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ABSTRACT. Let p be a finite nonzero Borel measure in R™ satisfying 0 <
¢ r® < uB(z,r) < cr® < oo for all z € spt u and 0 < r < 1 and some ¢ > 0.
If the Riesz s-transform

- y—x
Csu(z) = /‘y_xls-‘—l dpy

is essentially bounded, then s is an integer. We also give a related result on
the L2-boundedness.

1. INTRODUCTION

The Cauchy transform of a finite nonnegative Borel measure p on C is the
analytic function C,, defined in the complement of the support of p, spt p, by

d
Culz) = C%Cz
Often problems in complex analysis can be reduced to the study of relations between
C,, and the geometric properties of ;. In this paper we investigate the behavior of
an s-variant Cs , of the Riesz transform in R",

where 0 < s < n. This is defined for all x € R™ for which

/ dpy
PELER

This transform is called Riesz s-transform. In many cases Cs, ,, does not exist in the
usual sense for z € spt p but it may exist as a principal value

y—x
C.pula) = lim ™~
s €l0 R"~\ B(x,e) |y_x|s+1

where B(z, €) is the z-centered closed ball with radius e.

David and Semmes (see [DS1, DS2]) have studied singular integrals on inte-
gral dimensional surfaces and rectifiable sets. Cs , defines a bounded operator on
L?(p) — L*(p) if s is an integer and p is a surface measure on a sufficiently nice
s-dimensional surface, e.g. a Lipschitz graph. In this case the principal values
Cs,u(x) also exist p a.e.
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Mattila and Preiss (see [MP]) have shown that if for x almost all z € R™ 0 <
liminfr=*uB(x,r) < limsupr~—*uB(z,r) < oo and the principal values Cs ,(z)
exist p a.e., then s is an integer and p is s-rectifiable, i.e. there exist s-dimensional
C! submanifolds M; such that p(R™ \. U;M;) = 0. In this paper we show that
the essential boundedness of C, , implies that s is an integer. As a consequence
it follows that also the L?-boundedness forces s to be an integer. It is not known
whether p is s-rectifiable. David and Semmes have shown in [DS1] that the L2-
boundedness of a large class of singular integral operators implies the rectifiability
of u, and it forces s to be an integer.

2. PRELIMINARY LEMMAS

Let p be a finite Borel measure on R”, ¢ > 0 and z € R™. The truncated Riesz
s-transform is defined by

€ _ y—x
Cs,p,(w> _/l; s+1 d,l,Ly

"\ B(z,e) |y - J7|

and the maximal truncated transform by
Con(®) =sup[C ()]

If p is only locally finite, we shall use the modified maximal function

ézﬂ(x) = sup
o<r<1

/ _YTT
B(z,1)\B(z,r) |y - x|s+1 '

For a finite measure p, C~;‘7 ., 1s bounded if and only if C{, is bounded. We also
denote

D (s, ) = liminf r=*p B (. 7)

and

D’(u, ) = limsup r—*uB(z, 7).
rl0

The Riesz s-transform C; ,, has the following properties.

Lemma 1. The Riesz s-transform Cs,, of a finite Borel measure i is defined for
L™ a.e. x and Csy € LY for 1 <p<n/s.

The proof is straightforward and we omit it.

The proof of the following lemma was suggested by Stephen Semmes.

Lemma 2. Suppose that i is a finite Borel measure in R™ satisfying uB(z,r) < r®
for allz € R™ and r > 0. Then for all x € R"

Con(@) < Csplloc + €
where C' is a constant depending on n and s and || - ||eo is the L™ norm.

Proof. This is a variant of a well-known inequality of Cotlar (see e.g. [J]).
We give here the main steps of the proof. If ||Cs .|l = o0 the result is clear.
Suppose that ||Cs,,l|c0 < 0.
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Let € > 0 and « € R™. Consider the mean value integral

1 d Clﬁ"
ST Jatears s B % S e oy o T
an(€/2)" Jpz,e/2) JB(we) 1V — 2 Oén 6/2 B(z.e) JB0,2¢) |2l

22n s

n—s

where a,, = L"B(0, 1) is the Lebesgue measure of the unit ball in R™. Hence there
is a point z € B(x,€/2) such that

d
(1) / 1y S n 22n—s
B

(z,€) |y_Z|S n—s

and [Cs,(2)] < [|Cs il oo
Now we can estimate

y—=r y—=z

Yy =zt fy — 2

dpy
) ol < [ -+ [ .
H g R\ B(x,€) B(z,€) |y_’?:|S

We estimate the first term on the right-hand side. Divide the set R" \ B(z,¢) into
annuli B(z, 2% e) \ B(x,2%), i = 0,1,2,.... Using the mean value theorem and
the fact that |D(z|z|=*71)| < Clz|~*~! we obtain

y—= y—=z £(y)
- duyé/ D—=r | e — 2l dpy
~/R”\B(m,e) |y - $|S+1 |y - Z|S+1 R®~\B(x,e€) |€(y>|s+1
S ez
(2) <C / duy
Z B(z,2tt1e)\B(z,2%) |§( )|S+1
< 0225“

where £(y) is a point on the line segment between the points y —z and y — z. Using
the estimates (1) and (2) we get

n
Cs ()] < 0225 E22"_S + [Cs,pullos

and so C;M(x) < ||Cs,,u|loo 4+ 0925+ %2271_5. O

There is a useful variant of this lemma which states that under the assumptions
on g in Lemma 2 C7 , is bounded everywhere if it is bounded on the support of p.

Lemma 3. Suppose that pi is a locally finite Borel measure in R™ satisfying /LB (x, 7‘)
<7r® for allx € R™ and r > 0. IfC is bounded on the support of u, then C*7
bounded on R™.

Proof. The proof is similar to the proof of the preceding lemma.
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Let z € R™ and € > 0. Denote d = dist(z,sptpu) = |x — 2|, z € sptu. If
e <d < 1/2 we have

y—x y—x
T dky| < / T Y
w/;(w,l)\B(w,e) |y - $|S+1 B(z,2d) |y - $|S+1
y—x
+ / Tz
(B(x,1)~B(2,1))U(B(z,1)~ B(z,1)) ly — |
Yy—x Yy—=z

dpy

“J,
B(z,1)N\B(z,2d)

_|_

ly —a Jy — 2+

/
B(z1)~B(z.2d) Y — 2[*T
<20 445+ 027 4 2C; (2),

where the estimate for the first term is obvious, in the second we have used the
fact that the domain of integration is contained in B(z,2)\ B(z,1/2) and the third
term is estimated by (2). If d > 1/2 or € > 2d, similar estimates give the result. O

3. TANGENT MEASURES AND RIESZ s-TRANSFORMS

Let p;, ¢ = 1,2,..., and p be locally finite Borel measures in R™. We say
that measures (u;) converge weakly to p if [ du; — [ pdp for every continuous
compactly supported function ¢ : R™ — R. This is denoted by u; — p.

Let p be a locally finite Borel measure in R™. For any a € R™ and r > 0 let
Ty, rpb be the image of p under the map T, ., Ty r(2) = (z — a)/r, that is,

Tari(A) = p(rA +a).

We say that v is a tangent measure of p at a if v is a locally finite nonzero Borel
measure in R™ and if there are positive numbers r; | 0 such that

—S
v, Ty b — V.

We denote the set of all tangent measures of p at a by Tan(u,a). The use of the
particular normalization constants r; * is motivated by the density assumptions we
shall make on the measure p below. Under them our definition corresponds to that
of Preiss in [P].

Basic properties of tangent measures can be found in [P] and [M].

The following lemma tells about the usefulness of tangent measures in the inves-
tigation of the boundedness of maximal Riesz s-transforms.

Lemma 4. Let p be a locally finite Borel measure in R™. Suppose that 0 <
D*(p,x) < D’ (u,z) < oo for p almost all € spty and CNQ‘# < 00 p almost
everywhere. Then at p almost all points a € R™ for every v € Tén(,u, a) there exist
constants 0 < ¢1 < ¢y < o0 such that

(3) car® <vB(z,r) < cor®

for all x € sptv and 0 < r < co. Additionally, for u almost all a € R™ and for
every v € Tan(u, a)

(4) Cr, is bounded on R™.

s,V
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Proof. Let € > 0 and B be a set such that
B={zesptu:0<dr®<uB(x,r) < < oo
for all 0 < r <7y and é:u(x) <M},

where ¢/, ¢, ro, and M are positive constants. The set B can be chosen so that
w(R™ N B) < e. Tt suffices to consider the p density points of the set B, i.e. those
points a € B where

_p(B(a,7) ~ B)
lim ——————= = 0.

rlo  uB(a,r)
At these points Tan(u,a) = Tan(u L B,a), where pL B is the restriction of the
measure u to the set B.

Let a € B be a p-density point of the set B and v = lim;_ oo 7; *Torpt €
Tan(u,a). Now, for every x € sptr and r > 0, by the lower semicontinuity of the
weak convergence

0 < vU(z,r) <liminfr; *T, . pu(B(z,7))

11— 00

=lim inf ri_s,u(B(Til’ +a,rr;) N B)

holds for open balls U(z,r). Thus for any r > 0 the set B(r;xz + a,rr;) N B #  for
all sufficiently large i. Therefore we can choose a sequence of points a; € B such
that x; = (a; — a)/r; — x. Now for any r < ¢
vB(z,r) <vU(z,t) <liminfr; *uB(r;xz + a,tr;)

< liminfr; *pB(a;, 2tr;)

< liminfr; *c"(2tr;)® = cot”.
Ast | r we get vB(x,r) < cor®. The lower bound can be found similarly by using
the fact that

vB(z,r) > limsupr; *uB(riz + a,rr;)
when z € sptv and r > 0.
For the proof of the second statement let the set B be as before, x € sptuv,

v € Tan(u,a), and 0 < r < R < co. As before, we can choose a sequence of points
a; € B such that z; = (a; —a)/r; — 2. If v(0B(z, R)) = v(0B(z,r)) = 0, we find
that

= lim
1—00

y— Yy—;
Y dvy A —r dvy
B(a,R)~B(z,r) 1Y — T| B(ws,R)~B(zi,r) [Y — Ti

= lim TZ-_S/ y—ix;l AT r; 1y
10 B(zi,R)~B(z;,r) ly — i

= lim y — (rizi +a)

dpy
100 /B(rmi-‘ra,Rm)\B(mm-i-a,rm) |y - (Tixi + a)|s+1

= lim y—ai

- / T duy| < 2M.
1=\ JB(a;,Rri)~B(a;,rr;) |y - ai|

dpy
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By approximation this holds for all 0 < 7 < R < oo. The conditions of Lemma 3
hold for the measure v and thus C; , is bounded on R™. a

Theorem 5. Let p be a locally finite nonzero Borel measure in R". Suppose that
0 < D*(p,z) < D°(p, ) < oo for p almost all & € sptu. If Cs o < 00 p almost
everywhere, then s is an integer.

Proof. If the theorem is false, C~;‘7 u < 00 p almost everywhere for some measure
satisfying the assumptions of the theorem in some R" for a non-integral s. Let n
be the smallest possible dimension where this can happen. We want to show that
this happens also in R*~ 1.

Let u be a measure in R™ satisfying the above assumptions and a € R™. We
can find a tangent measure v € Tan(u,a) such that the conditions (3) and (4) of
Lemma 4 hold. Because s < n the support of v cannot be the whole space R™.
This implies that there exist points b ¢ sptv and ¢ € sptv and a number r > 0
such that

Ub,r)Nspty =0 and

c € OB(b,r) Nsptv.
Without loss of generality we may assume that ¢ = 0 and b is on the negative
x1-axis. Because 0 € sptv, the condition (3) holds for the measure v at the point
0 and therefore both (3) and (4) hold for every tangent measure o € Tan(v,0) as
one can see from the proof of Lemma 4. Now spto C H = {x € R" : 1 > 0}.

Because n was chosen to be minimal, spto ¢ OH. Denote Ss = {z € R™ : 1 >
8lz|}. Now there exists 6 < 1, and a sequence x; € Ss Nspto ~ {0} such that

x; — 0. Otherwise we should have, for some A = limr; *Tp ;0 with r; | 0 and for
M >0,6>0,

A(int(&s nu(o, M))) < lim inf r;STMU(im(S& nu(o, M)))
<lim inf ri_scr(Sg N B(riM)) =0.
Thus spt A C 0H which contradicts the minimality of n.

We may assume |z1| > |x2| > ... and by passing to a subsequence that the balls
B; = B(=;, 6|x;|/2) are disjoint and contained in the ball B(0,1). Then for any k

s+1 doy > Z/
= 225+2|x|

> -
‘ngwims( 2 )

— 012_28_26S+1]€

S+1 doy

/B(O 1)~B(0,|zr|/2) |y|

and so

Yy Y1
doy| > / ———doy
/B(O D)~ B(0,|zx]/2) Jyls+t ‘ B(0,1)~B(0,[zx|/2) [YI*T!

> 27287285 oo,
k—o0
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Thus

sup
e>0

I TRy
11 doy| = 0.
B(0,1)~B(0,¢) lyl

This contradicts (4) in Lemma 4. Assumption that there would be a minimal n is
false and the result follows.

Note that due to Lemma 2 the almost everywhere finiteness of C~;‘7 ., can be re-
placed by the essential boundedness of Cs , if p also satisfies the conditions of
Lemma 2. O

4. L?-BOUNDEDNESS OF RIESZ $-TRANSFORMS

Next we shall study Riesz s-transforms as singular integral operators. Let u be
a positive Radon measure in R™ for which there exist constants 0 < ¢; < ¢2 < 00
such that

(5) cr® < pB(z,r) < cor®

for all € sptu and 0 < r < diam(spt ). We define a singular integral operator
Cs,u by

(Conf 9) = %//&(f(y)g(w) —9()f(x)) duy dpa

ly — x>+

for all f,g € L?(u) whose supports are separated by a positive distance (see [C] for
more details). Saying that the operator Cs , is bounded on L? means that there
exists a constant C' < oo such that

1Csufll2 < Cllfl2

for f € L?(pn). We shall show that if there exists a nonzero measure p such that it
satisfies (5) and the singular integral operator Cs,,, is bounded on L?, then s is an
integer.

Theorem 6. Let u be a nonzero Radon measure in R™ such that for x € sptp
and 0 < r < diam(spt f1)

0 <cr® <pB(z,r) <cor® < oco.
If Cs ,, is bounded on L?, then s is an integer.

Proof. We first note that if the singular integral operator is bounded on L2, then
also the maximal truncated operator C% , is bounded on L?, see [C] or [J]. Then

also C~;‘ u < 00 p almost everywhere and we can use Theorem 5 to get the result. U
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