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ABSTRACT. In this paper it is shown that two analytic Toeplitz operators es-
sentially doubly commute if and only if they doubly commute on the Bergman
space of the polydisk.

Let D be the open unit disk in C'. Its boundary is the circle T. The polydisk
D™ and the torus T™ are the subsets of C™ which are cartesian products of n
copies D and T, respectively. Let dA(z) be the normalized volume measure on
D"™. The Bergman space L2(D") is the subspace of L?(D",dA) whose functions
are holomorphic in D™. There is an orthogonal projection P from L?(D™,dA) onto
L2(D™). The Toeplitz operator with symbol f in L°(D") is defined by T (h) =
P(fh), for all h € L2(D™). Two analytic Toeplitz operators Ty and T}, are said to
be essentially doubly commuting if T7Ty — TyTy is compact. They are said to be
doubly commuting if TiTy —TyTF =0.

The function theory on the polydisk D™ is quite different from the function theory
on the unit disk [R]. One may expect that there should exist some differences in
operator theory on the Bergman spaces between on the polydisk and on the disk.
In this paper we will show that two analytic Toeplitz operators essentially doubly
commute if and only if they doubly commute on the polydisk. But this is false on
the disk [AG], [Z].

Observe that T™ is only a small part of the boundary of D™ if n > 1. But it
is an important part and is called the distinguished boundary of D™. T™ is also
a compact group (with componentwise multiplication as group operation) and as
such carries a Haar measure. Its dual group is Z” where Z is the integer group.
As in [SW] we consider multiple Fourier series on the n-torus 7". The multiple
Fourier series on the n-torus 7™ can be viewed as the Fourier transformation on
LY(T™). For f in LY(T™) the Fourier transformation is given by

f(m) = - f(x1,. .2, do(ay) - do(xy)

where 7 = (mq,...,my) € Z™ and (m,Z) = >, m;z; and o;(x;) is the normal-
ized Haar measure on T for ¢ = 1,...,n. By Theorem 1.7 in [SW], the Fourier
transformation is injective, i.e. if f € LY(T™) and f(m) = 0 for all m € Z", then
f =0. The main result in this paper is the following theorem.
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Theorem. Let f and g be two bounded analytic functions on the polydisk D™ for
n > 1. Then the following are equivalent:

(A) Ty essentially doubly commutes with T,.

(B) Ty doubly commutes with Tj.

(C) Either g—zfi or g—zgi is zero for all i.

Before beginning the proof of the Theorem, we need some notations and defini-
tions. Since for any z in D", the pointwise evaluation of functions in L2(D") at z
is a bounded functional, there is a function K, in L2(B,,) such that

f(z) = (f, K>)

for all f in L2(D"). K, is called the Bergman reproducing kernel and sometimes
we use K (z,w) to denote K, (w).

Let K., denote the Bergman producing kernel m of the Bergman space
L2(D) of the unit disk at the point z; in D, and k,, the normalized Bergman
reproducing kernel of the Bergman space L2(D) at the point z; € D. We use z
to denote the vector (z1,...,2,) in C™ of an n-dimensional complex plane. It is
easy to check that the reproducing kernel K, of the Bergman space L2(D") of the
polydisk is the multiple product [];" ; k., (w;) of the Bergman kernel of the unit disk
D. So the normalized producing kernel k, of L2(D") is also the multiple product
[T;_, k., of the normalized kernel of the unit disk. Then k. weakly converges to
zero in L2(D™) as z tends to the boundary of D".

In addition, the producing kernel K, has the following nice property:

(1) T7K. = f(2)K.

for z in D™ if f is in L2(D").
Let Z} denote the subset {mi € Z" : m; >0Vi=1,...,n} of Z". For a function
f in the Hardy space H?(T™), we write the power series of f as follows:

where a,; is a sequence of numbers such that

Z lam|? < oo,

ey

and z™ means the product [[;_, 2™ [R].

%

Proof of the Theorem. Obviously (B)=(A). First we prove that (C)=-(B). Without
loss of generality we assume that f(z) = F(z1,...,2,) and g(2) = G(2r41, .-, 2n)-
Since the Bergman kernel of D™ is the multiple product []_, K.,(w;) of the
Bergman kernel of D, by (1), we have

(TfT; HK%) (w) = F(wy,...,w)G(Zr415 .-+, 2n) H K., (w;)

i=1
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Thus
n n
TyT; (H Kzi> =TTy (H Kzi> :
i=1 i=1
This implies that T¢T; = T, T since the values of an operator on the Bergman
kernels completely determine the operator on the Bergman space.

(A)=-(C) Since D™ is symmetric with respect to all z;, it is sufficient to prove
that either ﬁ or 66 2 is zero. By (1), the elementary computation gives

((TfT; - T;Tf)km kz)
2

dA(w) — f(2)g(2)

n

=1

@ e

Dn

for any z in D", Let 6 = (01,...,0,) and Uy = diag{e’’s,...,e"r}. Replacing z
by Uzz in (2) yields

((TfT; - T;Tf)kngv kU§z)

3
(3) _ Hk o, ()] dA(w) — F(U;2)g(Ug2).

Multiplying (3) by €/™f) and then integrating with respect to 6 imply

/ (TfTy — Ty Ty)ku,e ku,e)e'™?) df

(4) - / F(Uzw)g( H L (w))| €D dA(w) db
nJTmn —

— | FU2)aUs2)e ) do.
Tn

Let Hy(2) = [ [( 9(Uzz)e™ (7.6) 4. Since both f and g are in H>®(T™), we
write
f s
f= Z aiz’ and g= Z b;zj
lezn jezn

where a; and b; are two sequences of numbers such that

Z lap|* < oo and Z |b5.|2 < 0.

lezn jezy
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To show that Hyz(z) is continuous on the closure D" of the polydisk, for the sake
of convenience, we consider the special case that /m € Z7. Then

Hpy(z) = Z azb - )le(f-ym)'

1P
lezy
Since
1/2 1/2
— 2 2
D bl < | D larl > Iyl < 0,
lezy lezy lezy

Hy () is continuous on the closure D' of D" for any m € Z". It follows from (4)
that

/ (TyT, _T;Tf)kng,kUﬁ)ei(W‘;) a0
(5) n

Dn
Let ¢,,(w;) be the Mobius map lzi';_:ﬁj
2,...,nin (5), we have

Changing variables w; = ¢,,()\;) for i =

i

/ (TfT; — Ty Ty)kuse kug.)e'™?) do

= Hrﬁ(wlv (bzz ()‘2)7 SERE) (bzn ()\n))lkzl |2dA(U)1)dA()\2) o dA()‘n)

DTL
— Ha(z1,. .., 2n)-
Let (p2,...,1n) be a point in T"~1. Since n > 1, we can choose a sequence
{(22,--,2n)a} C D" converging to {pa, ..., un}. For a fixed 21 € D, let z, =
(21, -+, 2n)a- Since k, weakly converges to zero as z goes to the boundary of D"

and TyTy — T Ty is compact,

(lign ((Tng* - Tg*Tf>kU§Za J knga)ei(ﬁZﬁ) df = 0.
Z)a JTm

Then we conclude that
im [ Hyg(wi, @), (A2), o5 Gzn)a (An))[Ez |? dA(w1)dA(N;) - - - dA(N,)
Za Dn
— Hﬁi(ZhMQa v 7Mn>

Because Hy;(wy, ..., w,) is continuous on D" and P(z:) (Mi) converges to p; point-
wise for i = 2,...,n, by the dominated convergence theorem, we thus have

/ Hﬁl(w17/1'27 (R 7Mn)|kz1|2 dA(U)]_) = Hﬁl(zhu?? (R 7/1477,)
D

So Hy (21, 2, - - -, fbn) is continuous on D and satisfies the invariant volume mean
value property, i.e.

/ Hﬁi(¢Z1 (w1)7/1427 s 7/1471) dA(w1> = Hn’i(zh cees M2, 7Mn)
D
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for all z; € D. By [AFR], it is harmonic. Thus A, Hz (21, 42, .-, ftn) = 0. On the
other hand, if we write

f(z1,22,. ., 2n Zﬁo,zz,...,zn)zf
k=0 1
and
oo
kg
9(z1,22, ..., 2 Zﬁ (0,20, ..., 2n)2%,
k=0 ~°1
and let m = (0, ma,...,m,), then

- o f i0 i6
Hy (21, 2, - ooy pin) = E / W(07N26127-~-aﬂn61n)
=0 Tn—1 Zl

oF -

X a—zi(07ﬂ2€i027-~-7ﬂn€w”) i(m,6) de? 'd9n|zl|2k7
1

and
2

1713 = Z/ O 0.0, ...om)| oy,
n—1 1

Hence we obtain

/Tn ) ;)i (0, e, ... ,unew”)g—i(o, poeif2 . ,unewn)ei(ﬁﬁ) dbs---db, =0
forallm € Z"~!, and both ﬁ(O,ZQ, ey Zn) and 2(0,22,...,2,) arein H2(T" 1.
So %(O Z9, .. zn) L(0,22,...,2,) is in Ll(T” 1) and the Fourier transforma-
tion of —(0 22,...7Zn)6—zl(0722,.. ,zn) on Z"" 1 is zero. The injection of the
Fourier transformation implies that gz (0, 22, . . .,zn)g—g(o,zg, ..., 2pn) 18 zero on
T"~1. Thus

gjl(o ..., >§Zg (0,20, ..., 2)

is zero on T"1.
Let ¢.(w) denote the Mobius transform (¢,, (w1), ..., ¢., (wy,)) in the polydisk
D™ for each point z = (21,...,2,) € D™. For a fixed point z € D™, we define a
unitary operator U, on L?(D™) by
U.h(w) = ho ¢, (w)k, (w)
for all h € L*(D™). Thus U:T{U, = Tfop,. If Tf essentially commutes with T},
then T'¢o (s, 0,...,0) essentially commutes with Tyeg . o -
Replacing f and g respectively by f o ¢, 0,...0) and g o ¢(., o,....0) in the above
argument, we can get that for all z; in D,
a(f o ¢(z1,0,...,0)) a(g © ¢(Zl,0,...,0)>
0z1 0z
on T"~1. But
a(f o ¢(zl,0,...,0))
821

(0,22,...,2n,) (0,22,...,2,) =0

0
(0,29,...,2,) = (|21]* — 1)a—i(z1,zQ,...,zn).
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This implies
af dg

B_Zl(ZhZQ"”7zn)8_21(Z17Z27'”7zn) =0
for (z2,...,2,) € T ! and z; € D. Thus either

0
—f(zl,zQ,...,zn) or —g(zl,zg,...,zn)

021 0%
is zero on D™. This completes the proof of the Theorem. O
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