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ABSTRACT. We wish to consider the following type of cake division problem:
There are p individuals. Each individual has available a measure that he or she
uses to evaluate the sizes of pieces of cake. We wish to partition our cake into
q pieces in such a way that the various evaluations that the individuals make
of the sizes of the pieces satisfy certain pre-assigned equalities and inequalities.
Our main result yields a quite general criterion for showing that certain such
partitions exist. Following the proof, we consider various applications.

1. THE MAIN RESULT

We assume for the remainder of the paper that mi,ma,...,m, are countably
additive, nonatomic probability measures, all defined on some common o-algebra
of subsets of our cake C. Whenever a subset of C' is mentioned, we shall assume
that the subset is a member of this o-algebra.

For background material on cake division, the reader is referred to [3] or [4].

Definition. Let Dep (for “Dependency”) be the set of all true linear equations
involving any of the measures mi, mo, ..., m,. For example, if mo(A) = .5mq(A4) +
.5mg(A) for all A C C, then “mgy = .5mq + .5mg3” is one of the equations in Dep.

Definition. Suppose that 7 = [t;;]i<p;j<q IS a p X ¢ matrix of real numbers. 7 is
proper if and only if:
1. Each row sums to 0. That is, for each i < p, t;1 +ti2 + -+t = 0.
2. Each column of 7 is consistent with the equations in Dep. That is, for each
equation in Dep and each j < g, the given equation holds with mq,mo, ..., m,
replaced by t1;,%25,...,tp; respectively.

We are now ready to state our main result:

Theorem. Supposes = (s1,52,...,5q) is a sequence of positive real numbers whose
sum is 1, and that T = [tij]i<p;j<q s @ proper matriz. Then there exists an ordered
partition A = (A1, Aa, ..., Ay) of C such that for some k > 0, m;(A;) = s; + kt;;
for each i <p and j <gq.

We shall need the following two results:
1. Lyapounov’s Theorem (see [4] or [6]): {(m1(4),m2(A4),...,my(4)): AC C}
is a closed and compact subset of RP.
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2. Dvoretsky, Wald, and Wolfovitz’s Theorem (see [5]): {[m;(4;)]i<pij<q :
(A1,Az,...,A,) is an ordered partition of C} is a closed and convex subset in
the space of all p X ¢ matrices.

It is not hard to see that Lyapounov’s result follows from Dvoretsky, Wald, and
Wolfovitz’s result.

Before beginning the proof, we give some intuition behind the theorem. Suppose
s = (s1,82,...,8) is a sequence of real numbers whose sum is 1. It follows from
Lyapounov’s Theorem (see, for example, [4]), that there exists an ordered partition
A= (A1,Ay,...,Ay) of C such that for all i < p and j < ¢, m;(4;) = s;. Suppose
instead that we wish to deviate from these equalities by the amount given by the
proper matrix 7 = [t;j]i<p: j<q- In other words, we would like to find an ordered
partition A = (A, As, ..., Ay) of C such that for each ¢ < p and j < ¢q, m;(4;)
differs from s; by exactly t;;. This may not be possible. (Note, for example, that
we have placed no restrictions on the size of the ¢;;.) However, we can obtain an
ordered partition A = (A1, As, ..., Aq) of C such that for all # < p and j < ¢, all
of the m;(A;) differ from s; by ¢;; times some fixed positive constant k.

Let D be the set mentioned in the result of Dvoretsky, Wald, and Wolfovitz.
That is, D = {[mw(A4;)]i<p; j<q: (A1, A2,..., Aq) is an ordered partition of C'}. We
shall use the fact that the convex set D is closed under convex combinations. In
other words, if Z1,Z>,...,Z4 € D and a1, g, ..., aq are nonnegative real numbers
whose sum is 1, then a1 Z1 + aaZo + - - - + g Z4 € D.

We shall also need the following result, which we established in [1]:

If the measures my,ma,...,m, are linearly independent and E = {(m;(A),
ma(A), ...,my(A4)): A C C}, then for any real number v with 0 < u < 1, the point
(u,u,...,u) is an interior point of F in R".

Proof of the theorem. Assume that s = (s1, s2,. .., $4) is a sequence of positive real
numbers whose sum is 1, and that 7 = [t;j]i<p; j<q 1S & proper matrix. We must
obtain an ordered partition A = (A, As, ..., Ay) of C such that for some k& > 0,
m;i(Pj) = sj + kt;; for each @ < p and j < q. We shall obtain the desired partition
by taking an appropriate convex combination of elements of D.

By renumbering if necessary, we may assume that for some r < p, the set
{m1,ma, ..., m,} is linearly independent, but each of the measures m,+1,m;42,...,
my can be expressed as a linear combination of the measures in this set. By the
previously stated result from [1], if E = {(m1(A4),m2(4),...,m.(A)): A C C},
then for any real number u with 0 < u < 1, the point (u,u,...,u) is an interior
point of E in R".

For each j < ¢ — 1, we wish to define B; C C. (Our definition will make sense
for j = g, but this set will not be needed.) The B;’s will be used to define a certain
collection of elements of D, and we shall obtain our desired element of D, and thus
our desired partition, by taking a convex combination of these elements.

Fix some real number s such that 1 — s, < s < 1. We note that since 1 — s, =
514 82+ -+ 4 54—1, it follows that for each j < ¢ —1, s; < s.

We know that (s, s,...,s) is an interior point of E in R". Let ¢ > 0 be such that
there exists a neighborhood of (s,s,...,s) in R" of radius £ which lies completely
inside of E. Fix some real number k > 0 such that max{(’;—:ﬂ(tlj, toj, ... trj)i J <

g—1} <e.
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For each j < ¢ — 1, our choice of ¢ and then of k implies that (s,s,...,s) +
(’;—j)(tlj,tgj, ...,tpj) € E. Thus, by the definition of E, it follows that for each
j < q—1, there exists B; C C such that m;(B;) = s + (’;—j)t” for each 7 < r.

Claim. For each i <pand j < ¢—1, my(B;) =s+ (%)t”

Proof of Claim. We have just shown that the claim holds for all # < r and
j < qg—1. If r = p, then we are done. Suppose then that r < p, and fix some
i with » < ¢ < p. By assumption, there exist constants aj,as,...,a, such that
m; = army + agma + -+ - + a,m,.. Since my1(C) = ma(C) = --- =m,(C) =1, it
follows that ay + s + - - -+, = 1. Also, since each column of 7 is consistent with
every equation in Dep, it follows that t;; = ayt1; + aotej + -+ - 4+ autyj. Then, for
each j < ¢ — 1, we have:

m;(B;) = armi(B)) + azama(B;) + - -+ + army(Bj)

ks ks ks
ap [s+ | — )ty | tag|s+ | — loj| + - Far|s+ | — |t
Sj Sj Sj

ks
= (041 + oo+ -+ CYT)S + S_ (Oéltlj =+ Oégtgj + -4 Oértrj>

J
e (F5)
=5t ()t

This establishes the claim.
We next specify certain elements of D. For each j < ¢, we define a p X ¢ matrix
Z; as follows:
1. For j < ¢—1, Z; is the matrix with
(a) jt: column equal to [m;(B;)]i<p,
(b) ¢" column equal to [m;(C\B;)]i<p,
(c) all other columns consisting of all 0’s.
2. Z, is the matrix with
(a) ¢ column consisting of all 1’s,
(b) all other columns consisting of all 0’s.

It is easy to see that Z; is in D, since, for each j < ¢ — 1, Z; arises from the
ordered partition (@, ...,0,B;,0,...,0,C\B;), where the “B,” is in the j position,
and Z, arises from the ordered partition (0,...,0,C).

Consider the real numbers £, 22 2L ] — (M) These numbers
sum to 1. The first ¢ — 1 numbers are clearly positive. The last number is also
positive since 1 — (22t toanty — g (17say S_(ls_s")
s >1—5,. We define

Z=(%)er—(%)Z2+---+(Sq;1>2q—1+ [1—<Sl+82+”'+8q‘1>}2q.

and, by assumption,

S

Since Z1, Za,...,2Zq € D and D is convex, it follows that Z € D. Hence, for some
ordered partition A = (A, As, ..., Aq) of C, Z = [m;(A4;)]i<pii<q-

In order to establish the theorem, we wish to show that the two matrices
[mi(Aj)li<pij<q and [s; + Ktijlicpij<q are equal. Since [mi(A;)]i<pj<q € D, we
know that every row of this matrix sums to 1. Similarly, since 51 +s2+---+5, =1
and, for each i < p, t;1 +tio + - -+ + ;g = 0, we know that every row of the matrix
[sj + ktijli<p;j<q sums to 1. Thus it suffices to show that the first ¢ — 1 columns
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of these two matrices agree, since it will then follow easily that the last columns
of these matrices agree. Fix some j < ¢ — 1. We must show that for each i < p,
ml(AJ) = Sj + ktij.

Since the j** column of Z; is [m;(B;)]i<p and the j* column of each the matrices
21,22, ...,Zj-1,Zj41,...,Zq consists of all 0s, it follows from the definition of
Z that the j™ column of Z is (2£)[m;(B;)]i<p. This implies that for each i <
p, mi(A;) = (2)[m;(B;)] and hence, by the Claim, m;(A;) = s; + kt;;, as desired.

This completes the proof of the theorem.

2. COROLLARIES

In [1], we defined and studied the notion of super envy-freeness. Super envy-
freeness is a strengthening of the notions of fairness and envy-freeness. For back-
ground on these and related notions, we refer the reader to [3]. An ordered partition
(A1, Az, ..., Ap) of C is said to be super envy-free with respect to the sequence of
measures (mi, ma, ..., my) if for every i < p, m;(4;) > %, and for every 4,7 < p
with ¢ # j, mi(4;) < %. In [1], we established that there exists such a partition
if and only if our measures are linearly independent. We show that one direction
(the harder direction) of this result follows from the present theorem.

Corollary 1 (see [1]). Ifmi, ma,...,my, are linearly independent, then there exists
a super envy-free partition of C'.

Proof. Assume that mq,ma,..., m, are linearly independent. Let 7 = [t;;]i<p; j<p
be the p X p matrix with entries along the diagonal equal to 1 and with all other
entries equal to — ﬁ. Clearly, each row of 7 sums to 0 and, since our measures are
linearly independent, Dep = §). Hence, 7 is a proper matrix. Applying the theorem
with s = (%, %, e %>, we obtain an ordered partition A = (Ay, As,..., A4,) of C
such that for some k > 0:

1
mi(A;) =—+k foreachi<p
p

and

1 k
mi(A;j) = — — —— for each i,j < p with i # j.
p p-1
Thus, we have m;(4;) > % for each i < p, and m;(4;) < % for each i,5 < p
with ¢ # j. Hence, A is super envy-free with respect to the sequence of measures
(m1,ma,...,my). This establishes Corollary 1.

We note that the partition obtained above has the property that each person
judges his or her own piece of cake to be the same size as everyone else judges their
own piece of cake. In other words, mi(A;) = ma(A2) = --- = my(Ap). An ordered
partition satisfying this property is said to be equitable.

For our second corollary, we show that one of the theorems which we established
in [2] follows from the present theorem.

Corollary 2 (see [2]). Assume that the measures mi, ma, ..., m, are not identical
and that s1,82,...,5, are positive real numbers with sy + sg +---+ s, = 1. For
each i < p, let R; be one of the relations <,=, or >. Then there exists an ordered
partition A= (A1, Az, ..., Ap) of C such that for each i < p, m;(A4;) R; s;.
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Proof. By renumbering if necessary, we assume that m;,_1 # mp. Fix s1,52,...,5,
as in the statement of the corollary. We wish to define an appropriate proper matrix
T = [tijli<p;j<p and to then apply the theorem.

For each ¢ < p, define t;; as follows:

ti; = —1 if R; is the < relation,
tii =0 if R; is the = relation,
ti; =1 if R; is the > relation.

We note that we need only show that we can define the rest of 7 in such a way
that 7 is a proper matrix. It will then follow easily from the theorem that the
desired partition exists.

For each i < p and j < p — 2 with ¢ # j, define ¢;; arbitrarily, subject to the
constraint that each of the p — 2 columns that have so far been defined is consistent
with each of the equations in Dep.

Next, we note that there is only one as yet undefined entry in each of the last two
rows (tp—1p in row p—1, and ¢, in row p). Define these two values in the unique
way such that each row sums to 0. We note that “m,_1 = m,” is not one of the
equations in Dep, since we have assumed that my,_1 # m,. Hence, the assignment
of values to tp—1p—1,tpp—1,tp—1p and t,, that we have made is not inconsistent
with any equation in Dep.

It remains for us to define ¢;; for  <p—2and j =p—1,p. For each ¢ < p — 2,
define ¢;,_1 arbitrarily, subject to the constraint that the p — 1% column of 7 is
consistent with each of the equations in Dep.

We have only to complete defining the pt* column of 7. For each i < p — 2 we
simply define ¢;, to be the unique number such that the it" row sums to 0.

It is immediate from our construction that each row of 7 sums to 0. It is also
immediate that each of the first p — 1 columns is consistent with each equation in
Dep. These two facts together imply that the p** column is consistent with each
equation in Dep. Hence, 7 is a proper matrix.

Finally, it is clear from our definition of the ¢;; for i < p that if A = (A;, Ao, ...,
A,) is the ordered partition which we obtain by applying the theorem to the matrix
7T and the sequence (s1,s2,...,Sp), then for each i < p, m;(P;) R; s;, as desired.
This establishes Corollary 2.

Our third corollary establishes that, if our measures are linearly independent,
we can obtain an ordered partition such that each individual believes that the
relative sizes of pieces of the partition satisfy any previously set ordering, where
the orderings for different individuals can be chosen independently.

Corollary 3. Assume that mi,ma,...,my are linearly independent. For each i <
p, let 2 = (z1,22,...,2iq) be some ordering of the integers {1,2,...,q}. Then
there exists an ordered partition A = (A1, As,..., Ay) of C such that for each
i <p, mi(AZn) < mi(AZw) << ml(Aqu)
Proof. Let T = [t;j]i<p;j<q be the matrix of real numbers such that each row sums
to 0 and, for each i < p, t;.,, < tiz, < -+ < ti,. Since my,ma,...,m, are
linearly independent, Dep = (. It follows that 7 is a proper matrix. Let A =
(A1,A2,..., Ay) be the ordered partition of C' obtained by applying the theorem
to 7 and the sequence <1—1), %, ce %) We claim that this A satisfies the corollary.
Fix some i < p and j < j' < g. We must show that m1(A.,;) < mi(4.,,).
Let k be as in the statement of the theorem. Then k > 0,m;(A.,;) = 11—) + ktiz,;,
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and mi(Azij,) = ;—7 + ktiz,, - Also, since j < j', we know that t;.,, < tz,, - Hence
mi(Az,;) <mi(A, ), as desired. This establishes Corollary 3.

If there were linear dependency relationships between our measures, then cer-
tain orderings of the type considered in Corollary 3 would be impossible. As a
simple example, suppose that mo = .5m; 4+ .bmg. Then it would certainly not
be possible to obtain an ordered partition (A, As, ..., A,) of C with my(4;) <
ml(Ag),mg(Al) > mg(AQ), and mg(Al) < mg(Ag).

We also point out that, in contrast to the situation involving rows given in
Corollary 3, we do not have the freedom to order columns arbitrarily, even if we
assume that our measures are linearly independent. In other words, it is not always
possible to find an ordered partition of C such that for each fixed piece of the
partition, the p individuals’ relative judgments of the size of that piece satisfy a
particular ordering. For example, it is certainly not possible to find an ordered
partition (A1, As, ..., Ay) of C such that for each j < ¢, m1(4;) < ma(A4;), since
this would imply that mq(C) < ma(C).

We close this section by noting that additional structure can be built into
the kinds of relationships that we have been discussing. For example, let us sup-
pose that in Corollary 3, one of the conditions that we wish to have our ordered
partition (A, Ag, ..., A,) satisfy is m1(A47) < mi1(A4s) < mi(Ay). By carefully
choosing the entries in our matrix 7, we could have obtained such a partition
satisfying that m1 (A7) < mi(Ag) < mi(Ay) and also that mi(Ag) — m1(4s) =
17[m1 (Ag) — ma (A7)]

3. RELATION MATRICES AND AN OPEN QUESTION

In this section we discuss a general type of problem concerning the existence of
ordered partitions satisfying certain relationships. We shall consider in what sense
our theorem solves problems of this type.

Definition. A pq relation matriz is a px ¢ matrix, each of whose entries is one of the
relations <,=, or >. If R = [Ry;]i<p;j<q is a pq relation matrix, s = (s1, s2,..., Sq)
is a sequence of positive real numbers whose sum is 1, and A = (A1, Ay, ..., Ay)
is an ordered partition of C, we shall say that A satisfies R with respect to s,
if and only if for each ¢ < p and j < ¢, m;(A4;) R;j s;. Also, a proper matrix
T = [tijli<p;j<q satisfies R if and only if for each i < p and j < q, t;; R;; 0.

Suppose R is a pq relation matrix and s = (s1, s2, . . ., 84) is a sequence of positive
real numbers whose sum is 1. It follows in a straightforward manner from our
theorem that if there exists a proper matrix satisfying R, then there exists an
ordered partition A which satisfies R with respect to s. Clearly the converse of
this statement is true, since if A = (A, As, ..., Ay) is an ordered partition which
satisfies s with respect to R, then 7 = [m;(A;) — s;li<p;j<q IS @ proper matrix
which satisfies R. Hence, the question of whether there exists an ordered partition
which satisfies R with respect to s is equivalent to the question of whether there
exists a proper matrix which satisfies R.

We next give an example to illustrate the use of this idea to establish the existence
of some desired partition. Suppose that we wish to show that there exists an ordered
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partition A = (A, As, Az, Ay) of C satisfying the following relationships:

mi1(Ay) > .1 mi(As) > .2 m1(A4s) < .3 mi(Aq) = 4
ma(Ay) < .1 ma(As) = .2 mo(As) < .3 mo(Aq) > 4
ms(Ay) = .1 ms(Az) > .2 ms(As) < .3 ms(Aq) > 4
my(A47) > .1 my(Ag) > .2 ma(A3) < .3 ma(Ay) > 4

In addition, let us assume that the following linear dependency relationships
hold between the measures m1, ms, ms, and my:

ms = .bmy + .Dma, myg = .75m1 + .25ms.

(We assume that this list is exhaustive, except for the linear dependency relation-
ships which are implied by these two.)

Restating the problem using the terminology of this section, we must show that
there is an ordered partition A = (A;, As, Ag, A4) of C' which satisfies the relation
matrix

VoAV
vV VIV
AN NN A
vV VvV Vol

[\

5.

w
~
=

with respect to the sequence s = (.1, .
Consider the matrix

.04 —-08 0
T -04 0 —-.04 .08

0 02 —-.06 .04

.02 .03 —-.07 .02

o
=

It is straightforward to verify that 7 is a proper matrix that satisfies R. Thus,
it follows from our discussion above that there is an ordered partition A of C' which
satisfies R with respect to s, as desired.

We note that both Corollary 1 and Corollary 2, but not Corollary 3, fit into this
framework. For Corollary 1, R is the pp relation matrix whose entries along the
diagonal are all >’s and whose other entries are all <’s, and s = (%, 11—), e 1%) For
any particular example of Corollary 2, the diagonal entries R must be specified and
the other entries of R can be chosen as desired, and s must be specified.

Next, we give an example that looks very similar to the example above, but turns
out to be quite different. Suppose we wish to show that there exists an ordered
partition A = (A, As, A3, Ay) of C such that:

mi(A1) > .25 mi(Ag) = .25 mq(As3) < .25 m(Ag) > .25
ma(A1) = .25  ma(As) <.25  ma(ds) <26 ma(As) > .25
ms(A4;) > .25 ms(Az) < .25 ms(As) < .25 ms(Ay) < .25
mya(A1) > .25 my(As) < .25 ma(Asz) > .25 ma(Ag) > .25

In addition, let us assume that the following linear dependency relationship holds
between the measures mq, mo, mg, and my:

mi + mo = ms + Mmy.
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We wish to show that there is an ordered partition A = (A3, Aa, Az, A4) of C
which satisfies the relation matrix

> = < >

= < < >
R:

> < < <

> < > >

<

with respect to the sequence s = (.25,.25,.25,.25). As in the previous example, it
suffices to show that there exists a proper matrix 7 which satisfies R.

We observe that there is nothing obvious preventing us from obtaining such a
matrix. In particular, the relations in each row are consistent with the necessity of
rows summing to 0 (in contrast with, for example, a relation matrix with some row
consisting of >’s), and the relations in each column are consistent with the necessity
of satisfying the given linear dependency relationship (in contrast with, for example,
a relation matrix with some column consisting of [>, >, <, <]). However, there is a
more subtle difficulty here, which arises from the interaction of these two types of
constraints.

A careful examination of R, taking into account the given linear dependency
relationship, reveals that if there were a proper matrix 7 satisfying R, it would
follow that each entry in the first row of this matrix would be strictly larger than
the corresponding entry in the third row of this matrix. This contradicts the fact
that each row of a proper matrix sums to 0. Thus, no such proper matrix exists,
and hence there does not exist an ordered partition A = (A4;, Ag, A3, A4) of C such
that the given 16 relations are satisfied.

These last two examples lead us to the question of how one could determine
whether or not there exists a proper matrix which satisfies a given relation matrix,
or, equivalently (by the theorem), how one could determine whether or not there
exists an ordered partition which satisfies a given relation matrix with respect to
a given sequence. In general, how does one obtain a proper matrix as in the first
of our two examples, and how does one show that no such proper matrix exists,
as in our second example? We do not know the answer, and so we close with the
following:

Open problem. Supposes = (s1, 82, .., Sq) is a sequence of positive real numbers
whose sum is 1 and R = [Rjjli<p;j<q is a relation matrix. Find a procedure for
determining whether there exists an ordered partition which satisfies R with respect
to s. Or, equivalently (by the theorem), find a procedure for determining whether
there exists a proper matrix which satisfies R.
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