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AN ALGEBRAIC SL,-VECTOR BUNDLE
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ABSTRACT. We show the stable triviality of all the elements in VEC(Rz, Rn)
concretely, and describe VEC(R2, Ry) as surjection classes from a trivial bun-
dle to another. The results also contain the explicit description of non-linear-
izable S Lo actions on C™.

INTRODUCTION

Let G be a reductive complex algebraic group, and let B, F' be G-modules
over C. Let VEC(B, F') be the set of isomorphism classes of algebraic G-vector
bundles over B whose fiber over 0 is isomorphic to F. In [7], Schwarz found that
there are non-trivial VEC(B, F)’s when the ring of invariants O(B)¢ of B is a
polynomial ring in one variable (see Kraft-Schwarz [4] for the details), which were
the counterexamples to the equivariant Serre conjecture. The G-actions on those
non-trivial G-vector bundles provide non-linearizable G-actions on C". As they
treated an algebraic vector bundle as a family of transition functions in [4] and [7],
the G-varieties which are determined by the total spaces of G-vector bundles were
not explicitly described. On the other hand, Bass and Haboush [2] proved that all
the elements in VEC(B, F') are stably trivial, and the stable triviality is essential in
Masuda and Petrie [6]. For a G-module S, their object VEC(B, F'; S) is the subset
of VEC(B, F) consisting of the isomorphism classes of G-vector bundles over B
whose Whitney sum with the trivial vector bundle with fiber S is trivial. In fact,
they considered an algebraic G-vector bundle over B as a kernel of a surjection
from one trivial bundle onto another. They gave an explicit description of the
total space as a G-variety for some families of vector bundles. Each approach has
different advantages, e.g. the first approach is aimed at classification of G-vector
bundles over representations whose algebraic quotients by GG are one dimensional,
and the second at constructing families of distinct (non-trivial) G-vector bundles
without assumption on the base. Therefore it is useful to compare them.

In the present paper, for G = SLs we realize all the elements in VEC(Rz, Ry,)
as a closed SLs-subvariety of some SLo-module. Here, R, is the SLs-module of
binary forms of degree n. All isomorphism classes of irreducible S Ls-modules are
represented by { R, }nen. The main theorem is
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Theorem. For any natural number n, we have
VEC(RQ, Rn) = VEC(RQ, Ry,Ry o®...® Rn—2[%])

In fact VEC(Rq, R, is isomorphic to CF where k = [%] The specific isomor-
phism is given by sending T to E(T) where T is a collection of T,_2;, i = 1,...,[5]
(cf. Proposition 1.1), and ranges over the vector space (I + N™)/(I + M™) isomor-
phic to C* and E(7) is the subvariety of Ro ® Ry ® Rpy_2 @ ... @ Ry, _o[n) defined in

§2.
In §1, we review the results by Kraft and Schwarz [4],[7] and give a pleasing
representation of VEC(Rg, Ry,). In §2, we give a construction of the algebraic vector

bundles. The proof of the theorem concludes the paper.
The author wishes to thank Prof. Mikiya Masuda for his helpful suggestions.

1. A REPRESENTATION OF VEC(R2, R,,)
We will start with the SLs-action on R, = {> 1" a; X" ""Y*|a; € C}. For an
element g = (CCL Z) € SLy and f(X,Y) € Ry, let

FIX,Y) = flaX +bY,cX +dY).

We will review the structure of VEC(R2, R,,) in [4] and [7], according to [3]
(cf. [5]). Let A : Ry — C be the discriminant. Because O(Rg)"2 = C[A], for
arbitrary [E] in VEC(Rz, Ry,), E is trivial when it is restricted on the Zariski open
subsets A71(C — {0}) and A=!(C — S) in Ry, for a finite subset S in C — {0}. The
transition function of F,

Up: A™Y(C — ({0} U S)) — GL(R,),

is an SLy-morphism, and the SLs-action on GL(R,,) is given by the conjugation.
Let T be the maximal torus in SLs, consisting of the diagonal matrices, and NT'
be the normalizer of T in SLs. Since A~}(C — {0}) = (A=Y(C — {0}))T xNT SL,,
Vg is determined by the restriction Wp|pr over RY | which is a W-morphism

Uglpr : A™HC - ({0}US)) N Ry — GL(R,)"
where W = NT/T is the Weyl group of SLs. The Weyl group W is an order 2

group generated by the class of (_01 (1)
sum of mutually non-isomorphic one-dimensional modules generated by X" ~Y?,
i=0,..,n,s0 GL(R,)T is a group of diagonal matrices by Schur’s lemma. Then

U g|pr has the following form:

) . As a T-module, R,, decomposes to a

Up(AXY) = diag(qo(\), ¢1(\), -, gn (V) for AXY € RY = {AXY |\ € C},

with respect to the basis {X"~Y},_o _, of R,, where {g;(\)} are rational func-
tions in A with ¢;(A\) = ¢n—i(—A) for i = 0,1,...,n. The relations among ¢;(\)’s
come from the compatibility with the W-action. Composing the isomorphism over
A~Y(C - {0}), we can normalize U p|gr such that ¥g(0) = I, and expand it into
a formal power series (cf. [3]). Since SLo-orbit of RY is dense in Ry, the inclusion
i: RY — R, induces an injection

i* : Mor(Ry, End R,,)%%2 — Mor(RY, (End R,,)T)".
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Denote by M}* (resp. Nj' ) the linear space of the homogeneous elements of de-
gree k in i* Mor(R2, End R,,)°L2 (resp. Mor(RY, (End R,,)T)") and set M"™ =
[Tis1 M} (vesp. N™ =[],~; N}). It is known (cf. [5]) that an arbitrary element in
Mor(RY, (End R,,)T)W is of the following form:

p(AXY) = diag(fo(A), ., fu(A))

where f;(\)’s are polynomials in A, such that f;(—A) = f,—;(\) for i = 0,...,n.
Then Wg|gr belongs to I + N". If Wg|pr belongs to I + M™, it turns out that
VU can be extended to an isomorphism over A~!(C — S) and F is isomorphic to
a trivial bundle. By Schwarz [4], [7] (cf. [5]), it is proved that the correspondence
E — Vg|gr induces a bijection

VEC(Rs, Ry) — (I +N™)/(I + M™).

We will introduce some notation to explain our representative. Let ¢ be the
element in Mor(Ry, Hom(R,,_2, R,n))%%? such that ¢(u) : Ry_2 — R, is mul-
tiplication by u € Ra. Since @p(u) is an injection unless u = 0, its dual p(u)* :
R}, — R _, is a surjection unless u = 0. Since R,, is self-dual for any m, ¢(u)*
defines an element v in Mor(Rz, Hom(R,y,, Ry—2)) 2. The composition ¢ o ¢ is an
automorphism over A=1(C —{0}). Let o be the inverse of 1o over A~1(C—{0});
then

ogopop=Ig, ,=opoo

over A™1(C — {0}). Let ¢ be @ o o; then ¢po ¢ = Ir,,_, over A~}(C — {0}). The
elements 1) and ¢ actually depend on m, but to simplify the notation, we did not give
1 and ¢ any suffixes. We write ¢*(u) : Ry — Rym_2; and ¢'(u) : Ry_2; — R
as the i-fold compositions of the ¥’s and ¢’s respectively. We remark that ¢ and ¢
are represented by the following matrices respectively on RI:

0O ... 0
0 =* 0 *
Y= ; ¢ =
0 * 0 *
0O ... 0

Then, for 7,,_9; € Mor(Rz, End R,,_2;)°*2 with 7,,_2;(0) =0,i =1, ..., (2], we have
(¢'Tn—2:0")(AXY) = diag(0, ..., 0, g4 (A), ..., g (A), 0, ..., 0)

and diag(gb(\), ..., ¢(\)) = T—2;(AXY) has polynomials as diagonal entries. Hence
the restriction of I + ¢, _2;1° to R1 belongs to I + N™. We remark that I + N"
is commutative with respect to the composition.

Proposition 1.1. (I+N")/(I+M™) is multiplicatively generated by the restriction
of the following morphisms to R} :

{(I + ¢'Tn-2:9") |72 € Mor(Rz, End Rp—2:)%"
with Tu_2i(0) =0, i=1,...[=]}

[\

To prove Proposition 1.1 we use the fact that Mor(Rz, End R,,)%"2 is an algebra
over O(Ry)®"2 = C[A] with one generator, for every m. The following Lemma is
in Masuda-Nagase [5].
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Lemma 1.2. Mor(Rz, End R,,)%%2 is isomorphic to

m

ClAIml/ [[(rm = (m = 20)v/A),

=0

as an O(Ry)%"2 = C[A]-algebra where vy, is a homogeneous element of degree one
such that

Y (AXY) = diag(mA, (m — 2)A, (m — 4)\, ..., —mA)
for AXY € RT with respect to the basis {X™ Y'}i01. .m of Rm.

Proof of Proposition 1.1. Take an arbitrary element p € I + N™. Then p is of the
following form:

p(AXY) =diag(fo(A), f1(A), -, fu(N)  for AXY € R}

where f;(\) are power series such that f;(—=\) = f,—;(\) for all ¢ = 0,...,n. So
p has 1 + ] independent power series in its entries. On the other hand for each
natural number k, {¢'vE .9t i =0, ..., [5]} are linearly independent on RY. Here
Ym is the degree 1 generator in Mor(Ra, End R,,)%"2. Since the restriction to RY
is injective, although our discussion is on R%, we may use the same notation. Now
we can choose complex numbers ag, a1, ..., ajz] such that Zgz]()(gbiozmn_%wi) is the

degree 1 term of p. Then the degree 1 term vanishes in pHE]O(I — Pl yn—oih?).
Repeating the same method for & = 2,...,n — 2, we have

[5]

p I+ ¢ gnoit’) = T+ A",
=0

where g, —9;,1 = 0,1, ..., [%], are polynomials of 7, _o; with no constant term, and n
is a diagonal matrix with formal power series of A as its entries. Since I + g,,, has

its inverse in I + M™, let I + 7,,, be the inverse of I + g,,, where 7,,,(0) = 0. Then,

(5]
p= ]+ ¢ P2+ A1),
=0

Since N} = M} for k> n

1 (cf. [3)),

3

p=1[T +¢'mn2’) in (I+N")/(T+M"),

=1

where 7, is 7, with the terms of degree greater than n — 2 discarded. O

2. THE CONSTRUCTION OF THE ALGEBRAIC SL3-VECTOR BUNDLES

In this section we construct an SLs-vector bundle with the transition function
mentioned in Proposition 1.1.
Let 7,, be an element in Mor(Ry, End R,,,)*%2 such that 7,,,(0) = 0, and let

L: Ry x (Rn PR, o®..D Rn_2[72_1]> — Ry x (Rn_z ®..P Rn_g[%])
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be an SLs-bundle morphism over Ry given by

d} _(I + 7—n—2>
d} _(I + 7—n—4)

Y =+ Thgn)

Here the ¢’s are elements in Mor(Ry, Hom(R,,, Rym_2))°"? defined in §1. They are
surjections at non-zero u in Ry, and (I 4+ 7;)(0) = I for any j, so L is a surjection
over Rs. Its kernel

ker L = {(u, (2n, 2n—2, s 2n—2(2))) [¥ (W) 2n—2i = (I + Tn—2i—2)(u)zn—2i—2,
(TS RQ,zn_Qi S Rn_gi, 1= 1,...,[—]}

is an algebraic S Ly-vector bundle over Ry with O-fiber R,. In fact, since L has a
splitting (cf. [1]), ker L becomes trivial when the trivial bundle with fiber R, _o @
o @ Ry _g[ny is added.

We will show that ker L is trivial when it is restricted to Zariski open subsets
A7L(C - {0}) and A=}(C — S) in Ry, where

2]
S = {A(u) € C[ ][ det(I + r—2:)(u) = 0}

is a finite subset in C — {0}. Trivializations of ker L on each open subset are given
in the following.
Over A=1(C — S), define

(2.1) ts :ker LIa-1c—g) — A7HC - 8) x R,
by

ts(u, (zn, 2n—2, ...,zn_Q[%])) = (u, zn).
Proposition 2.1. tg is an SLay-isomorphism over A=*(C — S).

Proof. Since Y(u)zn—2; = (I + Tp—2j-2)(u)zn_2j-2 for j = 0,1,...,[§] — 1 and
(I 4+ Tp—2j—2)(u) are isomorphisms over A~(C — S), tg is an injection, so tg is an

S La-isomorphism over A=(C — S). O
Define

(2.2) to 1 ker L|a-1c—qoy — ATH(C — {0}) x Ry,

by

(5]

tO(u; (Zna Bn—2 -+ Zn—Q[%])) = (U, ¢(U)Z(I - ¢(u)w(u)>zn—21)

i=0
where ¢(u)y(u) is understood to be zero for i = [F].

Proposition 2.2. ty is an SLa-isomorphism over A=Y(C — {0}). Its inverse is
given by the following formula. For (u,w) € A~YC — {0}) X R, if we write

to_l(u7 w) = (u, (Z;zv 241—27 ) Z;—Q[%]))



3330 TERUKO NAGASE

where z, € Ry, then

[3]-J
oz =[] U+ 0yt wpw for j =0, [5] -1,

i=1

Zn_g[z] = ()5,

Proof. ty* is well defined. Indeed, by using the fact that ¢)¢ = I over A~1(C—{0}),

we have

V(I + ¢ Taezj2ith’) = (I + ¢ 70 _a(j1)—26i-1) ¥ D).

/!

This relation implies ¢z;,_,;

follows easily below:
Since ¢ = I over A™1(C —{0}), (I — ¢¥)(I + ¢*T—2i—2kt0®) = (I — ¢9)); so we

have

=+ Tn_Q(jH))z;l_z(jH). The proof of tgoty ' =T

%

3

] (5]

to(tal(u, w)) = (u, (Y ¢'(I — ¢)( (I + ¢* 122k (w)w))
— i

'Vl]

2

= (u, (O 6" (I — ¢)ip" ) (w)w)
1=0

|3

Il
-

—

= (u,w).
Hence ¢ is a surjection and an isomorphism over A=(C — {0}). O

The transition function of ker L,
Uperr, : A7HC — ({0} U S)) — GL(R,),
is, in the above notation,
Uyer 1L(u)(w) = tg o tal(u, w)

]
= (u, | [ (I + ¢'rn_2s9®) (w)w).

1

w3

%

That is,

(3]
\IjkcrL(u) = (I + d)iT"_ini)(u)'

i=1

N3

Proof of the Theorem. Let E(Tn_Q,...,Tn_Q[%]) be the SLs-vector bundle ker L
which is constructed above. The transition function of E(7,_a, ...,Tn_Q[%]) was

Hill (I + ¢'1p_2:9%). Tt follows from Proposition 1.1 that the inclusion
VEC(Rz, Ry : Ry—2 @ ... ® Ryy_g[n)) — VEC(Rq, Ry,)

is surjective. Thus the theorem has been proved. O

The decomposition of the transition function is not unique. Using the results of
Schwarz mentioned in §1, one can show that
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Corollary 2.3.

E(Th—2,...; Tn_g[n)) & E(1),_q, .. 7'7'1_2[%])
if and only if
]

(I+¢'Tn2') =
1

wf3
|3

]
(I +¢'7)_o;0")  mod  j* Mor(Ry, End R,,)52

=

@
Il
=

K2

=
—~~

where j is the inclusion A= (C —{0}) — Rs.
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