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Abstract. In 1962 Erdős proved that every real number may be decomposed
into a sum of Liouville numbers. Here we consider more general functions
which decompose elements from an arbitrary local field into Liouville num-
bers. Several examples and applications are given. As an illustration, we
prove that for any real numbers α1, α2, . . . , αN , not equal to 0 or 1, there
exist uncountably many Liouville numbers σ such that ασ1 , α

σ
2 , . . . , α

σ
N are

all Liouville numbers.

1. Introduction

A real number ξ is a Liouville number if there exists an infinite sequence of
rationals p1/q1, p2/q2, . . . so that∣∣∣∣ξ − pn

qn

∣∣∣∣ < 1

q nn
,

for all n = 1, 2, . . . . Thus, in the language of diophantine approximation, ξ has
excellent approximations by rationals of small height and this forces ξ to be tran-
scendental (see [12]). It turns out that the set of Liouville numbers has Lebesgue
measure zero but is a dense Gδ-set (see [9]). In 1962, Erdős [4] showed that every
real number α may be expressed as the sum of two Liouville numbers. He gave both
a constructive proof, where the Liouville numbers were explicitly given in base 2 as
a function of the base 2 expansion of α, and nonconstructive proof which followed
from the properties of dense Gδ-sets.

Recently this result has been extended to a broader range of the Mahler classifi-
cation of numbers [7] (see [2]). In particular, Alniacik [1], using continued fraction
techniques, proved that every real number, except possibly Liouville numbers, may
be expressed as the sum of two U2-numbers (recall that the set of U1-numbers is
precisely the set of Liouville numbers). Pollington [8], adopting methods of Schmidt
[11], showed that for any natural number n, every real number may be decomposed
as the sum of two Un-numbers.

In this paper we wish to generalize Erdős’ result in two different directions. Given
α ∈ R, Erdős proved that there exist Liouville numbers σ and τ so that α = f(σ, τ),
where f(x, y) = x+ y. It is natural to wonder if f(x, y) could be replaced by more
interesting functions. In fact, Erdős himself showed that every nonzero real number
is the product of two Liouville numbers, thus we may replace f(x, y) above with
g(x, y) = xy. Here we will extend this result to a very large class of functions.
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In another direction, we wish also to consider the analogous problem over an
arbitrary local field. Let K be a global field and VK denote the set of all nontrivial
places of K. For each w ∈ VK we normalize an absolute value | |w so that the
product formula holds: for γ ∈ K, γ 6= 0,

∏
w∈VK |γ|w = 1. For γ ∈ K, we define

the (inhomogeneous) height of γ, h(γ), by

h(γ) =
∏
w∈VK

max{1, |γ|w} .

We write Kw for the completion of K with respect to the place w.
For a fixed place w ∈ VK , we say ξ ∈ Kw is a Liouville number in Kw if there

exists an infinite sequence {γn}∞n=1 in K such that

|ξ − γn|w <
1

h(γn)n
,

for all n = 1, 2, 3, . . . . It follows that if ξ ∈ Kw is a Liouville number, then it is
transcendental over K.

If Zw ⊆ Kw ×Kw is an open subset, f : Zw → Kw a continuous function and
α ∈ Kw, then we say that f is locally injective at α if there exist open sets U and
V in Kw, U × V ⊆ Zw, so that:

(i) for every x ∈ U , there exists a unique y ∈ V so that f(x, y) = α,
(ii) for every y ∈ V , there exists a unique x ∈ U so that f(x, y) = α.

More precisely we say that f is locally injective at α on U × V.
We now state our first decomposition result.

Theorem 1. Let w be a place of the global field K, Zw ⊆ Kw ×Kw an open set,
f : Zw → Kw a continuous function and α ∈ Kw. If f is locally injective at α,
then there exist Liouville numbers σ and τ in Kw such that

f(σ, τ) = α .

Before proving Theorem 1, we consider various examples and applications. We
also indicate how one may produce a generalization of Theorem 1 which allows
simultaneous decompositions with respect to several functions.

2. Liouville decompositions

We begin by providing a natural class of functions that are locally injective. In
particular, we show that there is no analogue of the Gelfond-Schneider Theorem for
Liouville numbers. This requires us to formulate a generalized Implicit Function
Theorem over arbitrary local fields. Such a result appears difficult to locate in the
literature and thus we state it explicitly here. Suppose that f : KM

w ×KN
w → KN

w .
We view the image of f as a row vector, f = (f1, f2, . . . , fN), where fn : KM

w ×KN
w →

Kw for each n = 1, 2, . . . , N . Also we view elements of KM
w ×KN

w as (x,y), where
x = (x1, x2, . . . , xM ) ∈ KM

w and y = (y1, y2, . . . , yN) ∈ KN
w .

Theorem 2 (The Implicit Function Theorem). Let w be a place of the global field
K and U be an open set in KM

w ×KN
w . Suppose that f : U → KN

w is a continuously
differentiable function such that f(x0,y0) = 0 for some (x0,y0) ∈ U and

det

((
∂fm
∂yn

(x0,y0)

)n=1,2,... ,N

m=1,2,... ,N

)
6= 0 .
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Then there exist open sets V ⊆ KM
w ×KN

w andW ⊆ KM
w with (x0,y0) ∈ V, x0 ∈ W,

and a continuously differentiable function g : W → KN
w such that (x,g(x)) ∈ V

and

f(x,g(x)) = 0 ,

for all x ∈ W.

The proof of Theorem 2 follows directly from the proof of the traditional (archi-
medean) Implicit Function Theorem (see [5], Section 4.6) together with the local
field analogue of the Inverse Function Theorem (see [3], Section 1.5).

Suppose now that f : Zw → Kw is a continuously differentiable function with
f(x0, y0) = α, where (x0, y0) ∈ Zw. If ∂f

∂y (x0, y0) 6= 0, then by Theorem 2, there

exists an open neighorhood W of x0 and a continuously differentiable function
g : W → Kw so that g(x0) = y0 and f(x, g(x)) = α for all x ∈ W. If g′(x0) 6= 0,
then g is injective on some neighborhood of x0 (see [10], Proposition 27.3) and thus
it follows that f is locally injective at α. Hence any rational function f(x, y) ∈
Kw(x, y) will satisfy the hypotheses of Theorem 1 for suitable choices of α.

As a basic illustration, if we select f(x, y) = x + y, then for any α ∈ Kw, f
is locally injective at α, thus we produce the Erdős result over Kw. As another
example, suppose that K = Q and p is a place of Q. We now define the function
fp(x, y) by

fp(x, y) =
logp(1 + x)

y
=

1

y

∞∑
n=1

(−1)n+1xn

n
,

and let αp ∈ Qp \ {0}. For p a nonarchimedean place, if we consider the open sets

Up =
{
x ∈ Qp : |x|p < p−1/(p−1)

}
and

Vp =
{
y ∈ Qp : 0 < |y|p < |αp|−1

p p−1/(p−1)
}
,

then it follows that fp(x, y) is locally injective at αp on Up × Vp. For p = ∞, we
may just take U∞ = {x ∈ Q∞ : x > −1} and V∞ = R and conclude that f∞(x, y)
is locally injective on U∞ ×V∞. Hence as a consequence of Theorem 1, there exist
two Liouville numbers σ and τ in Qp such that

expp(αpτp) = σp ,

where expp(x) =
∑∞
n=0 x

n/n! in Qp (for a further discussion of expp and logp for
finite p, see [6]). In particular, given αp ∈ Qp, αp 6= 0, there exists a Liouville
number τp ∈ Qp so that expp(αpτp) is also a Liouville number in Qp.

As a final application, we recall the celebrated Gelfond-Schneider Theorem which
states that for algebraic numbers µ and ν, µ 6= 0, µ 6= 1, ν /∈ Q, it follows that
µν is transcendental. Now suppose that α is a positive real number not equal to
1. Then f(x, y) = yx is locally injective at α and thus by Theorem 1 there exist
Liouville numbers σ and τ in R such that

στ = α.

Hence we conclude that there is no analogue of the Gelfond-Schneider Theorem for
Liouville numbers.

For Theorem 1, our method of proof is to successively define two convergent
sequences in K concurrently: s1, t1, s2, t2, . . . , in sympathy with the function f ,
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such that the convergence of both sequences is so fast that they converge to Li-
ouville numbers in Kw and, by the construction, the Liouville numbers satisfy the
theorem. As an immediate consequence of the proof, we may deduce the following
simultaneous decomposition generalization of Theorem 1.

Theorem 3. Let w be a place of the global field K; U ,V1,V2, . . . ,VN open sets
in Kw and α1, α2, . . . , αN elements in Kw. If for each n, 1 ≤ n ≤ N , fn :
U × Vn → Kw is locally injective at αn on U × Vn, then there exist Liouville
numbers σ, τ1, τ2, . . . , τN in Kw so that

fn(σ, τn) = αn ,

for all n = 1, 2, . . . , N .

As an example in the case of Kw = R, let α1, α2, . . . , αN be real numbers not
equal to 0 or 1. Then plainly the function fn(x, y) = y1/x is locally injective at αn.
Thus by Theorem 3, there exists a Liouville number σ such that

ασ1 , α
σ
2 , . . . , α

σ
N

are all Liouville numbers. In particular, there exists a Liouville number τ such that
log τ is also a Liouville number. Various such examples may be constructed from
other well-known locally injective functions.

3. The proof of Theorem 1

For γ ∈ Kw and ε > 0, we define the basic open set B(γ, ε) by

B(γ, ε) = {x ∈ Kw : |x− γ|w < ε} .

As f is locally injective at α, there exist basic open sets U1 and V1 in Kw such that
f is locally injective at α on U1 × V1. Since K is a dense subset of Kw, we may
select an element s1 ∈ K so that s1 ∈ U1. We now let ε1 > 0 be so small that if
we define W1 = B(s1, ε1), then W1 ⊆ U1 and ε1 ≤ h(s1)−1. Next, let Y1 ⊆ V1 be a
basic open set in Kw so that f is locally injective on W1 × Y1 and select a t1 ∈ K
so that t1 ∈ Y1 and f(u1, t1) = α for some u1 ∈ W1. We now let δ1 > 0 be so small
that if we define V2 = B(t1, δ1), then V2 ⊆ Y1 and δ1 ≤ h(t1)−1. Finally, we let U2

be a basic open set in Kw such that u1 ∈ U2 ⊆ W1 and f is locally injective at α
on U2 × V2.

Assuming that {s1, s2, . . . , sN−1} ⊆ K, {t1, t2, . . . , tN−1} ⊆ K and basic open
sets UN ,VN in Kw, with f locally injective at α on UN ×VN , have all been defined,
we now construct sN and tN . Let sN be a point of K such that sN ∈ UN , sN 6∈
{s1, s2, . . . , sN−1}. We select εN > 0 so small that if we define WN = B(sN , εN ),
then WN ⊆ UN and εN ≤ h(sN )−N . Let YN ⊆ VN be a basic open set in Kw so
that f is locally injective on WN × YN and select an element tN ∈ K such that
tN ∈ YN , tN 6∈ {t1, t2, . . . , tN−1} and f(uN , tN ) = α for some uN ∈ WN . Next
we select δN > 0 so small that if we define VN+1 = B(tN , δN ), then VN+1 ⊆ YN
and δN ≤ h(tN )−N . Finally we choose a basic open set UN+1 ⊆ Kw so that
uN ∈ UN+1 ⊆ WN and f is locally injective at α on UN+1 × VN+1.

We now observe that given any integer M ≥ 1, for all sufficiently large integers
m1,m2,

|sm1 − sm2 |w < εM and |tm1 − tm2 |w < δM .
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Since both εM → 0 and δM → 0 as M →∞, the sequences {sm} and {tm} converge
in Kw. Let

lim
m→∞

sm = σ and lim
m→∞

tm = τ in Kw .

We also remark that from our construction we have

lim
m→∞

um = σ in Kw .(3.1)

By our upper bounds on εm and δm we conclude that for all sufficiently large m,

|σ − sm|w < h(sm)−m and |τ − tm|w < h(tm)−m .

Thus, both σ and τ are Liouville numbers in Kw. Finally we recall that for all m,

f(um, tm) = α .

Hence the continuity of f and the limit in (3.1) yield

f(σ, τ) = α ,

which completes the proof.

4. Concluding remarks

Of course the previous argument may be generalized to allow functions of more
than two variables. In view of the Weak Approximation Theorem (see [13], Corol-
lary 2, Chapter IV, Section 2) together with a Cantor diagonalization argument to
introduce a new place of K at each stage, one may select the sequences {sn}∞n=1

and {tn}∞n=1 so that they converge very rapidly at all places of K. Thus one may
produce a “global” version of Theorem 1 where the pair of sequences {sn}∞n=1 and
{tn}∞n=1 converge to Liouville numbers in all completions of K and for each com-
pletion Kw, the Liouville numbers form a decomposition with respect to the locally
injective function fw at αw ∈ Kw. Thus, in some sense, one may produce differ-
ent Liouville decompositions simultaneously at all places. We note that one may
recast such results to very general topological spaces having a height function and
countably many metrics which are independent in the sense that an analogue of the
Weak Approximation Theorem holds. For example, one could produce a version
involving affine varieties. We also observe that in view of the product formula over
K, it is impossible for such sequences to converge uniformly with respect to the
various places of K.

Finally we remark that it would be interesting to produce an analogue of Theo-
rem 1, where the conclusion that σ and τ are Liouville numbers is replaced by the
conclusion that σ and τ are Un-numbers for a particular n > 1. It may be possible
to modify the argument of Pollington [8] to produce such a result in the case when
K = Q.
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