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Abstract. To a special embedding Φ of circle algebras having the same spec-
trum, we associate an r-discrete, locally compact groupoid, similar to the
Cuntz-Krieger groupoid. Its C∗-algebra, denoted OΦ, is a continuous ver-
sion of the Cuntz-Krieger algebras OA. The algebra OΦ is generated by an
AT-algebra and a nonunitary isometry. We compute its K-theory under the

assumption that the AT-algebra is simple.

1. Introduction

The idea of considering continuous versions of the Cuntz-Krieger algebras OA
occured to us as a result of studying the groupoid approach to the Cuntz algebra
On. In [De1], we treated continuous versions of On, replacing the Cantor set and
the unilateral shift by a compact space and a self-covering. In this paper we are
concerned with a local homeomorphism σ on a spaceX of infinite paths in a diagram
arising from an embedding Φ of circle algebras. We suppose that the circle algebras
have the same spectrum; therefore the infinite stationary diagram associated with
the embedding has a vertical symmetry, and it carries a Markov shift, denoted by
σ. We study the C∗-algebra OΦ of a groupoid constructed from the pair (X,σ),
in analogy with the Cuntz-Krieger groupoid. This algebra has a structure which is
similar to that of the algebrasOA: it is a crossed product of an inductive limit by an
endomorphism. However here, instead of an AF-algebra, we have an AT-algebra.

Our main result is that under natural conditions that imply the simplicity of the
AT-algebra, we have

K0(OΦ) ' ker(id− Φ1)⊕ (ZN/(id− Φ0)ZN ),

K1(OΦ) ' ker(id− Φ0)⊕ (ZN/(id− Φ1)ZN ).

Here Φ∗ = K∗(Φ) : ZN → ZN are the matrices induced by Φ at the level of K-
theory. After a first version of this result was included in my thesis, I learned
from M. Dădârlat that recent results of M. Rørdam prove that the simple infinite
algebras OΦ can be classified by their K-theory groups (see [Rø]).

It should be mentioned that recent investigations of I. Putnam and M. Pimsner
also treat generalizations of the Cuntz-Krieger algebras, using different methods.
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2. Definition of OΦ

In the case of Cuntz-Krieger algebras OA, the starting point is an N ×N, 0− 1
matrix A. This matrix (or rather its transpose) describes an inclusion of finite
dimensional algebras with the same spectrum (N points),

At :
N⊕
k=1

C→
N⊕
k=1

Mpk ,

by means of a Bratteli diagram. Here pk =
∑N
i=1 Aik, and we put an edge from the

vertex i to the vertex j iff Aij = 1. For example, in Figure 1, we have the diagram
corresponding to

A =

 1 1 0
1 0 1
1 0 0

 .

Figure 1

The main idea in the generalization is to use disjoint unions of circles as vertex
spaces and to consider edges which will describe a ‘nice’ inclusion

Φ :
N⊕
k=1

C(T)→
N⊕
k=1

C(T)⊗Mpk .

The building blocks of the homomorphism Φ we take to be σp and σ̂q, where p, q
are non-zero integers, and where

σp : C(T)→ C(T), (σpf)(z) = f(zp),

and

σ̂q : C(T)→ C(T)⊗M|q|,

taking the generator z into
0 . . . 0 z
1 . . . 0 0
...

. . .
...

...
0 . . . 1 0

 , if q > 0,

with z replaced by z̄ if q < 0. The map σ̂q is also called the q-times around
embedding, or the homomorphism compatible with the covering z 7→ zq. These
building blocks are described by the diagrams in Figure 2.

Note the duality between σp and σ̂q. Since the map Φ is built using a mixture
of σp’s and σ̂q’s, its diagram is a combination of the above diagrams.



GENERALIZED CUNTZ-KRIEGER ALGEBRAS 3429

zp

zqz

z

σqˆσp

Figure 2

Example. The embedding

Φ : C(T) ⊕ C(T)→ C(T) ⊗M6 ⊕ C(T) ⊗M6,

Φ(f ⊕ g) =

 σ̂−2(f) 0 0
0 σ−1(f) 0
0 0 σ̂3(g)

⊕


σ1(f) 0 0 0
0 σ−3(f) 0 0
0 0 σ̂−3(g) 0
0 0 0 σ−2(g)


has the diagram in Figure 3.

z
z

z –2

z –2z –3

z –3

z –1

z3

z z

Figure 3

The edges in the diagram of Φ are of the form (z, zp) or (zq, z), for some non-zero
p and q. (We may have multiplicity, but we prefer not to complicate the notation.)

If we repeat the diagram of A infinitely many times, we get a Bratteli diagram
which corresponds to an AF-algebra. We do the same thing with the diagram of Φ,
and we get an infinite circle diagram, corresponding to an AT-algebra (see [De2]).
This diagram carries a vertical symmetry, and we can define a shift on the space of
infinite paths.

More precisely, let E denote the space of edges in the diagram of Φ, endowed
with the product topology from the cartesian product of the vertex space Tt ...tT
(N times) with itself, and let

X := {γ ∈
∞∏
1

E | end(γn) = start(γn+1)}
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be the space of infinite paths with the product topology. The elements γ of X are
concatenations of edges γ1, γ2, .... Since E is a compact space (topologically, it is a
disjoint union of circles), X is also compact. Define σ : X → X,

σ(γ1γ2...) = γ2γ3... .

This is a continuous, surjective map and, taking into account the form of the edges,
it is a local homeomorphism. We define the analogue of the Cuntz-Krieger groupoid
to be

Γ := {(ξ, k, η) ∈ X × Z×X | ξn = ηn+k for large n}.
The unit space of Γ may be identified with X . The range and source maps are
r, s : Γ→ X ,

r(ξ, k, η) = ξ, s(ξ, k, η) = η.

The multiplication is given by

(ξ, k, η)(η, l, ζ) = (ξ, k + l, ζ),

and the inverse of (ξ, k, η) is (η,−k, ξ). The topology of Γ is described in the
following way: a basis of open sets is defined by

Z(α,U, β, V ) := {(ξ, k, η) ∈ Γ | k = |β| − |α|, ξ1...ξ|α| ∈ U, η1...η|β| ∈ V },

where α ∈
∏|α|

1 E, β ∈
∏|β|

1 E are finite paths of lengths |α|, |β|, and U, V are
open sets containing α and β, respectively. With this topology, Γ becomes a locally
compact (Hausdorff) groupoid. Since a finite number of edges end in each vertex,
and this number is the same for each connected component, the counting measures
will form a Haar system for Γ. Therefore we may consider the C∗-algebra of the
groupoid Γ.

Definition. The generalized Cuntz-Krieger algebra OΦ is defined to be the C∗-
algebra of the groupoid Γ.

3. Structure and K-theory of OΦ

In order to compute the K-theory of OΦ, we will write it as a crossed product
of an inductive limit of circle algebras by a corner endomorphism, and we will use
a variant of the Pimsner-Voiculescu exact sequence obtained by Paschke. First, we
will define some equivalence relations. Let

Rk := {(ξ, η) ∈ X ×X | ξn = ηn ∀n > k},

R∞ :=
∞⋃
k=0

Rk.

Then R∞ is a subgroupoid of Γ, with the same unit space. In the sequel we will
suppose that each orbit with respect to R∞ is dense. We will say in this case that
σ is minimal. This hypothesis will ensure that the C∗-algebra C∗(R∞) is simple.

Recall that in the definition of Φ, the integer pk is the number of edges ending on
the k-th circle of the vertex space. Note that this number will be the same for each
level of the infinite diagram. The shift σ induces a *-endomorphism of C∗(R∞),
denoted σ#, via the formula

(σ#f)(ξ, η) =
1

√
pkpl

f(σξ, ση),
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for f ∈ Cc(R∞), where the edge ξ1 ends on the k-th circle, and the edge η1 ends on
the l-th circle. Moreover, σ# is induced by a non-unitary isometry v, in the sense
that

σ#f = v ∗ f ∗ v∗,
where

v(ξ, n, η) =

{
1/
√
pk, if n = −1 , η = σξ, and σξ starts on the k-th circle,

0, otherwise.

Indeed,

v ∗ f ∗ v∗(ξ, η) =
∑
γ

∑
i

(v ∗ f)(ξ,−i, γ)v∗(γ, i, η)

= (v ∗ f)(ξ,−1, ση)v∗(ση, 1, η) =
1
√
pl

∑
β

∑
j

v(ξ,−1− j, β)f(β, j, ση)

=
1
√
pl
v(ξ,−1, σξ)f(σξ, 0, ση) =

1
√
pkpl

f(σξ, ση) = σ#f(ξ, η).

It is easy to check that

(v∗ ∗ v)(ξ, n, η) =

{
1, if ξ = η and n = 0,
0, otherwise,

and

(v ∗ v∗)(ξ, n, η) =

{
1/pk, if σξ = ση starts on the k-th circle and n = 0,
0, otherwise.

Note that σ#(1) = v ∗ v∗ is a proper projection. It follows that

OΦ = C∗(C∗(R∞), v) = C∗(R∞)×σ# Z+

in the sense of Paschke [Pa1], [Pa2]. As in [De1], the following result is crucial.

Theorem. Suppose that the shift σ : X → X is minimal. Then we have an exact
sequence

K0(C∗(R∞))
id−[σ#]0−→ K0(C∗(R∞))

[i]0→ K0(OΦ)

∂1 ↑ ↓ ∂0

K1(OΦ)
[i]1← K1(C∗(R∞))

id−[σ#]1←− K1(C∗(R∞))

where i : C∗(R∞)→ OΦ is the inclusion map and id is the identity on K-theory.

Proof. Using the fact that σ#f = v ∗ f ∗ v∗, it follows that σ#(C∗(R∞)) is a corner
in C∗(R∞). Since C∗(R∞) is simple, it is a full corner and we apply Theorem 4.1
of [Pa2].

Therefore, in order to compute K∗(OΦ), we need to know K∗(C
∗(R∞)) and the

maps [σ#]∗. For the computation of the K-theory, it is convenient to think of
C∗(R∞) as an inductive limit of circle algebras. If we denote by Xn, for n ≥ 1,
the set of finite paths of length n, and by X0 the vertex space Tt ... tT, we have
natural maps rn : X → Xn, n ≥ 0. Moreover,

X = lim
←−

Xn.
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Consider the r-discrete equivalence relations R0 = diagonal of X0 × X0, and for
n ≥ 1,

Rn := {(ξ1...ξn, η1...ηn) ∈ Xn ×Xn | end(ξn) = end(ηn)}.
Then C∗(Rn) is a circle algebra, and the inclusion C∗(R0)→ C∗(R1) is exactly Φ.
Moreover,

C∗(R∞) ' lim
−→

C∗(Rn)

(see [De2]). Note that the maps rn induce inclusions

C∗(Rn)
r∗n→ C∗(Rn), (r∗nf)(ξ, η) = f(ξ1...ξn, η1...ηn).

Since σ#(C∗(Rn)) ⊂ C∗(Rn+1), we get by restriction a map

σ# : C∗(Rn)→ C∗(Rn+1),

(σ#f)(ξ1...ξn+1, η1...ηn+1) =
1

√
pkpl

f(ξ2...ξn+1, η2...ηn+1),

if the edges ξ1, η1 end on the k-th and l-th circle, respectively. In order to determine
[σ#]∗ : K∗(C

∗(R∞))→ K∗(C(R∞)), we have to compute the maps induced at K-
theory by

σ# : C∗(R0)→ C∗(R1).

Denote by e1, ..., eN the characteristic functions of the circles in the vertex space,
and let u1, ..., un be the functions uj(z) = z, j = 1, ..., N. Then σ#(ej) is the
projection in C(T) ⊗Mpj given by the matrix with all entries equal to 1/pj, and

σ#(ej ⊗ uj) is equal to the above projection tensored with uj . It follows that
σ# : C∗(R0) → C∗(R1) induces the identity at the level of K0 and K1-theory.
Since C∗(R∞) = lim

−→
C∗(Rn) is a stationary inductive limit and the maps induced

at K-theory by the inclusions C∗(Rn)→ C∗(Rn+1) are precisely the maps induced
by Φ, we have

K∗(C
∗(R∞)) = lim

−→
(ZN ,Φ∗).

We represent the inductive limit lim
−→

(ZN ,Φ∗) as the set of equivalence classes of

sequences (xn)n∈N, where xn ∈ ZN and xn+1 = Φ∗xn for n large, where two
sequences are identified if they differ only at a finite number of components. The
map [σ#]∗ : K∗(C

∗(R∞))→ K∗(C
∗(R∞)) could be described by the diagram

ZN
Φ∗−→ ZN

Φ∗−→ ZN
Φ∗−→ ...

id ↓ id ↓

ZN
Φ∗−→ ZN

Φ∗−→ ZN
Φ∗−→ ...

But [σ#]∗ is an isomorphism, with inverse given by

ZN
Φ∗−→ ZN

Φ∗−→ ZN
Φ∗−→ ...

id ↓ id ↓

ZN
Φ∗−→ ZN

Φ∗−→ ZN
Φ∗−→ ...
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We will use the same method that Cuntz used for the computation of the K-theory
of OA (see [Cu]). The fact is that in the six term exact sequence, we may replace
the maps [σ#]∗ by their inverses, and we still have an exact sequence.

Main Result. Let

Φ :
N⊕
k=1

C(T)→
N⊕
k=1

C(T) ⊗Mpk

be an embedding of circle algebras as above, built using σp’s and σ̂q’s, and suppose
that the induced shift σ is minimal. Let Φ∗ = K∗(Φ) : ZN → ZN be the matrices
induced by Φ at the level of K-theory. Then

K0(OΦ) ' ker(id− Φ1)⊕ (ZN/(id− Φ0)ZN ),

K1(OΦ) = ker(id− Φ0)⊕ (ZN/(id− Φ1)ZN ).

For the proof, we first need a lemma due to Cuntz.

Lemma (Cuntz). Consider the homomorphism

j : ZN → lim
−→

(ZN ,Φ∗)

given by

x 7→ (x,Φ∗x,Φ
2
∗x, ...),

induced by the map K0(C∗(R0)) → K0(C∗(R∞)). In the limit lim
−→

(ZN ,Φ∗), every

element is equivalent modulo (id − [σ#]−1
∗ ) lim

−→
(ZN ,Φ∗) to an element in j(ZN ).

Moreover, the diagram

ZN
id−Φ∗−→ ZN

j ↓ ↓ j

lim
−→

(ZN ,Φ∗)
id−[σ#]−1

∗−→ lim
−→

(ZN ,Φ∗)

is commutative.

Proof of the Main Result. If j(x) ∈ (id− [σ#]−1
∗ ) lim

−→
(ZN ,Φ∗), it follows that Φk∗x

= (id−Φ∗)y for some y ∈ ZN and some k ≥ 0, so that x ∈ (id−Φ∗)Z
N . Therefore

K∗(C
∗(R∞))/(id− [σ#]−1

∗ )K0(C∗(R∞)) ' ZN/(id− Φ∗)Z
N .

If (id − [σ#]−1
∗ )x = 0 for x ∈ lim

−→
(ZN ,Φ∗), then x is represented by a constant

sequence (x′, x′, ...), x′ ∈ ker(id− Φ∗). Therefore,

ker(id− [σ#]−1
∗ ) = ker(id− Φ∗).

From the six term exact sequence we get the exact sequences

0→ ker∂∗ → K∗(OΦ)→ im∂∗ → 0.

But ker∂∗ ' im[i]∗ ' ZN/(id− Φ∗)Z
N . Therefore we get the exact sequences

0→ ZN/(id− Φ0)ZN → K0(OΦ)→ ker(id− Φ1)→ 0,

0→ ZN/(id− Φ1)ZN → K1(OΦ)→ ker(id− Φ0)→ 0,

which split, since ker(id− Φ∗) is a subgroup of ZN .
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Corollary. Let Φ,Ψ be two embeddings of circle algebras as in the Main Result, and
suppose that the corresponding shifts are minimal. If the maps Φ and Ψ induce the
same maps at the level of K-theory, then the algebras OΦ and OΨ are isomorphic.

Proof. In this case, we can apply the result of Rørdam (see [Rø]), since the algebras
OΦ and OΨ are classified by their K-theory.

Remark. It is natural to ask about conditions on the embedding Φ which will ensure
the minimality of the shift σ. A sufficient condition is the following: there exists
a positive integer n such that all the entries in the matrix (Φ0)n are strictly larger

than the corresponding entries in the matrix (Φ̂0)n, where Φ̂ denotes the dual of
Φ (see [De2]). This is because the maps σ̂p shrink the spectral variation, while the
maps σq expand it, and we want the spectral variation of each partial embedding
to become arbitrary small, after taking sufficiently many iterations. In this case,
it is easy to see that the AT-algebra C∗(R∞) has no proper ideal; therefore σ is
minimal. Also, it has real rank zero (loc. cit.).

Example. For the embedding Φ with the diagram given in Figure 3, we have

Φ0 =

[
3 3
2 4

]
, Φ1 =

[
−2 1
−2 −3

]
.

The K-theory of the corresponding algebra OΦ is

K0 ' Z⊕ Z2, K1 ' Z⊕ Z14.

4. Comments and problems

Note that the K1-theory of the algebras OΦ has torsion, so that they are true
generalizations of the algebras OA. The groupoid approach has the advantage of
emphasizing the triple

C(X) ⊂ C∗(R∞) ⊂ OΦ,

and suggesting possible results about the state space of OΦ, similar to those for the
algebras OA.

It should be mentioned that, following Renault’s analysis of the Cuntz groupoid,
one can see that our groupoid Γ is equivalent, in the sense of Muhly, Renault and
Williams, to a groupoid Γ̃ on the space X̃ of two-sided infinite paths. The groupoid
Γ̃ is a semi-direct product of an equivalence relation and a bilateral shift. The
locally compact space which realizes the Γ− Γ̃ equivalence is

Z = {(ξ, n, η̃) ∈ X × Z× X̃ | ξk = η̃k+n for large k}.
The exact sequence of Paschke and the fact that the maps [σ#]∗ are isomorphisms
allowed us to obtain a shortcut to the computation of K-theory.

Also, there seems to be a strong connection between the algebra OΦ and the
Cuntz-Krieger algebra OA, where A is the matrix induced by Φ at the level of K0-
theory. In terms of diagrams, one may think that we shrink each circle to a point,
collapsing the corresponding edges, and we obtain a stationary Bratteli diagram
for an AF-algebra. Of course, the information given by the maps K1(Φ) is lost in
this case.

The Markov shift σ on the not necessarily totally disconected path space X
seems to be interesting in its own right. It would be desirable to compute its
topological entropy in terms of the matrices induced by Φ at the level of K-theory.



GENERALIZED CUNTZ-KRIEGER ALGEBRAS 3435

It is expected that the K-groups of OΦ will have an interesting significance in
ergodic theory, similar to the way the K-groups of OA serve as invariants for the
flow equivalence of A, a fact discovered by Bowen and Franks.

It is known (see [MRS]) that the Doplicher-Roberts algebras associated to rep-
resentations of finite groups can be realized as full corners in the algebras OA for
an appropriate matrix A. We intend to seek ‘continuous’ versions of the Doplicher-
Roberts algebras and to see if they are related to some (group?) representations.
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