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ABSTRACT. The main theorem of this paper is somewhat stronger than the
following statement: Let G be a Baire semitopological group, let H be a first
countable one and let N be a first countable topological group; then each
separately continuous bi-homomorphism from G X H into N is jointly contin-
uous. This theorem has some consequences on joint continuity of separately
continuous multiplication of rings and scalar multiplication of modules.

1. INTRODUCTION

There are many papers which deal with the classical problem of determination
of points of continuity of separately continuous mappings. The general problem
is to find conditions on topological spaces X,Y and Z such that each separately
continuous mapping from X X Y into Z is jointly continuous on some substantial
subset of X xY. Some authors, in their treatment of the above problem, considered
some algebraic conditions on the spaces and the mappings involved. In this paper
our aim is to provide an answer for a special case of the above general problem.

2. PRELIMINARIES

2.1. Definition. Let X,Y be two topological spaces and let Z be a uniform space
with a uniformity Q. We call the triple (X,Y, Z) a Namioka-Troallic triple if there
exists a nonempty subset C' of Y such that if U € (2, then each separately continuous
mapping f : X XY — Z is U-jointly continuous on Ay x C for some dense G
subset Ay of X, i.e. there is a neighbourhood Uy x Uz of (z,y) such that

FU x Us) CULf(w )] = {z € Z: (Fla,y),2) €U} ((2,y) € Ay x O).

If X and Y are two spaces such that X is Baire and each separately continuous
mapping from X X Y into any pseudo-metric space is jointly continuous on A x C'
for some dense G subset A of X and for some subset C' of Y, then it is trivial that
(X,Y, Z) is a Namioka-Troallic triple for each uniform space Z, since each uniform
space is uniformly isomorphic to a subspace of the product of pseudo-metric spaces.
Hence we have the following two propositios (see for example [1], [4] or [5] for 2.2
and [6] for 2.3).
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2.2. Proposition. If X is a o-well-B-defavorable space (in particular, if X is a
complete pseudo-metric or a locally compact space) and Y is a compact Hausdorff
space, then for every uniform space Z the triple (X,Y,Z) is a Namioka-Troallic
triple.

2.3. Proposition. If X is a Baire space and Y is at least first countable (i.e. Y
has a countable base of neighbourhoods at some point), then for every uniform space
Z the triple (X,Y, Z) is a Namioka-Troallic triple.

Remark. (i) If (X,Y, Z) is a Namioka-Troallic triple, then in general it is not true
that each separately continuous mapping from X x Y into Z is jointly continuous
at some points of X x Y (see, for example, Hoffman-Jgrgensen’s example in [1]).
But, if (X, Y, Z) is a Namioka-Troallic triple such that X is Baire and Z is pseudo-
metric, then it is trivial that each separately continuous mapping from X X Y into
Z is jointly continuous on some subset A x C of X x Y where A is a dense Gs
subset of X.

(ii) For constructing a non-Namioka-Troallic triple, see [2]. Indeed, if X is the set
Q of rational numbers, Y is the unit interval, and Z is the space of all continuous
functions from Q? into [—1, 1] equipped with the pointwise topology, then (X,Y, Z)
is not a Namioka-Troallic triple.

Here we pose a question: Suppose X is a completely regular space such that
(X,Y,Z) is a Namioka-Troallic triple for every compact Hausdorff space Y and
every pseudo-metric space Z. Is it true that X is Baire? (See also Theorem 3 of

[5].)

3. THE MAIN RESULTS

Suppose G, H, and N are groups. A mapping B : G x H — N is said to be a
bi-homomorphism if for each fixed (go, ho) € G x H, the mappings h — B(go, h) :
H+— N and g — B(g, ho) : G — N are homomorphisms of groups.

In the following lemma §2 is assumed to be the left uniformity on the topological
group N. That is, Q is the set of all Ly = {(z,y) € N x N,z71y € U}, where U is
a neighbourhood of the identity of N.

3.1. Lemma. LetG, H be two semitopological groups (i.e. two semitopological semi-
groups which algebraically are groups), let N be a topological group, and let B :
G x H — N be a separately continuous bi-homomorphism. Then

(i) B is jointly continuous on G x H if and only if B is jointly continuous at
least in one point of G x H.

(i) If C is a subset of H such that for each Ly € Q, B is Ly-jointly continuous
on Ay x C for some nonempty subset Ay of G and if A = (Avu (where the
intersection is taken over all neighbourhoods U of the identity of N) is nonempty,
then B is jointly continuous on A x C and so on G x H.

Proof. The proof of (i) is trivial. For (ii) suppose {(ga, ha)} is a net in G x H which
converges to (go, ho) € A x C. For each «, we have

B(gou ha)B(907 h0>_1
= [B(g0, ha) " B(g0, ho)][B(g0, o) " B(g0gags '+ ha)1 B(g0, hahy ).
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Let U,V be two neighbourhoods of the identity of N such that U is symmetric (i.e.
U=U"1) and U? C V. For sufficiently large o,

B(go,haho_l) €U and B(go,ha)_lB(go,ho)] e U,

since B is separately continuous. Also [B(go, ho) ' B(g0gagy '+ ha)] € U, since B is
Ly-jointly continuous on Ay x C. So B(ga, ha)B(go, ho)~! € U3 C V. That is, B
is jointly continuous on A x C. O

3.2. Theorem. Let G,H be two semitopological groups, let N be a topological

group, and let B : G x H — N be a separately continuous bi-homomorphism.

If (G,H,N) is a Namioka-Troallic triple, then B is jointly continuous if either:
(i) the intersection of any number of dense Gg-subsets of G is nonempty; or
(ii) G is Baire and N is first countable.

Proof. Let 7 be the set of all neighbourhoods of the identity of N. There is a subset
C of H such that for each U € 7, B is Ly-jointly continuous on Ay x C for some
dense G subset Ay of G. If (i) holds, then (.. Ay # @. If (ii) holds, then we
may assume that 7 is countable, hence (., Ay # @. Thus in either case B is
jointly continuous on (¢, Av) x C (Lemma 3.1), so it is jointly continuous. [

Remark. Theorem 3.2 is clearly a generalization of the following statement which
appears as Theorem 2 of [3]. (Let G, H, and N be abelien complete metrizable
groups. Let B : G x H — N be bi-additive and separately continuous. Then B is
jointly continuous.)

3.3. Example. Let H be an infinite-dimensional Hilbert space with its weak topol-
ogy; then the inner product is a separately but not jointly continuous bi-homomor-
phism from H x H (consider the additive group of H) into the topological group
of complex numbers.

Proposition 2.3 and Theorem 3.2(ii) give us the following corollaries.

3.4. Corollary. FEach Baire first countable semitopological ring is a topological
ring.

3.5. Corollary. If R is a Baire ring such that its addition is separately continuous,
then each first countable semitopological R-module is a topological R-module.

Conjecture. We conjecture that the result of Theorem 3.2(ii) remains valid with-
out first countability of N.
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