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ABSTRACT. We show that any type two Vassiliev invariant of a link can be
expressed as a linear combination of the second coefficients of the Conway
polynomials of its components and a quadratic expression of linking numbers.

V.A. Vassiliev introduced a concept of finite type invariants for knots [9] by
studying the cohomology of the space of all knots. J.S. Birman and X.-S. Lin gave
its combinatorial definition [3]. Tt turns out that finite type (or Vassiliev) invariants
form a wide family of knot invariants including quantum invariants (see for example
[2]). For other properties including M. Kontsevich’s integral formula, see [1].

Vassiliev invariants can be naturally generalized to links [7]. For a knot, it is
well known that the only type one Vassiliev invariant is a constant. On the other
hand it is easily shown that the linking number of any pair of components in a link
is a Vassiliev invariant of type one. We will show that every Vassiliev invariant of
type one is a sum of a constant and a linear combination of linking numbers.

For a type two Vassiliev invariant, we will show that it can be expressed as
a sum of the z2-coefficients of the Conway polynomials of its components and
linking numbers. As a corollary we can express the second derivative of the Jones
polynomial at one in terms of the Conway polynomials and linking numbers, which
was proved in [6] without using the concept of Vassiliev invariants.

1. PRELIMINARIES

In this section we describe terminology used in this paper. For more detail we
refer the reader to [2, 3].

For a (complex-valued) link invariant vg, we regard it as an invariant for spatial
4-valent knotted graphs (or singular links) as follows:

) vd(X)—vd(X)—vd(X)

If the graph invariant defined above vanishes for all graphs with more than d ver-
tices, then we call vg a Vassiliev invariant of type d. This is equivalent to saying
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that vg is constant on all the graphs with the same [d]-configuration. Here a [d]-
configuration is d pairs of 2d points on disjoint circles. For example,

is a [2]-configuration, where dotted lines indicate the pairing. A singular link G
with d vertices respects a [d]-configuration if each set of paired points forms a vertex
in G. The following singular link respects the [2]-configuration above :

@QQ O

Suppose that we are given a Vassiliev invariant of type d for n-component or-
dered, oriented links. As is described in [3], if we know all the initial data (values
of singular links respecting [e]-configurations (e < d), where singular links are cho-
sen one for each configuration, and for [d]-configurations the initial data does not
depend on singular links respecting it), then we can calculate the value of every
link using (*). This proves the following lemma.

Lemma 1.1. Two Vassiliev invariants of the same type coincide if they have the
same wnitial data.

2. VASSILIEV INVARIANTS OF TYPE ONE

In this section, we will study Vassiliev invariants of type one for an n-component
link. For a 1-component link (a knot), it is well known (see [3]) that a constant is
the only Vassiliev invariant of type one.

Let L=LiULyU---U L, be an ordered, oriented, n-component link. Denote
by Xi; (L) the linking number of L; and L; (i < j). Then we easily see the following
lemma.

Lemma 2.1. \;; is a Vassiliev invariant of type one.
Proof. We show that A;; is constant on all the singular links with one vertex
k l

where k£ and [ mean the label attached to the strands nearby. We may assume
k < | without loss of generality. If k& = [, which corresponds to the following

[1]-configuration:
l ) ) A

then
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If k < I, which corresponds to the following [1]-configuration:

Aij (X) = 8ir6j1 (Kronecker’s delta).

k l

then

So Ajj (X) depends only on [1]-configurations (i.e., it can be expressed in terms

k l
of i, j, k, and I) and \;; is a Vassiliev invariant of type one. |

As a corollary, we have

Corollary 2.2. Fiz an integer n > 1. Let a and b;; (1 <i<j<n) be constants
(depending only on n). For an n-component link L, put

(L) =a+ Z bij>\ij (L)

i<j
Then w1 is a Vassiliev invariant of type one.

Now suppose that we are given another Vassiliev invariant v, of type one. We
want to choose a and b;; to make vy and w; equal. To use Lemma 1.1, we need to list
all the admissible [{]-configurations and singular links respecting them (0 <¢ < 1).
(A configuration with no paired adjacent points on the same circle is called admissi-
ble. Note that since we can choose a model graph for an inadmissible configuration
so that its Vassiliev invariant vanishes, we need not consider inadmissible configu-
rations [3].) There are two types of such configurations.

[O]—conﬁguration:@ Q Q7
[1]—conﬁguration:© ~~~~~~~~~ Q Q Q Q (k<1).

k l

For the [0]-configuration we choose the n-component trivial link O™ as a model
graph. Then the initial data of v; and w; are as follows. (Note that we do not
specify a model graph of the [1]-configuration.)

’Ul On

Q ......... QQQ )]
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and

w1 (O™) = a,

S O00.0

= (CL — CL) + Zi<j bijéikéjl = bkl-
From Lemma 1.1 we have the following theorem.

Theorem 2.3. Let vy be a Vassiliev invariant of type one for n-component ordered,
oriented links. Then for any n-component ordered, oriented link L we have

V1 (L) = U1 (On)

Proof. From the initial data above, if we choose

a=v1(0")
and
(O OO0 O
k: l ) ) AR
then vy and w; coincide by virtue of Lemma 1.1. The proof is complete. O

3. VASSILIEV INVARIANTS OF TYPE TWO

In the proof of Theorem 2.3, it is essential that the number of admissible [i]-
configurations (i < 1) is equal to that of “linearly independent” type one Vassiliev
invariants. In this section, we will use a similar fact to describe how to express
a Vassiliev invariant of type two in terms of the z%-coefficients of the Conway
polynomials of the components and the linking numbers.

It is well known (see [1, 4, 5]) that if vg and v, are Vassiliev invariants of types
d and e respectively, then vgv. (i.e., vgve(L) = vq(L)v.(L) for every link L) is of
type d + e. So we have the following lemma.

Lemma 3.1. Put \ijAr (L) = Xij(L)A\ui(L). We also denote Aijhij by A7;. Then
Aij A1 18 a Vassiliev invariant of type two. Here i < j, k <l and i < k.

Since the coefficient of 22 of the Conway polynomial of a knot is a Vassiliev invari-
ant of type two [1], there are six types of type two Vassiliev invariants; constants,
(pi(l <1 < TL), )\U(l < ]), )\%(2 < ]), )\ij)\ik(j < k), and )\ij)\kl(i < ],k <li< k),
where ¢; is the z2-coefficient of the Conway polynomial of the i-th component. So
we have the following corollary.
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Corollary 3.2. Fiz an integer n(> 1). Let a, b, cij, dij, €k, fijr be constants
(depending only on n). Then

we = a + szwz + ZCU)\U + Zdz] ij + 261jk)\z])\zk + Zfzgk:l)\zj)\k:l

i<j i<j 1<j
i<k k<l
i<k

is a Vassiliev invariant of type two for n-component links.

Now there are four types of admissible [2]-configurations:

D.0.0. 0 e

I1<p<g<n1<r<s<n,p<r).

Together with [0]- and [1]-configurations, we see that the number of admissible
[i]-configurations (i < 2) is equal to that of (possibly linearly dependent) type
two Vassiliev invariants. We can show that these Vassiliev invariants are linearly
independent. In fact, we can prove the following theorem.

Theorem 3.3. Let vs be a Vassiliev invariant of type two for n-component ordered,
oriented links. Then for any n-component ordered, oriented link L, we have

v2(L) = 12(0")
(0 O, O O
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e (o O O (O
o - Q ________ Q @} @ Jrsaus
+z<QQ Q _________ Q Q QQ)

k<l
i<k
X Aij A (L),
where o denotes the split union (disjoint union separated by a 2-sphere).

Proof. The proof is similar to that of Theorem 2.3. We will choose a, b;, ¢;;, dj,
€k, and fi;jx; so that the initial data for vy and w; coincide.

Choosing model graphs O™ and @o O"~2 for the [0]-configuration

p q

and the [1]-configuration
0-0.0.0.0

respectively, we can list below the initial data for wy. Note that

A (OO O
p 3 3 3t
since 1 () is equal to the z2-coefficient of the Conway polynomial of the

1
trefoil knot [3].

wa(O™) = a,

0y (@o on—?) — wy (@o on—2) — wa(O™) = g + dpg,
p q

p q
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AD.0.0. O

O OOOO0 O

Now the only thing we have to do is to solve a system of linear equations. Details
are left to the reader. O

As a corollary, we can express the second derivative of the Jones polynomial at
one in terms of the z2-coefficients of the Conway polynomials of the constituent
knots and linking numbers which was proved in [6] since it is a Vassiliev invariant
of type two (see for example [3]).

Remark 3.4. In the proofs of Theorems 2.3 and 3.3, it happens that the number
of admissible configurations equals the number of (linearly independent) Vassiliev
invariants. Y. Miyazawa [5] and A. Tani [8] proved that this also holds for type
three invariants and gave a similar formula. The author does not know whether
this holds for more general cases.

ACKNOWLEDGEMENTS

The result here was prepared for a talk at the Isaac Newton Institute for Mathe-
matical Sciences, Cambridge in the autumn of 1992. The author thanks R. Kirby for
encouraging him to give a talk. Thanks are also due to the Institute for hospitality.

REFERENCES

[1] D. Bar-Natan, On the Vassiliev knot invariant, Topology 34 (1995), 423-472. CMP 95:08

[2] J.S. Birman, New points of view in knot theory, Bull. Amer. Math. Soc. (N.S.) 28 (1993),
253-287. MR 94b:57007

[3] J.S. Birman and X.-S. Lin, Knot polynomials and Vassiliev’s invariants, Invent. Math. 111
(1993), 225-270. MR 94d:57010

[4] T. Kanenobu and Y. Miyazawa, Link polynomials as Vassiliev-type invariants, preprint, Osaka
City Univ. and Yamaguchi Univ., 1994.

[5] Y. Miyazawa, Vassiliev’s invariant and link polynomials (in Japanese), Teijigen-Tayotai no
Toporojii to Musubime-riron (Topology of Low-dimensional Manifolds and Knot Theory), Pro-
ceedings of Research Institute for Mathematics and Computer Science, vol. 9, Tsuda College,
1994.

[6] H. Murakami, On derivatives of the Jones polynomial, Kobe J. Math. 3 (1986), 61-64. MR
88a:57015

[7] T. Stanford, Finite-type invariants of knots, links, and graphs, to appear in Topology.



3896 HITOSHI MURAKAMI

[8] A. Tani, Vassiliev type invariant of order 3 (in Japanese), Teijigen-Tayotai no Toporojii to
Musubime-riron (Topology of Low-dimensional Manifolds and Knot Theory), Proceedings of
Research Institute for Mathematics and Computer Science, vol. 9, Tsuda College, 1994.

[9] V.A. Vassiliev, Cohomology of knot spaces, Theory of Singularities and Its Applications (V.I.
Arnold, ed.), Advances in Soviet Math., vol. 1, Amer. Math. Soc., 1990. MR 92a:57016

DEPARTMENT OF MATHEMATICS, OSAKA CITY UNIVERSITY, SUGIMOTO, SUMIYOSHI-KU, OSAKA
558, JAPAN

Current address: Department of Mathematics, School of Science and Engineering, Waseda
University, Ohkubo, Tokyo, 169, Japan

E-mail address: hitoshi@haya.co.jp



