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ABSTRACT. Taking inverse limits of the one-parameter family of tent maps
of the interval generates a one-parameter family of inverse limit spaces. We
prove that, for a dense set of parameters, these spaces are locally, at most
points, the product of a Cantor set and an arc. On the other hand, we show
that there is a dense G set of parameters for which the corresponding space
has the property that each neighborhood in the space contains homeomorphic
copies of every inverse limit of a tent map.

In 1967, R. F. Williams ([10]) proved that hyperbolic one-dimensional attractors
are inverse limits of maps on branched one-manifolds. These attractors have the
solenoid-like property of being everywhere locally homeomorphic with the product
of a Cantor set and an arc. Also, for dissipation parameter near zero, most of the
full attracting sets for maps in the Hénon family are homeomorphic with inverse
limits of unimodal maps of the interval ([1]). Except at finitely many points (the
points of a stable periodic orbit), these sets are locally homeomorphic with the
product of a Cantor set and an arc (see the comment following Theorem 1).

Computer-generated pictures, at first glance, suggest that other one-dimensional
(but non-hyperbolic) attractors might have a similar local structure. In particular,
the transitive Hénon attractors appear to be, at most points, locally the product
of a Cantor set and an arc. However, ‘blowing up’ computer pictures of these
attractors usually indicates the presence of ‘hooks’ in the midst of regions that,
under less scrutiny, look like a Cantor set of nearly parallel arcs.

In this paper we consider the local topological properties of a one-parameter
family of conceptual models for the Hénon attractors, inverse limits of tent maps.
We find the following: for a dense set of parameters, the inverse limit space is,
except at finitely many points, the product of a Cantor set and an arc (Theorem
1). However, for a dense Gg set of parameters, the inverse limit space is nowhere
locally homeomorphic with the product of a Cantor set and an arc. In this second
case, the inverse limit spaces display a remarkable form of self-similarity and local
recapitulation of the entire family: not only does every open set in each space
contain a homeomorphic copy of the entire space, each open set also contains a
homeomorphic copy of every other inverse limit space appearing in the tent family
(Corollary 6). In a forthcoming paper, we prove that the set of parameters for
which this holds has full measure.
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3564 MARCY BARGE, KAREN BRUCKS, AND BEVERLY DIAMOND

We introduce terminology, notation, and preliminary results as needed for the
main results.

Suppose that {X;}22; is a collection of compact metric spaces and that for each
i, fi : Xit1 — X is a continuous map. The inverse limit space of {X;, fi}52, (or
simply, of {fi}72,) is

{ = (20,21,...) |z € HXi7fi($i+1> = xz;,i € N}
=1

and has metric d given by

o di (i, Y;
d(z,y) = Y 2D
i=0

where for each ¢, d; is a metric for X; bounded by 1. For each ¢, II; will denote the
restriction of the usual projection map from [];-, X; into X; to the inverse limit
space defined above. If X; = X and f; = f for all i, the inverse limit space is
denoted by (X, f), and the map f : (X, f) — (X, f) defined by f((z0,21,...)) =
(f(x0),x0,x1,-..) is called the induced homeomorphism.

In the following, I will denote the unit interval [0,1]. For A € [1,2], define the
following families of maps: the family of tent maps T : I — I is defined by

Ta(z) = Az, 0 <z<0.5,
AT M1 —x), 05 <a<1;

if T restricted to [0,7(0.5)] is rescaled to hy : I — I, then hy is given by

| Az, OSxS%,
hA(x)_{ 2 — Az, % <z<1;

corresponding tent map T)) is given by

falz) = { iﬁ\;f): A 2 :

In the following, ¢, will denote the critical point % of fn. A parameter value
A € [1,2] is periodic if ¢y is periodic under fy, and prefized if ¢y maps to a fixed
point under some iterate of fx. The periodic parameters are dense in [1, 2], and the
prefixed parameters are dense in [v/2,2] (see, for example, [7] or [5]).

Since (I, f) = (J, f|s) where J = (>0 f"(I), (I,T)) is homeomorphic with
(I,hy), while (I,hy) consists exactly of a homeomorphic copy of (I, fy) and an
infinite ray entwined with (I, f)).

The first result indicates that the inverse limit space (I, f) is locally well-
behaved if the orbit of the critical point ¢y is finite (thus for a dense set of parameter
values).

Theorem 1. Let v/2 < A\ < 2, and suppose that {f3(cx)}nen is finite. Then all
but finitely many points of (I, fr) have a neighbourhood that is homeomorphic with
the product of a Cantor set and an arc.

Proof. Let I;, 1 < i < k, be the closures of the components of I\ {f{(cr)}nen.
The I;’s form a Markov partition for fy. That is, for each i, f)|z, is one-to-one and
fa(L;) is a union of a subcollection of {I;},<k.
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For each i < k, let f;ll denote the inverse of f)|r,. Suppose x = (z¢,21,...) €
(I, fx) is such that xx ¢ {f{(cr)}nen for some N € N. Then xy € int(I;) for some
J. Let ¥ = {(a1,a2,...) : ay < k for each | € N, fa(la,) 2 Ij, fa({ay,,) 2 1q, for
each [}. Since f is transitive for A > V2, ¥, with the product topology, is a Cantor
set. The set U = I (int(I;)) is a neighbourhood of z and ¢ : & x int(I;) + U
defined by ¢((a1,az,...),t) = (f)]\V(t)7 o ()t f)\_7¢111 (t), f)\_7¢1z2(f>\_,zlzl(t))7 ) isa
homeomorphism. O

Most of the full attracting sets for maps in the Hénon family are homeomorphic
to inverse limits of associated quadratic maps where the critical point has a finite
orbit ([1]). According to [8], if the kneading sequence (defined following the next
result) of the quadratic map appears as a kneading sequence for a map in the tent
family, the inverse limit spaces for these two maps are homeomorphic, thus the full
attracting set for the Hénon map has the structure described by Theorem 1. For
a large number of the quadratic maps of interest, the kneading sequence does not
appear in the tent family; in this case, the techniques of [1] can be used to prove
that the full attracting sets also have this local structure.

The following lemma is a consequence of [3, Theorem 3].

Lemma 2. For {\,}52; C [1,2], there is a sequence ¢, > 0,n € N, such that if

|7 — An| < €n, for n € N, then the inverse limit of

h, R, R

0,1] ~—— 0,1] ~—— [0,1] ~——
is homeomorphic with the inverse limit of

hnl h772

0,1 ~—2— [0,1] ~—2 [0,1] «—2&

We need the language of unimodal maps and kneading theory for Lemma 3. A
map f : I — I is unimodal if there is ¢ € (0,1) such that f is strictly increasing
on [0, c¢) and strictly decreasing on (¢, 1]; the point ¢ is the critical point of f. We
recall some basic notions of kneading theory for unimodal maps; for more details
see [6]. For each x € [0, 1], the itinerary of x under the unimodal map f is given
by I(z) = bobibs ..., where b; = R if fi(z) > ¢, b; = L if fi(c) < ¢, and b; = C'if
fi(z) = ¢, with the usual convention that the itinerary stops after the first C. The
kneading sequence of the map f, denoted K(f), is defined to be the itinerary of
f(¢). The parity-lexicographical ordering is put on the set of itineraries as follows.
Set L < C < R. Let W = wiws ... and V = vivy... be two distinct itineraries
and let k£ be the first index where the itineraries differ. If £k = 1, then W < V iff
wy < wv. Ifk>1and wy...wpg_1 = v1...05_1 has an even number of R’s, i.e.,
has even parity, then W < V iff wy < wvg; if wy...wi—1 has an odd number of
R’s, then W < V iff vy < wg. It is an elementary fact that the map x — I(x) is
monotone, i.e., z < y implies that I(z) < I(y) [6, Lemma II.1.3]. As f(c) is the
maximum value of the function, it follows that if A = agay ... = K(f), then any
shift of A (ajaj41 ... for j > 0) is less than or equal to the kneading sequence itself
in the parity-lexicographical order, that is, A is shift mazimal. If X € [1,2] and fy
is as defined above, the map A — K(f)) is strictly increasing (see, for example, the
appendix of [4]).
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Recall that cy is the critical point of fx. Define A, s = {\ € [v2,2] : there exist
n and 0 < ax < by such that f2(0) € (a — 8,a+ 6), fi(ar) = 0, f2(bx) = ca, and
f is monotone on each of [0,a,], [ax,bx]}. In the proof of the next result about
Aq,s, we make use of the notion of skeleton maps. For n > 1 and A € [\/5, 2], the
ntt skeleton map ¢, is defined by ¢, (\) = T¢(c), where ¢ = 0.5 is the critical
point of Ty. According to [7, §5], each ¢, is continuous, piecewise polynomial, and
differentiable except at periodic parameters with period less than n. Also, ¢/ is
never zero, so ¢, is strictly monotone on intervals containing no parameters with
period less than n.

Lemma 3. Fora € [0,1] and § > 0, A, s contains a dense open subset of [v/2,2].

Proof. Since the periodic parameters are dense in [1, 2], given a parameter value A
and 6 > 0, there are ng and Ao > A such that ¢y, is periodic under f), of period
ko > mo and if f, has kneading sequence agreeing with that of fy, to no — 1 places,
then |A — 4| < 8. It follows from the fact that the prefixed parameters are dense
in [V/2,2] that A\ can be chosen so that k(fy,) = WC has even parity and the
sequences WR*C and W R3C are shift maximal. Let v (71, respectively) denote
the parameter value for which the associated tent (or core) map has kneading
sequence W RAC (W R3C, respectively). Note that \g < 79 < 71 < Ao + 8 since
WC < WR'C < WR3C. Also, there is no periodic kneading sequence between
W RA*C and W R3C, which are of periods ko +4 and ko + 3 respectively, with period
less than ko + 4. That is, if k = ko + 4, then T% (¢) = ¢, T (c) = Ty, (¢4, ), and @,
is monotonically increasing between vy and ;. In the language of the core map f,

5 (Cyvo) = Cyo» [ (¢y,) =1, and f%(c,) increases from ¢, to 1 as y increases from
Yo to 1.

For each v € [y0, 1], the critical point d. for ffj closest to and larger than c,
has itinerary RW'C where W' is the initial segment of k(f,,) of length ng + 1.
That is, f¥(d,) = 0, f¥ is monotone decreasing on [cy,d,], and there is e, €
[¢y,dy) such that f¥(e,) = ¢,. Let z, denote the nonzero fixed point for f,.
Since k(f,) = RLW’... > RLR>, f,(0) with itinerary W’... is less than z,
with itinerary R>. Then there is y, € [ey,d,] such that fF(y,) = z,. It
follows that as v increases from 7o, f¥72(c,) increases from 0 to 1, f5+2(e,) = 0,
fF2(yy) = @, and fF+2 is monotone on each of [c,,e,] and [e,,y,]. For some
v € o, ml, f72(ey) € (a—8,a+6). Let ay = fi(ey) and zy = f3(y,). Then

5(0) € (a—6,a+96), fE(ay) =0, fE(2,) = 2, and f is monotone on each of

[O,a)\],[CL)\,ZA]. O

If A= ma,éeQﬁ[O,l] Ag 5, then A contains a dense Gs. If A € A, then for any
a €[0,1] and § > 0, there are n and 0 < a) < by such that f{ is monotone on each
of [0, ax], [ax, bal, fR(0) € (a—6,a+06), fi(ar) =0, and f{(by) = cx. In particular,
if n e A, {fF(c)}72, is dense in [0,1].

For 1 < n < /2, let Jy = [f2(1),1] and Ji = fy(Jo). Tt is easily checked that
the maps f”
follows that if 1 < 7 < v/2 and 72" < 2, then fgk J, is conjugate with f, .., where
Jo = [f,2+(1),1] and J; = fi(Jo), 1 < i <21 Thus, for such n, (I, f,) contains
2% homeomorphic copies of (I, fnzk). In light of this, the set A in Theorems 4, 5,

J;» © = 0,1 are conjugate (via affine homeomorphisms) with f,2. It
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and 9 and Corollary 6 can be replaced by A" = {n € [1,2] : 772k € A for some
k € N}. Note that A’ contains a dense G5 subset of [1,2].

Theorem 4. Suppose that n € A, and let A € (1,2]. Given any subcontinuum C
of (I, fx), there is a subcontinuum of (I, f,) homeomorphic with C'.

Proof. Let €, > 0,n € N, be as in Lemma 2 with \,, = X for all n € N. Let b; = ¢,
and choose a1 € (0,b1) such that |1 + §& — A < e;. There is 61 > 0 such that
a1+ 61 < by and if |a — aq| < 61, then |1+ ﬁ — )| < €1. Let ny and by be such that
|f71(0) —a1| < 61, fi1(b2) = b1 and f;'* has precisely one critical point in (0, b2)
which maps to 0 under f7*. Now let as € (0,b2) be such that |1+ 32 — A| < €2, and
choose 63 small enough so that as+82 < be and if [a—aq| < 62, then |1+%—)\| < €3.
Continuing, ny and b3 can be chosen such that |f;2(0) —az| < 82, fy?(b3) = ba and
[ has precisely one critical point in (0, b3) which maps to 0 under f;2. We prove
that if b; and ny are defined in this manner, then the inverse limit of

ni n2 n3
Iy Iy Iy

[07 bl] [07 b2]

[0,b3] ~——

is homeomorphic with (I, hy).
For b > 0, define ¢ : [0,b] — [0,1] by ¢p(x) = 1 — x/b. For k € N, let
gk = b, © fp* o wb_klﬂ. The commuting diagram

g1 g2 g3

[0,1] 0,1] <+~— [0,1]] «——
¥, g Vb, fo Vi g
0,01] «——— [0,b5] +—— [0,b3] ~——

shows that the inverse limit of {gx}7°, is homeomorphic to the inverse limit of
{f:]lk |[O7bk+1] }20:1 .
Claim. For each k there is A such that g = hy, and |\ — \| < €.

Proof of claim. It is easy to check that g is a piecewise linear unimodal map with
the critical point mapping to a maximum at 1 and the magnitude of the slopes of
the linear pieces equal, say, to A\x. Also, g(0) =0, so g = hy,. Let m = n™ (the

magnitude of the slopes of the linear pieces of f}'*) and a = f'* (0). Thenm = %

50 Ak = bpp1(m) - = G2 = 14£. Since [a—ag| < &, [\ —Al = [T+ & =] < &.
The claim is proved.
It follows that the inverse limit of {f}"*[j0s,.,1}%=; is homeomorphic with the
inverse limit of {hy, }3, which is homeomorphic with (I, hy) by Lemma 2.
Define X to be the following subcontinuum of (I, f;):

zeX — Iy, (z) € [O,bi+1],i =0,1,2,...,
where Ny = 0, N; = X% _ ny, for i € N. Then X is homeomorphic with the inverse

limit of {£}"*[j0,b,.4,] }az1, hence with (7, hy). Since every subcontinuum of (I, f))
is homeomorphic with a subcontinuum of (I, hy), the theorem is proved. |

)

In fact, the bonding map can be varied in Theorem 4.

Theorem 5. Given n € A, {\}nen C [1,2] and any subcontinuum C of the in-
verse limit of {fx, Y521, there is a subcontinuum of (I, f,) homeomorphic with C.
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Proof. First we show that given {\,}52, C [1,2], there is {n,}>>; C (1,2] such
that the inverse limit of {f), }>2; is homeomorphic with a subcontinuum of the
inverse limit of {h,, }52;. According to Lemma 2, we can assume without loss of
generality that A, € (1,2] for each n. Given a € [0, 1), define g, : [a,1] — [0,1] by

ga(z) = = (2 — a). Then g;(z) = (1 — a)z +a.

Claim. Given A € (1,2], a; € [0,1) and n = 2 — ay, there is a2 € [0,1) such that

I ga1 ga2
hn
[alv 1] -~ [a27 1]

is a commutative diagram of surjections.

Proof of claim. Let ag = 1 — é:—gi)\. Since a1 € [0,1), 0 < é:—gi < 1/2, so that
as € [0,1). Thus ga_ll o fx © g, is a piecewise linear unimodal map whose slope

in absolute value is constant and equal to (1 — a1)(A)(

T—a;) = 2 — a1 = 1. Since

hy(1) = a1 = g5 © fr © ga,(1), the diagram must commute, with hy([ag,1]) =
92 © fr 0 gay([az, 1]) = [a1,1]. The claim is established.

Given the sequence {\,}72 ,, define a1 =2 —n; and 73 = A;. Then n; € (1, 2]
and a1 € [0,1). Assume that a,, € [0,1) and 7, = 2 —a,, € (1,2] have been defined.
Let apy1 =1 — ;:—Z:)\n and 7,41 = 2 — apy1. Then, by the claim, a,41 € [0,1)
and 7,41 € (1,2]. The commutative diagram

0, 1]<7f M [0, 1] SR [0, 1] SR
Ya, Yas YGas
h h772 h773

[alvﬂnil [aQ’l] -~ [a3vl]‘—

induces a homeomorphism between the inverse limit of {fx,}>2; and the inverse
limit of {hy, |{a,.,,1]}ne1, @ subcontinuum of the inverse limit of {h,, }72 ;.

Given the sequence 7),, the proof of Theorem 4 can be modified slightly to
construct a subcontinuum of (I, f,;) homeomorphic to the inverse limit of {h,,, }5 ;.
Specifically, given e, n;, and by, there is ay such that |1+Z—: —n| < €. Define b, ng
and bg41 as before. Then maps g, = h, can be defined so that |7k —nk| < €k, hence
the inverse limit of {h., }7°, is homeomorphic to the inverse limit of {h,, }?°,, and
the inverse limit of {g;}$2 ; (that is, the inverse limit of {h-, }7° ;) is homeomorphic
to the inverse limit of {f}'[j0,p,, .1 }hz1- O

Corollary 6. Let n € A, {A\y}nen C [1,2] and U an open subset of (I, f,). For
any subcontinuum C' of the inverse limit of {fx, }52,, there is a subcontinuum D
of (I, fy) homeomorphic with C' with D C U.

Proof. Without loss of generality, U is of the form [U; x Uz X --- x U, X I x ---]N
(I, fy). It is enough to show that there is a subcontinuum D’ of (I, f;,) such that

D’ is homeomorphic to (I, f,,) and IIy(D’) C Uy, since then Hn(fA,?(D’)) C U, and
ff;(D’ ) C U contains a subcontinuum homeomorphic with C.
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Since 17 € A, {fF(cy)}72, is dense in [0,1]. Choose k > 2 such that fF(c,) =
¥=2(0) € Un. There is v € [0,1] such that fi=2[0,0] € U,. Let by = v in
the proof of Theorem 4, and construct {b,,}>°_; C [0,1], {nm}55_; C N such that

the inverse limit space D" of {f}"*[(0.4,,,,]}m=1 is homeomorphic to (I, f;). Then

o(fy~>(D")) = f¥2(Mo(D")) € f572([0,0]) € Uy O

Finally, we prove that if n € A, then (I, f,;) has uncountably many endpoints. A
subcontinuum 7" of a space X is an end continuum in X if whenever T C A, T C B
for continua A, B C X, then either A C B or B C A. The point z € X is an
endpoint of X if {x} is an end continuum in X.

Lemma 7. Suppose that T is a subcontinuum of (I, f) for a map f: I — I, and
that 0 € I1,,(T) for infinitely many n € N. Then T is an end continuum.

Proof. Let A, B be subcontinua of (I, f) with T C AN B. Then 0 € II,(A)
and 0 € II,(B) for infinitely many n. It follows that either II,, (A) C II,(B) or
I1,(B) C II,(A) infinitely often, hence for all n. O

Lemma 8. Suppose that (I,f) 2Ty 2 Ty D --- where T; is an end continuum of
(I, f) for each i, and that ;2 T; = {z}. Then z is an endpoint.

Proof. Let A, B be subcontinua of (I, f) with z € ANB. For each i, T;NANB # (.
Since (I, f) is atriodic, one of T;, A, B is contained in the union of the other two. If
T; € AU B for any i, then, since T; is an end continuum, either A C B or B C A,
and the lemma is proved. If not, then without loss of generality, A C T; U B for
infinitely many ¢, and A C 2, (T3 U B) = B. O

If ) € A, then ¢, is recurrent, since {f¥(c,)}72, is dense in [0, 1]. It follows from
[2] that (I, f,;) has an infinite number of endpoints. We can say more.

Theorem 9. Forne A, (I, f,) has uncountably many endpoints.

Proof. Choose disjoint copies Ty, T1 of (I, f;) contained in (I, f,)). According to
Corollary 6, there are disjoint copies Too, To1 and Tho, Th1 of (I, f,,) contained in Tj
and T respectively so that diam(Ts,s,) < diam(Ty,) for s; € {0,1}. Continuing
in this manner, we can assign to each sequence sgsiss... of zeros and ones an
infinite nested sequence of subcontinua {Ts, ...s, }nen of (I, fy) such that Tss, . s,
is homeomorphic to (I, f,) for each n and diam(Tsys,...s,,) — 0 as n — oco. For each
N, Tsos,...s, 18 10t an arc, hence 0 € g (Ts,s,...s, ) for infinitely many &, and Ty s, .5,
is an end continuum. Since diam(Tsys,...s,) — 0, for each sequence spsisz...,

|mneN{T8081mSn}| = 1. Finally, if s9s1892... 75 totita ..., (nneN{Tsosl---Sn}) n
(MheniTiotr...t, }) = 0, thus there are an uncountable number of distinct endpoints.

|
We do not know whether the set of endpoints of (I, fx) can be countably infinite.
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