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ABSTRACT. For a separable infinite-dimensional Hilbert space H, we consider
the full algebra of bounded linear transformations B(H) and the unique non-
trivial norm-closed two-sided ideal of compact operators K. We also consider
the quotient C*-algebra C = B(H)/K with quotient map

m: B(H) — C.
For A any C*-subalgebra of C, the relative commutant is given by A’ = {C €
C: CA = AC for all A in A}. It was shown by D. Voiculescu that, for A4 any
separable unital C*-subalgebra of C,
(VDCT) A" = A
In this note, we exhibit a non-separable unital C*-subalgebra Ag of C for
which (VDCT) fails.

1. INTRODUCTION

For a separable infinite-dimensional Hilbert space H, we consider the full algebra
of bounded linear transformations B(H) and the unique non-trivial norm-closed
two-sided ideal of compact operators K. We also consider the quotient C*-algebra
C = B(H)/K with quotient map

m: B(H) — C.
For A any C*-subalgebra of C, the relative commutant is given by A" = {C €

C: CA = AC for all Ain A}. It was shown by D. Voiculescu in [7] that, for A any
separable unital C*-subalgebra of C,

(VDCT) A= A

In this note, we exhibit a non-separable unital C*-subalgebra Ay of C for which
(VDCT) fails.

The construction of Ag involves Berezin-Toeplitz operators on the Segal-Barg-
mann Hilbert space of Gaussian square-integrable entire functions on the complex
plane C. The necessary analysis was done in [1, 2] and we simply put the pieces
together here in order to construct the desired example.

The analytic preliminaries are discussed in §2. In §3, we exhibit the algebra
Ap and show that (VDCT) fails. In §4, we discuss examples of non-separable
C*-subalgebras of C for which (VDCT) holds. In §5, there are some additional
remarks.

Received by the editors May 30, 1995.
1991 Mathematics Subject Classification. Primary 47L05.
This research was partially supported by NSF grant 9500716.

©1996 American Mathematical Society
3453



3454 C. A. BERGER AND L. A. COBURN

2. PRELIMINARY RESULTS

As customary, for B a subalgebra of B(H), we write B’ = {T' € B(H): TB = BT
for all B in B}. We will consider the particular Hilbert space

H? = H*(C",dp)

where du(z) = (2r) e #1"/2dv(z) is Gaussian measure (dv(z) is ordinary
Lebesgue measure on C") and H? consists of all the du square-integrable entire
functions. This space is a Bergman space, with reproducing kernel functions e*/2.
Here,

Z+a=2101 + "+ Znap,
for z=(z1,...,2n), a = (a1,...,a,) in C™ and
|22 =z~ 2.

The kernel functions have the property that
h(a) = (h,e*%/?) = /h(z)ea'z/zdu(z)

for all h in H? and a in C". H? is a closed subspace of L? = L?(C", du) and the
orthogonal projection from L? onto H? is given by

(Pg)(a) = (g.e™*/?)

for all g in L2.
For f in L°°(C™), the full algebra of bounded measurable functions, we can
define a bounded Berezin-Toeplitz operator on H? by

(Trh)(a) = P(fh)(a) = (f(2)h(z),e*"/?).
In [1, 2], a detailed study of these operators was carried out. In this connection,
two C*-subalgebras of L> are especially noteworthy: the algebras AP and ESV.
AP consists of uniform limits of finite linear combinations of characters

iIlm(z-a)

Xa(2) =e
(Im(z-a) = (z-a—a-2z)/2i) while ESV consists of all f in L> for which (ignoring
sets of measure zero)
(%) Lim  sup sup  {|f(z) = f(w)[} = 0.
R=00 {20 2[2R} {w: [z—w|<1}
The condition (*) is uniformly closed and says that the function f is “slowly vary-

ing at infinity”. The algebras AP and ESV have only the constant functions in
common. FSV contains, for example, all functions

fz) = f/1=D), 2 #0,
where f is continuous on the unit sphere S27~1.

We denote by 7(AP), 7(ESV), 7(L*°) the C*-algebras on H? generated, respec-
tively, by all Berezin-Toeplitz operators Ty with f in AP, ESV, L*°. The algebra
7{AP(C"™)} was shown in [1] to be exactly the “canonical commutation relation”
algebra CCR(C™) described in [3, pp. 19-22]. It follows that 7(AP) is a simple
C*-algebra.

In the discussion which follows, we will need to recall that an element A of B(H)
is Fredholm if and only if w(A) is invertible in C. Since 7(AP) is simple, w restricted
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to 7(AP) must be a *x-isomorphism and it follows easily that the only Fredholm
elements in 7(AP) must be invertible. For 7{ESV(C)}, on the other hand, it was

checked in [1] that, for
< 1

2/l 2zl =1,
Ty is Fredholm with
index(Tp) = —1 = dimker(7p) — dim coker(Ty).

It follows from standard operator theory that Ty is neither invertible nor, even, a
compact perturbation of an invertible. In fact, Ty + K is Fredholm with

index(Ty + K) = —1
for all K in K.

3. MAIN RESULT
We can now demonstrate the failure of (VDCT) in the non-separable case.
Theorem. (VDCT) fails for Ay = n7{AP(C)}.
Proof. By [2, Theorem D],
{r7(AP)} =n7(ESV).
Moreover, by [2, Proposition A and Theorem B],
77(L*®) C {=7(ESV)} .
It follows that
77(AP) C n7(L>) C {nT(AP)}".
To show that (VDCT) fails, we need only check that
77(AP) # 77 (L).
For n =1 (C™ = C), this is easy. Suppose that
77{AP(C)} = n7{L>*(C)}.
Then, since K C 7{L>*°(C)} [2, Theorem 16|, we must have
T{L>®(C)} = {AP(C)} + K.

But, by the discussion at the end of §2, Ty is in 7{L>°(C)} and is Fredholm with
index(Tp) = —1 while

Ty = Ao+ Ky

for some Ap in T{AP(C)} and Ky in K. It follows that Ag = Tp — Kp must be
Fredholm with

index(Ay) = index(Ty — Ky) = —1.
This is contradicted by the observation that Ay is invertible.

Remark. In fact, (VDCT) fails for 77{AP(C™)} for all n. One needs to consider
n X n systems as in [4] to show that an index obstruction yields

T{L>®(C")} @ M,, # T{AP(C")} @ M,, + K ® M,
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4. POSITIVE RESULTS

It turns out that (VDCT) holds for many non-separable C*-subalgebras in C.
Following up earlier work of [5], it was shown in [6] that, for B any von Neumann
algebra in B(H),

n(B) = n(B)
with the evident corollary (since B = B”) that
7(B)" = n(B') = n(B") = n(B).

We do not know of any other large class of non-separable C*-subalgebras of C for
which (VDCT) holds.

5. ADDITIONAL REMARKS

The proof of our main result provides some additional interesting information.
Since 77 (L) is contained in {w7(ESV)}’ it is clear that 77 (ESV) is in {77 (L>)}’.
Since mT(AP) is contained in 77(L°°), we have

{rr(L>)} c {rT(AP)}.
Recalling that {n7(AP)} = n7(ESV), we finally get
{r7(L>®)} c {r7m(AP)} =nr(ESV) C {rn7(L>)}
so that
{rr(L>®)} = {r7(AP)} = nr(ESV).
Thus, we have exhibited two distinct unital C*-subalgebras of C with the same
relative commutant.

Moreover, suppose {n7(AP)}’" = C. Since C' = C1 by the remarks in §4, we
must have

mT(ESV) = {r7(AP)}' = C1.
This conclusion is clearly false by [2, Theorem EJ. It follows, since
77(L*) C {rx7(ESV)} = {=7(AP)}",
that m{r(L>)} # C and so 7(L*>°) # B(H?).
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