficients, so that P =

∑
M∈M

uMM

with coefficients uM 6= 0. Suppose P has respective degrees a, b in X,Y , and set

P̃ =
∑
M∈M

uMX
aY bM−1.

It is easily seen that P̃ (like P ) is not divisible by X or Y and is again of respective

degrees a, b. Thus
≈
P = P , and the relation between P and P̃ is symmetric. Call P

reflexive if M(P ) =M(P̃ ). For example, P = uX + vY + w with uvw 6= 0 is not
reflexive, but P = sXY + uX + vY + w with suvw 6= 0 is reflexive.

Theorem 2. Suppose P (X,Y ) as above is irreducible and not reflexive. Let P, P̃
be of respective total degrees p, p̃, and set q = pp̃. Suppose x

0
, x

1
, . . . , x

q
are distinct

zeros of P lying in (Q̄×)2. Then

q∑
i=1

δ(x
0
, x

i
) = c4(P ) > 0.

When M(P ) has cardinality m, we may take

c4(P ) = 2−8pm.

For a linear polynomial P , a related result had been proved by Schlickewei and
Wirsing [5].

Finally we have

Theorem 3. Let P (X,Y ) be as in Theorem 2, and Γ a subgroup of (Q̄×)2 con-
taining at most r multiplicatively independent elements. Then the number of zeros
x ∈ Γ of P with h(x) 5 C, where C = 1, is

5 c5(P )r+1Cr.

We may take

c5(P ) = 29pm.

In the case of a linear polynomial P , a bound with r2 in the exponent is implicit
in Schlickewei [3].

Added in proof. Since submission of this paper, further work was done by E. Bom-
bieri and U. Zannier in Algebraic Points on Subvarieties of Gnm, which has already
appeared in International Mathematical Research Notices 7 (1995), 333–347. See
also W. Schmidt, Heights of Points on Subvarieties of Gnm (to appear in Proceed-
ings Séminaire de Théorie des Nombres de Paris (1994/94)) and F. Beukers and
D. Zagier, Lower bounds of heights of points on hypersurfaces (Preprint #943, Univ.
Utrecht, 1996).
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1. Proof of Theorem 1

Lemma 1. Let x1, . . . , xn be nonzero complex numbers, and set

ρ = max
i
|1− |xi||.

Then when µ > 1 we have

log ρ+ logµ 5 (e log 2)−1µmax
i
| log |xi||.(1.1)

Proof. Since we interpret log 0 to be −∞, we may suppose that ρ 6= 0. Set ν = µρ.
We distinguish three cases.

(i) 0 < ν 5 1. Here we observe that the left hand side of (1.1) is 5 0.
(ii) 1 < ν < µ. Pick i with |1 − |xi|| = ρ = ν/µ. Then |xi| = 1 ± ν/µ, so that

| log |xi|| = (ν/µ) log 2. Now

log ρ+ logµ = log ν 5 ν/e 5 (e log 2)−1µ| log |xi||,
and (1.1) holds.

(iii) ν = µ. Then ρ = 1, so that ρ = |xi| − 1 for some i, and the right hand side
of (1.1) is = (e log 2)−1µ log(ρ+ 1). The desired assertion now follows from

(e log 2)−1µ log(ρ+ 1)− log ρ− logµ = (e log 2)−1µ log 2− logµ = 0.

Now let x = (x1, . . . , xn) be as in Theorem 1, and set K = Q(x1, . . . , xn) and
V (K) = V = V∞∪V0, where V∞, V0 consist of Archimedean and non-Archimedean
places, respectively. For v ∈ V set

Bv = max(0, log |x1|v, . . . , log |xn|v),
so that

max(1, |x1|v, . . . , |xn|v) = eBv(1.2)

and ∑
v∈V

dvBv =
∑
v∈V

max(0, d log ‖x1‖v, . . . , d log ‖xn‖v)

5 d
n∑
i=1

h(xi) = dhs(x).

(1.3)

Set

ρv = max
i
|1− |xi|v| (v ∈ V ).

Write

F̃ (X1, . . . , Xn) = Xr1
1 · · ·Xrn

n F (1/X1, . . . , 1/Xn)(1.4)

where r1, . . . , rn are the respective degrees of F in X1, . . . , Xn. Then F̃ is a poly-
nomial of total degree f̃ 5 nf . Our hypothesis implies that

F̃ (x) 6= 0.(1.5)

Lemma 2.

log |F̃ (x)|v 5
{
nfBv when v ∈ V0,

(n+ 1)fBv + log(24f+2n−2H) + log ρv when v ∈ V∞.
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Proof. When v ∈ V0, then

|F̃ (x)|v 5 ef̃Bv 5 enfBv ,
whence the assertion.

Suppose v ∈ V∞. We may assume that K is embedded in C, and | · |v is the
ordinary absolute value. We denote the complex conjugate of a number z by z̄. By
the Taylor expansion about x we have

F (1/x̄1, . . . , 1/x̄n) =
∑
k

ck((1/x̄1)− x1)k1 · · · ((1/x̄n)− xn)kn

where in view of F (x) = 0 the sum is over n-tuples k = (k1, . . . , kn) 6= 0 with ki = 0

(i = 1, . . . , n), k1 + · · ·+ kn 5 f , and where ck = Fk(x) with

Fk =
1

k1! · · ·kn!

∂k1+···+kn

∂Xk1
1 · · · ∂Xkn

n

F.

The coefficients of Fk have modulus 5 2fH (see, e.g., [6, Ch. V, Lemma 5A]). The

number of monomials in Fk is 5
(
f + n
n

)
5 2f+n−1, so that by (1.2),

|ck| 5 22f+n−1HeB(f−k1−···−kn)

with B = Bv. After multiplication by x̄r11 · · · x̄rnn we obtain

F̃ (x̄) =
∑
k

ckx̄
r1−k1
1 (1− |x1|2)k1 · · · x̄rn−knn (1− |xn|2)kn .(1.6)

For 1 5 i 5 n,

|x̄i|ri−ki(1− |xi|2)ki 5 2ki max(1, |xi|)ri+ki 5 2kie(ri+ki)B.

But when ki > 0 we have with ρ = ρv that

|x̄i|ri−ki(1− |xi|2)ki 5 2kiρmax(1, |xi|)ri+ki−1 5 2kiρe(ri+ki)B .

Thus (since the sum in (1.6) is over k 6= 0),

|F̃ (x)| = |F̃ (x̄)| 5 ρ · 2f
∑
k

|ck|e(nf+k1+···+kn)B

5 ρ · 2f
(
f + n
n

)
· 22f+n−1He(n+1)fB

5 ρ · 24f+2n−2He(n+1)fB.

Therefore

log |F̃ (x)| 5 log ρ+ log(24f+2n−2H) + (n+ 1)fB,

and Lemma 2 is established.
We now multiply the inequality of the lemma by dv and take the sum over v ∈ V .

The left hand side will become zero by (1.5) and the product formula. In view of
(1.3) we obtain

0 5 (n+ 1)fdhs(x) + d log(24f+2n−2H) +
∑
v∈V∞

dv log ρv.(1.7)
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When µ > 10, Lemma 1 yields∑
v∈V∞

dv log ρv = −d logµ+
∑
v∈V∞

dv(log ρv + logµ)

5 −d logµ+ (e log 2)−1µ
∑
v∈V∞

dv max
i
| log |xi|v|

= −d logµ+ (e log 2)−1µd
∑
v∈V∞

max
i
| log ‖xi‖v|.

(1.8)

But ∑
v∈V∞

max
i
| log ‖xi‖v| 5

n∑
i=1

∑
v∈V
| log ‖xi‖v| = 2hs(x).(1.9)

If we substitute all this into (1.7) and divide by d, we get

0 5 − logµ+ ((n+ 1)f + (2/e log 2)µ)hs(x) + log(24f+2n−2H).(1.10)

We set

µ = e · 24f+2n−2H.

Since f = 1, the coefficient of hs(x) in (1.10) is

(n+ 1)f + (2/e log 2)µ 5 ((n+ 1) · 2−4 · 24f + (1/ log 2) · 24f+2n−1)H

< 24f+2nH.

Thus indeed hs(x) > 1/(24f+2nH).
For later applications we will prove the following

Theorem 1a. When n = 4 and

F0(X1, X2, X3, X4) =

∣∣∣∣∣∣
1 1 1
1 X1 X2

1 X3 X4

∣∣∣∣∣∣ ,
we may take c3(F0) = 1/52.

We begin with

Lemma 2a. In the situation of Theorem 1a,

log |F̃0(x)|v 5
{

3Bv when v ∈ V0,

5Bv + 4 log 2 + log ρv when v ∈ V∞.

Proof. Note that

F̃0(X1, X2, X3, X4) = X2X3 −X1X4 +X1X3X4 +X1X2X4

−X2X3X4 −X1X2X3.

The assertion for v ∈ V0 follows immediately. On the other hand, as a special case
of (1.6),

F̃0(x̄) = (x4 − 1)(1− |x1|2)x̄2x̄3x̄4 + (x1 − 1)(1− |x4|2)x̄1x̄2x̄3

− (x3 − 1)(1− |x2|2)x̄1x̄3x̄4 − (x2 − 1)(1− |x3|2)x̄1x̄2x̄4

+ (1− |x1|2)(1− |x4|2)x̄2x̄3 − (1− |x2|2)(1− |x3|2)x̄1x̄4.
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The right hand side equals

(1− |x1|2)x̄2x̄3

(
1

4
|x4|2 +

1

2
− x̄4

)
+ (1− |x4|2)x̄2x̄3

(
1

2
|x1|2 +

1

2
− x̄1

)
− (1− |x2|2)x̄1x̄4

(
1

2
|x3|2 +

1

2
− x̄3

)
+ (1− |x3|2)x̄1x̄4

(
1

2
|x2|2 +

1

2
− x̄2

)
.

Now the sum of the moduli of the coefficients in (1 + X)
(

1
2Y

2 + 1
2 − Y

)
is 4.

Therefore we obtain

|F̃0(x̄)| = |F̃0(x)| 5 4ρ · 4e5B = e5B · 24ρ,

and Lemma 2a follows.
If we take the inequalities of Lemma 2a, multiply by dv, and take the sum over

v ∈ V , we obtain

0 5 5dhs(x) + 4d log 2 +
∑
v∈V∞

dv log ρv.

In view of (1.8), (1.9) we obtain after division by d that

0 5 − logµ+ (5 + (2/e log 2)µ)hs(x) + 4 log 2.(1.10a)

We now take µ = e · 24, so that

5 + (2/e log 2)µ = 5 + 25/ log 2 < 52,

and (1.10a) gives hs(x) > 1/52.

2. Proof of Theorem 2

Write

P =
m∑
k=1

ukMk

with distinct monomials Mk and nonzero coefficients uk. Since P is nonreflexive,

M(P ) 6⊆ M(P̃ ). By hypothesis, P (x
i
) = 0, i.e.,

m∑
k=1

ukMk(x
i
) = 0 (i = 0, . . . , q),

so that the matrix

(Mk(x
i
)) (1 5 k 5 m, 0 5 i 5 q)

has rank < m. If we divide the k-th row by Mk(x
0
) we obtain the matrix

(Mk(x
i
/x

0
)) (1 5 k 5 m, 0 5 i 5 q),(2.1)

which is also of rank < m.
Next, consider the matrix

(Mk(x
0
/x

i
)) (1 5 k 5 m, 0 5 i 5 q).(2.2)

Suppose this matrix also had rank < m. Then there are relations
m∑
k=1

wkMk(x
0
/x

i
) =

m∑
k=1

wkMk(x
0
)/Mk(x

i
) = 0 (0 5 i 5 q)

where not all the coefficients wk are zero. Thus the polynomial

P̂ (X) =
m∑
k=1

wkMk(x
0
)XaY bMk(X)−1
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(where again a, b are the degrees of P in X,Y ) vanishes at x
0
, . . . , x

q
. Clearly

M(P̂ ) ⊆ M(P̃ ), so that M(P ) 6⊆ M(P̂ ), and P, P̂ are not constant multiples of

each other. Since P̂ has respective degrees 5 a, b in X,Y , it is not a multiple of P .

Since P is irreducible, P, P̂ have no common factor. Their respective total degrees
are p and 5 p̃, so that by Bezout’s Theorem they have at most q = pp̃ common
zeros, contradicting the fact that they have the zeros x

0
, x

1
, . . . , x

q
.

We may conclude that the matrix (2.2) has rank m. There are integers i0, i1, . . . ,
im−1 such that the matrix

(Mk(x
0
/x

it
)) (1 5 k 5 m, 0 5 t < m)

is nonsingular. We clearly may pick i0, . . . , im−1 with i0 = 0. Then the matrix with
rows

(1,Mk(x
0
/x

i1
), . . . ,Mk(x

0
/x

im−1
)) (1 5 k 5 m)(2.3)

is nonsingular. Let F (X
1
, . . . , X

m−1
) with X

i
= (Xi, Yi) be the determinant with

rows

(1,Mk(X
1
), . . . ,Mk(X

m−1
)) (1 5 k 5 m).

Then F is a polynomial in n = 2(m − 1) variables of total degree f 5 degM1 +
· · ·+ degMm 5 mp. By the nonsingularity of the matrix with rows (2.3),

F (x
0
/x

i1
, . . . , x

0
/x

im−1
) 6= 0.

On the other hand, since (2.1) is of rank < m, the matrix with rows

(1,Mk(x
i1
/x

0
), . . . ,Mk(x

im−1
/x

0
)) (1 5 k 5 m)

is singular, so that

F (x
i1
/x

0
, . . . , x

im−1
/x

0
) = 0.

By Theorem 1, the point x = (xi1/x0, yi1/y0, . . . , xim−1/x0, yim−1/y0) has hs(x) =
c3(F ). Then

q∑
i=1

δ(x
0
, x

i
) =

q∑
i=1

(h(xi/x0) + h(yi/y0)) = hs(x) = c3(F ).

Now 4f+2n 5 4mp+2 ·2(m−1)5 8pm−4, so that we may take c3(F ) = 2−8pm+4.
Therefore Theorem 2 is true with c4(P ) = 2−8pm+4 > 2−8pm.

Theorem 2a. When P0 = uX + vY + w with nonzero coefficients, we may take

c4(P0) = 1/52.

Proof. In this special case we have m = 3, M1 = 1, M2 = X , M3 = Y . Further
F (X

1
, X

2
) becomes ∣∣∣∣∣∣

1 1 1
1 X1 X2

1 Y1 Y2

∣∣∣∣∣∣ ,
so that we may take c4(P ) = c3(F ) = 1/52.
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3. Proof of Theorem 3

Suppose initially that Γ is finitely generated and of rank r. There are α
1

=

(α1, β1), . . . , α
r

= (αr , βr), so that the elements of Γ are

x = (x, y) = ζαu1

1
· · ·αur

r
= (ξαu1

1 · · ·αurr , ηβu1
1 · · ·βurr )(3.1)

where ζ = (ξ, η) ∈ U2, and u = (u1, . . . , ur) runs through Zr. Here Γ, hence the

αi, βi lie in a number field K. For v ∈ V = V (K) put

aiv = log ‖αi‖v,

av(ξ) =
r∑
i=1

aivξi,

biv = log ‖βi‖v (i = 1, . . . , r),

bv(ξ) =
r∑
i=1

bivξi

where ξ = (ξ1, . . . , ξr) ∈ Rr. Set

ψ(ξ) =
1

2

∑
v∈V

(|av(ξ)|+ |bv(ξ)|).

When u ∈ Zr,

ψ(u) = h(αu1
1 · · ·αurr ) + h(βu1

1 · · ·βurr ) = h(x) + h(y) = hs(x)

where x is given by (3.1). We have

(a) ψ(ξ) = 0,

(b) ψ(αξ) = |α|ψ(ξ) for α ∈ R,

(c) ψ(ξ + η) 5 ψ(ξ) + ψ(η).

We may infer that ψ is continuous. The set Ψ consisting of points ξ ∈ Rr with

ψ(ξ) 5 1 is convex, symmetric (i.e., ξ ∈ Ψ yields −ξ ∈ Ψ), closed, and contains 0

in its interior.

Lemma 3. Suppose ψ : Rr → R with (a), (b), (c) has

ψ(u) = c > 0(3.2)

for every u ∈ Zr\{0}, and a fixed constant c. Then the set Ψ is compact.

Proof. Pick α in 0 < α < c. Then αΨ contains no nonzero integer point, hence has
finite volume by Minkowski’s Theorem. Therefore Ψ has finite volume, and since
it is convex and contains 0 in its interior, it is bounded, hence compact.

Lemma 4. Suppose ψ satisfies (3.2). Let U ⊆ Rr be a set of points such that

ψ(u− v) = δ0 > 0(3.3)

for u 6= v in U. Then the number of u ∈ U with

ψ(u) 5 C

is

5 ((2C/δ0) + 1)r.
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Proof. Let Ψ(u) be the set 1
2δ0Ψ + u, i.e., the set 1

2δ0Ψ translated by u. By our
hypothesis, sets Ψ(u),Ψ(v) with u 6= v in U have no interior points in common. On

the other hand, when ψ(u) 5 C, the set Ψ(u) ⊆ (C + 1
2δ0)Ψ. Comparing volumes

(which are finite by the preceding lemma) we see that the number of points u ∈ U

with ψ(u) 5 C is

5
(
C +

1

2
δ0

)r/(1

2
δ0

)r
= ((2C/δ0) + 1)r.

The proof of Theorem 3 is now rapidly finished as follows. Let S be the set of
points whose cardinality is to be estimated. Call x, x′ in S neighbors if x 6= x′ and

δ(x, x′) < c4(P )/q.

In view of Theorem 2, an element x ∈ S has 5 q − 1 neighbors. Pick x
1
∈ S, and

let S1 be obtained from S by removing x
1

and its neighbors. If S1 is nonempty,
pick x

2
∈ S1 and let S2 be obtained from S1 by removing x

2
and its neighbors,

etc. This process will come to an end, and we obtain a “thinned out” set S′ =
{x

1
, . . . , x

`
} ⊆ S no two of whose elements are neighbors, with card S′ = q−1

cardS. To S′ corresponds a set U of points u ∈ Zr having (3.3) with δ0 = c4(P )/q.
By Lemma 4,

cardU 5 ((2Cq/c4(P )) + 1)r 5 (3Cq/c4(P ))r(3.4)

when C = 1. Then

cardS 5 q cardS
′ = q cardU 5 q(3Cq/c4(P ))r.

Therefore when Γ is finitely generated, Theorem 3 holds with

c5(P ) = 3q/c4(P ) 5 3pp̃ · 28pm−4 5 6p2 · 28pm−4 < 29pm,

since (as is clear from the proof of Theorem 2) we may take c4(P ) = 24−8pm, and
since p̃ 5 2p.

In general, Γ is a union of finitely generated groups Γ1 ⊆ Γ2 ⊆ · · · of rank r.
Our estimate holds for each Γi (i = 1, 2, . . . ), hence also for Γ.

Theorem 3a. When P0 = uX + vY + w with nonzero coefficients, the number of
zeros x of P0 with x ∈ Γ and hs(x) 5 C, where C = 1, is

5 2 · (210C)r.

Proof. Here p = 1, p̃ = 2, and we may take c4(P ) = 1/52. Therefore (3.4) becomes

cardU 5 (208C + 1)r < (210C)r,

and

cardS 5 2cardS
′ 5 2(210C)r.
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4. A further result

For applications in subsequent work [4], it will be convenient to give the following
easy

Theorem 4. Let K be a number field of degree d, and Γ ⊆ (K×)n of rank r. Given
C = 1, the number of x ∈ Γ with hs(x) 5 C is

5 (2d2)n(43d3C)r.

Proof. Call x 6= x′ in Γ neighbors if x/x′ ∈ Un. Now if the roots of 1 in K form

a group of order k, we have Φ(k) 5 d. Since Φ(k) = (k/2)1/2, we have k 5 2d2.
Therefore x has < kn 5 (2d2)n neighbors. When x 6= x′ are not neighbors, we have
for d > 1,

δ(x, x′) = h(x/x′) > log

(
1 +

log d

6d2

)1/d

> log

(
1 +

1

20d3

)
>

1

21d3

by a very generous minorization of an estimate of Dobrowolski [1]. Therefore setting
δ0 = 1/21d3 and proceeding as for Theorem 3, we obtain

cardS 5 (2d2)n((2C/δ0) + 1)r = (2d2)n(42d3C + 1)r.
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