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ABSTRACT. We introduce the notion of perfectly measure zero sets and prove
that every perfectly measure zero set is permitted for the families of all pseudo-
Dirichlet sets, No-sets, A-sets and N-sets. In particular this means that these
families of trigonometric thin sets are closed under adding sets of cardinality
less than the additivity of Lebesgue measure.

80. INTRODUCTION

Let F be a family of sets of reals. Let A, B € F. We say that a set A is F-
permitted for B if AUB € F. A set A is F-permitted if A is F-permitted for every
B € F (see [1]). Let A be set of reals. Let us recall the following notions.

(1) Ais a pD-set (pseudo-Dirichlet set) if there is an increasing sequence of inte-
gers {ny}32, such that the sequence {sinnymx}72, converges quasinormally
on A, ie. there is a sequence of positive reals {e;}72, converging to 0 such
that (Vz € A)(V®k) | sinngmx| < k.

(2) Ais an No-set if there is an increasing sequence of integers {n}72, such that
Yoo Isinngma] < oo for z € A.

(3) Ais an A-set if there is an increasing sequence of integers {ny };°, such that
{sinnpmz}2, converges to 0 for z € A.

(4) A is an N-set if there is a sequence of non-negative reals {p,}>2, such that
> o pn = 00 and the series > |pn sinnmz| converges for x € A.

The families of all pD-sets, Ng-sets, A-sets, and N-sets are denoted by pD, Ny, A,
and N/, respectively.

An Arbault-Erdos theorem [1] says that every countable set is A-permitted.
N. N. Kholshchevnikova [11] proved that under Martin’s Axiom every set of car-
dinality less than ¢ is N-permitted. L. Bukovsky and Z. Bukovskd [6] proved
that every set of cardinality less than p is A -permitted. These results have been
improved [7] by showing that every ~y-set is permitted for all families of thin sets de-
fined above. In the present paper we prove that every set having perfectly measure
zero (Definition 1.1) is permitted for these families. This improves the previously
mentioned results since every y-set has perfectly measure zero. Since every set
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of cardinality < add(L) has perfectly measure zero we obtain that every set of
cardinality < add(£) is permitted.

Let us recall some further notions. The additivity of a family 7 of sets is the
cardinal

add(Z) = min{|Zo| : Ty C T & | JZo ¢ T}.

The following combinatorial characterization of the additivity of the o-ideal £ of
Lebesgue measure zero sets is due to T. Bartoszyriski [2].

Theorem 0.1. Let S be an infinite countable set. Then
add(£) = min{|X]|: X C“S &
GH{In}olo) (Vf € X)(Vn)(f(n) € Jn & |Ju| < n®)}.

We shall need the following modification of classical Dirichlet-Minkowski Theo-
rem (see e.g. [7]).

Theorem 0.2. Let {mi}32, be a strictly increasing sequence of integers. For any
j € w, 6 >0 and for any reals x1,...,x, there are integers kj,k;- such that 7 <
Ky <kj <j+(1/6)" and

| sin(my, —my x| <26 forl=1,...,n.

A set A C R has strong measure zero if for each sequence of positive reals
{en}S2 there is a sequence of intervals {I,}22, such that |I,| < €, for all n and
ACU, In.

Let X be a set of reals. A family U of open sets is an open w-cover of X if for
every finite set Xg C X there is U € U such that Xy C U. A set X is a y-set if
for each open w-cover U of X there is a sequence {U,}22, of elements of U such
that X C U,, N U,. The notion of a 7y-set was introduced by F. Gerlits and
Z. Nagy [9].

Finally let us recall that f denotes the minimal cardinal such that the Boolean
algebra P(w)/fin is not k-distributive and (see [8]) p is the minimal size of a family
of infinite subsets of w with finite intersection property and without infinite pseudo-
intersection, t is the minimal size of a tower on w, s is the minimal size of a splitting
family on w, b is the minimal size of an unbounded family in “w with the eventual
ordering.

n>m

§1. PERFECTLY MEASURE ZERO SETS
Let us introduce the main notion of the paper.

Definition 1.1. Let A be a set of reals.

(i) A has perfectly measure zero if for every sequence of positive reals {€,}°2
there are an increasing sequence of integers {n;}7°, and a sequence of finite
families of intervals {Z,,}°2 1 such that
(2) |I| < ey for every I € T,,, and
(3) A€ Uy, Mo U

(ii) A has uniformly measure zero if for every sequence of positive reals {e,}52 4
there is a sequence of finite families of intervals {Z,}5; such that the above
conditions (1)—(3) are satisfied for ny = k.
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Let Lum.z., Lpm.z., and Lgm.,. be the family of sets having uniformly measure
zero, perfectly measure zero, and strong measure zero, respectively. The next theo-
rem summarizes several easy properties of the two families introduced in Definition
1.1, one saying that both families are o-ideals.

Theorem 1.2. (i) Lym.. € Lpm.z. € Lom.z.-
(ii) Fuvery ~y-set has perfectly measure zero.
(iii) add(Lp.m.») > min{h,add(L)}.
(iv) add(Ly.m.».) > add(L).
(vi) If a set A C R has uniformly measure zero or has perfectly measure zero, then
the group generated by A has the same property.

Proof. (i) The first inclusion is an easy consequence of definitions. We prove the
second. Let a set A have perfectly measure zero. Let {e],}°2, be a decreasing
sequence of positive reals converging to zero. There is a sequence of finite families
of intervals {Z,,}72; and an increasing sequence {n}72, such that conditions (1)-
(3) in Definition 1.1 are satisfied for the sequence of €,, = €, ... |,,. Now let {I,,}°2
be an enumeration of |J,, Z,, so that |I,| < |I,| whenever n > m. Then clearly
[In| <max{er:n <144k} <e,and A C U, Mism UZnk SNy Upsm In

(ii) Let A C R be a y-set and let {€,}22; be a given sequence of positive reals
We will find a sequence {Z,,}>2; and a sequence {nj}?°, satisfying conditions (1)
(3) of Definition 1.1. Without loss of generality we can assume that the sequence
{en}o2, is decreasing and the set A is infinite. So let {y,,}22; be a sequence of
distinct elements of A. For every n > 1 let U, be the family of all sets (JZ) \ {yn}
where 7 is a family of at most n open intervals such that |I| < e, for all I € Z.
Clearly the family ¢ = |J,,~, U» is an open w-cover. Hence there is a sequence
{U,}22 of elements of U such that A C |J,,, Nys,, Uk- Choose ny, so that Uy € Uy, ,
i.e. there is a family 7,, of at most n; open intervals witnessing that Uy € U,
In particular Uy C UZp,. As yn, ¢ Uk, no integer can repeat infinitely many
times in the sequence {n;}7°, and without loss of generality we can assume that
this sequence is strictly increasing. For n’s not appearing in the sequence {n;}3
take Z,, arbitrary so that conditions (1)—(3) in Definition 1.1 hold true. Clearly the
sequence {7, }2° ; has the required properties.

(iii) Let us fix a decreasing sequence of positive reals {e,}72 ;. Let €], = €(541)3-
Let J be the family of all sequences {Z,}52, of finite families of intervals with
rational endpoints such that |Z,,| < n and |I| < €], for every I € Z,,. Then for every
set A C R having perfectly measure zero the family

Da={acw’: HL}z enAacl) () Uz}

m nea\m
is an open dense subset of [w]¥, C*. To see this let b € [w]* and let {b,}5°, be an
increasing enumeration of b. As A has perfectly measure zero, there is an increasing
sequence of integers {n;}72, and a sequence of families of intervals {7,};2, such
that |J.| < n < by, |I| < egn for I € J, and A C U,, Ni>m U Tn,- Let us set
a = {b,, : k € w} and let {Z,,}32, € J be any such sequence that Ty, = Tny,-
Clearly {Z,,}22, witnesses that a € D4.

Let £ < min{h,add(L)} and let {A¢}ecr be a family of sets having perfectly
measure zero. As k < b, there is a set a € ﬂ§<ﬁ D4, and so for each £ < k there is
{Z5)02 € T such that A¢ € U, Npea\m UZn- Since & < add(£L) by Theorem 0.1,
with S = “the countable set of finite families of intervals with rational endpoints”,
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we obtain that there exists a sequence of families of intervals {7,}52, such that
| 7| < n?-n and for every ¢ < k, Z§ C J, for all but finitely many n. Moreover
we can assume that |I| < ¢/, for every I € J,. Now let us set Z,, = Ji for k* <
n < (k+1)>. Then |Z,| = || < k* <n and |I]| < ), = gpq1)s < &, for I € T,,.
Finally, for each § < s we have A C U,, Mueam UZh S Un Nucam UTn S
Unm Nieavm Naepps,k+1)3) UZn- Hence A has perfectly measure zero and add(£) <
min{h,add(L)}.

(iv) The proof of this part is similar to the previous one. Since w € D4 whenever
A has uniformly measure zero, we do not need the assumption k < h and the above
proof works with a = w. Therefore we get add(£) < add(L).

(v) Let us assume that a set A has uniformly measure zero. To prove the first
part of the assertion it is enough to prove that also the set A—A = {z—y: z,y € A}
has uniformly measure zero. Let {€,}52; be a sequence of positive reals. Without
loss of generality we can assume that 2e,41 < g, for all n. There is a sequence of
families of intervals {7, }52, such that |7, < n, |[I| < gpq1)2 for all I € J, and

(1.1) (V°n)z € an for z € A.

Let Z, = {I — J : I,J € Ji} whenever k? <n < (k+1)2. Then |Z,| < k* <n and
|I— J| < 26(k+1)2 <egpforall I,J e Jy.

Let z,y € A. By (1.1) (v*°n)z,y € T, and since YT, — U Tn = UZn2 we
have (V*°n)x —y € (JZ,,2. Consequently, A—A CJ,,N>m UZn-

The proof of the similar assertion for “perfectly measure zero” is the same. [

In the next section we prove that every perfectly measure zero set is permitted
for the families of thin trigonometric thin sets mentioned in the Introduction (defi-
nitions 1-4). Let us note that all these families are closed under group generating,
while the family of strong measure zero sets need not be such since for example CH
implies the existence of a Luzin set X such that X — X =R.

§2. PERFECTLY MEASURE ZERO SETS ARE PERMITTED

J. Arbault [1] asserted that there is a perfect A-permitted set. Unfortunately
the proof of this assertion is not correct, as N. K. Bary [5] already pointed out.
We partially modify the ideas of this wrong proof and get the following results.

Theorem 2.1. Every set of reals having perfectly measure zero is N -permitted.

Proof. Let E C R be an N-set. There is a sequence of non-negative reals {p,}52 4
such that Y07 | p, = oo and > - ps|sinnmz| converges for x € E. Let s, =
Sor_y pr and let pl, = pn/sn. Clearly Y 07 | pl, = oo and we can define g(n) =
min{m : >7" p) > 1}. Let i : w — w be a monotone unbounded function such
that

o0

Pn
Z RV < 0.

n=1 °n
We can choose i so that rng(i) = w \ {0}. Let us denote &, = (1/s,)"* "™ and let
us define a sequence of positive reals {€,}52, as follows:

€ = min{6™ M /n: (FE)[i(k) =m & k< n < g(k)]}.
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We prove that for every sequence of families of intervals {Z,,}°° ; and every sequence
of integers {ny}2, such that |Z,,| < n, |I| < e, for I € Z,,, and g(ny) < nj41 for
k € w we have EUJ,, Mi>m UZi(n,) is an N-set and consequently EU A € N for
any perfectly measure zero set A.

Let Z,, = {[an,i, an, + €n]}]; be given arbitrarily, let {ns}3°, be a sequence of
integers such that g(ng) < ngy1 and let P =J,, Np>m UZin,)- By the Dirichlet-
Minkowski Theorem for each k and for each k < n < g(k) there is an integer
Ae(n) < (1/6,)"*) such that

|sin A (n)nma;gy, | < 276, forl=1,...,i(k).
Since also

| sin A (n)nme;)| < A (n)nme;gy < (1/6,) Fnmsi®+1 /p = 76,

we have
(2.1) |sin A (n)nmx| < 3wd,  for v € |JZixy and k < n < g(k).
We prove that the series
oo g(nk)
(2.2) Z Z ol sin Ay, (n)nmz|
k=0 n=ny
converges for x € E'U P. This will finish the proof since Y .-, fo"ﬁi ph, = oo.
Let 2 € P. There is m such that « € |JZ;(,,) for each k > m. Then by (2.1)
oo g(nk) oo g(nk) p [eS) 37Tp
/ . n mn
kZ: Z Pl sin Ay, (n)nmrx| < kZ: ;3776,1 < Z /i) < 0.
=m n=nyg =m n=nyg N=MN.m °N

Let x € E. There is m such that s, > 1 and so 6, < 1 for every n > n,.
Therefore A, (n) < (1/6,)"™) < (1/6,)""™) = s,, whenever nj, < n < g(ny) and
k > m. We have

oo g(ng) oo g(nk)
pn
E E onlsin A, (n)nrz| < E E An,, (n) | sinnrz|
k=m n=ny k=m n=ng
o0
< E pn|sinnma| < co.
N=nNm

Hence the series (2.2) converges for x € P U E and consequently every perfectly
measure zero set is N-permitted. O

Theorem 2.2. Every set of reals having perfectly measure zero is pD-, Ng-, and
A-permitted.

Proof. We prove only that every perfectly measure set is Np-permitted. The proofs
of the remaining two cases are the same and the only difference is the convergence
they deal with.

Let E C R be an Ny-set. There is an increasing sequence of integers {my}7
such that Y2 |sinmymz| converges for z € E. We can assume that the sequence
{mpy1—my}32, is strictly increasing. Let 6, = 1/n? and let us define ,, = &, /my
for k = Z?:l(l /6;)7. We prove that for every strictly increasing sequence of
integers {n}7>, and every sequence of families of intervals {Z,}32; such that
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|Z,| < n and |I| < &, for I € 7, the set EU,, Ni>m UZn, is an No-set and
consequently EU A € N for every perfectly measure zero set A.

Let Z,, = {[an,, an,; + €n]}]; be given arbitrarily and let {n;};°, be any in-
creasing sequence of integers. Let P = J,, Ny>m UZn,.- By Theorem 0.2 for each

n there are integers [,,, I/, such that Z?;ll(l/éj)j <y, <lp <377,(1/8;)7 and
|sin(my, —my )man,| <26, forl=1,...,n.
Since also

|sin(my, —my )men| < (my, —my e, < my, me, < oy,

n

we immediately get that
(2.3) |sin(my, —my )mx| < 3n6, for x € JZ,.

Notice that both sequences {l,,}22, and {I/,}22, are strictly increasing. We show
that the series

(2.4) Z |sin(my, — m, V|
k=0

converges for x € EU P.

Let x € P. There is ko such that for each k > ko, © € |JZ,. Then by (2.3) we
have Y777 | sin(my,, — my, Jma| < 300y, 316y, < oo

Let x € E. Then

o0 o0 o0
Z | sin(my,, — m, Vx| < Z |sinmy, wz|+ Z | sin my, x| < 00.
k=0 k=0 k=0

Hence the series (2.4) converges for x € E U P and consequently every perfectly
measure zero set is Ny-permitted. O

Immediately from the last two theorems and Theorem 1.2 we obtain the follow-
ing.

Corollary 2.3. Every set X of reals of cardinality smaller than max{p,add(L)} is
permitted for the families pD, Ny, A, and N.

Theorem 2.4. Let F be any of the families pD, Ny, A, N. If X C F and |X| < b,
then there is a perfect set P such that EU P € F for each set E € X.

Sketch of the proof. Let F = N. For every set E € X find a sequence {e,(F)}>2,
and a function gg in the same way as it is described in the proof of Theorem 2.1.
Since |X| < b there is a sequence of positive reals {€,}22, and a function g such
that for every E € X, &, < €,(E) and gg(n) < g(n) for all but finitely many n.
So if {Z,,}52, is a sequence of families of intervals such that |Z,,| < n, |I| < e, for
I € 7,,, and g(nk) < ng41, then by the rest of the proof of Theorem 2.1 the set
P =U,, Ne>m UZn, is N-permitted for all sets F € X.

The proof of the other cases is similar and uses ideas from the proof of Theo-
rem 2.2. O
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§3. FINAL NOTES

T. Bartoszyniski and M. Scheepers [4] have improved the result of L. Bukovsky
and Z. Bukovska by replacing the cardinal p by t.

Let us note that no inequality between t and add(L) is provable. In particular
the estimation in Theorem 2.3 for AV is not a consequence of the previously known
results. For the consistency of add(L£) < p it is enough to take the natural model for
MA (o-centered), which is a generic extension obtained by finite support iteration
of o-centered forcing notions. Since in the extension there are no random reals
the additivity of Lebesgue measure is small there. To see the consistency of the
inequality t < add(L) it is good to use the known fact that 2<' = 2% (see e.g. [8]).
So to obtain the model start with a model in which w; < 2¢ < 2“! and add 2%
amoeba reals by the finite support iteration. Then in the model add(£) > wy, while
t = wj since the inequality 2¢ < 2“* holds also in the extension.

Some more estimations for the size of non-permitted sets can be found in [4]
and [7]. In particular every set of cardinality < s is A-permitted [7]. Like the
relation of the cardinal p with the notion of v-set, this result can also be set in a
topological form.

Let us say that a set A of reals is an s-set if for every sequence of open sets
{Un}52 there is an increasing sequence of integers such that (), Uy~ ,, Un, NA =
Un ﬂkZM Upn, N A (or equivalently, if A C J,, ﬂkzm Un, YU, nksz \ Un,.)-
Easily we can observe that s is the minimal size of a set which is not an s-set.

Theorem 3.1. Every s-set is A-permitted.

Proof. Let {sinmma}72, converge for z € E, let {my}7, be strictly increasing
and let A be an s-set. Let {g,, }52, be an enumeration of the set of rational numbers.
Let us denote Uy = {x € A : cosknz > 0} and Vj,,, = {x € A : sinknzr < ¢,}.
Inductively by the definition of s-set we can find a sequence {a,}52, of infinite
subsets of w such that

(1) an+1 S ap S {my : k € w},
(2) AC Um nkeag\m Up U Um nkan\m A \ Uk, and
(3) AC Um nkEan+1\m Vkﬂl U Um nk€a71+1\m A \ Vk>"'

Let a be an infinite pseudo-intersection of the family {a, : n € w} and let {n;}32,
be the strictly increasing enumeration of the set a. We can assume that also the
sequence {nyy1 — ng}p, is strictly increasing. We immediately obtain that both
sequences {sinnymz}y° , and {cosnpma}i, converge for x € E U A and therefore
the sequence {sin(ng4+1 — ng)mx}pe, converges to 0 for x € EU A. O

Let us show that the inequality s < add(L) is consistent with ZFC. Let M be
any transitive model of ZFC and let (s¢ : £ < wq) be a generic sequence of Sacks
reals over M obtained by the countable support iteration. Let us denote M, =
Mls¢ 1 € < o], N = M,,. We treat s¢’s as subsets of w. We show that the family
X = {s¢ : & < wi} is a splitting family. Let a € N be any infinite subset of w.
Since iterations of Sacks forcing are proper there is a countable ordinal « such
that a € M,. Hence without loss of generality we can assume that a € M. A
simple forcing density argument then shows that there is £ < w; such that s¢ C a.
Consequently the family X is a splitting family in V. Now let us assume that the
above model M is a model of Martin’s Axiom. Since Sacks reals preserve the base
of the ideal of sets having Lebesgue measure zero and this property is preserved
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by countable support iterations (see [10] or [13]), in the model N the equality
add(L) = ¢ holds true and of course the equality s = wy holds true too.

The following observations are due to Irek Recltaw [12]. We say that a set A is
null additive if for every set B having Lebesgue measure zero also the set A + B
has Lebesgue measure zero.

Theorem 3.2 (Rectaw). Every set A having uniformly measure zero is null addi-
tive.

Proof. Let A C R have uniformly measure zero and let B =(,,, J I, be a Gs

measure zero set where I, for n € w are intervals and > |I,| < co. Let us denote
6x = k~3. There is an increasing sequence {ny}72, such that ZZ’:;}C |T,| < 6k. Let
e = O /ni+1. There is a sequence of finite families of intervals {Z,,}52 ; satisfying
the conditions (1)-(2) of Definition 1.1 and such that A C (J,, N> UZk. Let

us denote By = ' (I, + UZk). Then u(l, + UZr) < k(|In] + k) and so

n=ng

n>m

,u(Bk) < kZZ’“;nlk |In| + kngyier < kb + 1//€2 = 2/k2. As B+ AC ﬂm UkZm By
and >~ w(Bg) < 0o, we get that B + A has measure zero. |

T. Bartoszynski and I. Rectaw, assuming Martin’s Axiom for o-centered forcing
notions, constructed a vy-set of size ¢ which is not strongly meager. In particular
this set is not null additive and this means that in proposition (ii) of Theorem 1.2
the word “perfectly” cannot be replaced by the word “uniformly” and the equality
Lymz = Lpm., is not provable. Obviously every perfectly measure zero set is
meager. Since every Luzin set has strong measure zero and is not meager, the
equality L£p.m.z. = Ls.m.». is also not provable.
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