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ABSTRACT. Spaces of Sobolev type are discussed, which are defined by the
operator with singularity: D = d/dx — (¢/z)R, where Ru(z) = u(—z) and ¢ >
1. This operator appears in a one-dimensional harmonic oscillator governed
by Wigner’s commutation relations. Smoothness of u and continuity of u/mﬁ
(B > 0) are studied where u is in each space of Sobolev type, and results
similar to Sobolev’s lemma are obtained.

The proofs are carried out based on a generalization of the Fourier trans-
form. The results are applied to the Schrédinger equation.

1. INTRODUCTION AND THE MAIN RESULTS

This paper is concerned with spaces of Sobolev type defined by the operator with
singularity:

d
D= = %R , Ru(x) = u(—x)
with a real constant ¢ specified later. The operator p = —i D, called the momentum

operator, appears in a one-dimensional harmonic oscillator governed by Wigner’s
commutation relations [7]:

ip = [z,H] and —iz = [p, H],
where the Hamiltonian is of the classical form
1
H = 5 (p2 + 22 ) .

Assuming that  is the multiplication by x, Yang [8] derived the above expression
for D. When ¢ = 0, Wigner’s commutation relations are reduced to the canon-
ical commutation relations in quantum mechanics and D becomes the differential
operator d/dz.

To begin with, we define spaces of Sobolev type in terms of D instead of d/dz.
Note that for u € C™(R'), D*u (k=1,2,---,m) is well defined at = # 0.
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Definition. The space C™*(R1) is the set of all u € C™(R!) satisfying

o = }:‘/‘ | Dku(z) [2dz < oo .
k=0 v~

The space of Sobolev type H™(R!) is the completion of C"™*(R!) under the norm
| : |m :

Remark. When ¢ = 0, our space H™(R!) coincides with the Sobolev space H™(R!).

The purpose of this paper is to prove the following theorems, and then to apply
them to the Schrédinger equation.

Theorem 1. Suppose ¢ > 1. Let Q be a bounded open interval of R'. Then, for
u € H™(RY), there is an element v € CY(Q) such that u(z) = v(z) a.e. in L,
where

m—1 (c = 2k),
a=<¢ min(m-—-1,c—1) (c=2k+1),
min(m — 1, [¢]) (otherwise)

withk e N (N ={1,2,3,---}).

Theorem 2. Let ¢, u and v be as in Theorem 1. Then U/:EB is continuous on 2,
where

min(m — 1, ¢) (c = 2k),
B=< min(m—-1,¢c—1) (c=2k+1),
min(m — 1, [¢]) (otherwise)

with k € N.

Since the singular term 1/x appears in the expression for D, we mainly deal with
the case where §2 contains the origin x = 0. We remark that the relation « = m—1
holds not only for ¢ = 0 (Sobolev’s lemma) but also for ¢ = 2k. See e.g. Yosida
[9, pp.174-175] for Sobolev’s lemma. One may expects that v/z” is singular at
the origin x = 0. But, under the condition of Theorem 2, it remains continuous
at the origin. As is well known, the Fourier transform plays an important role in
the proof of Sobolev’s lemma. In like manner we will prove our theorems using
such a transform. This one, called the Bessel transform, is introduced in the study
of the self-adjointness of the momentum operator p = —iD and the Hamiltonian
H = (p*+2?)/2 [4]. When ¢ = 0, the Bessel transform coincides with the Fourier
transform, and hence it is regarded as a generalization of the Fourier transform.

2. PRELIMINARIES

We summarize some results obtained previously in this direction. The Bessel
transform B is a unitary operator from L?(R') onto itself [4, Theorem 3.2]:

(2.1) I Bul|=lul, weL*R')
with L%norm || - ||. Moreover, we have
L
Bu(y) = lLl.m. olxy)u(x)de
— 00 L
(2.2)
L
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for u € L?*(R!) [4, Theorem 3.4]. Here

@3 elay) = U L a(enl) +isan(ey) e ol 2 9))

with .J,, being the Bessel function. When ¢ = 0, @(zy) = e**¥/+/27 and the Bessel
transform coincides with the Fourier transform. So the Bessel transform is regarded
as a generalization of the Fourier transform. Ohnuki and Kamefuchi [3, pp.289-296]
are the first to obtain the function ¢ in the study of the eigenvalue problem of the
momentum operator p :

(2.4) PY =yp.

The multiplication by y is self-adjoint on the set D(y) = {u(y) : u, yu € L*(RY) }.
Moreover, the self-adjointness of p is proved in [4] and [6]. With the aid of the Bessel
transform, they are shown to be unitarily equivalent to each other [4, Proposition
4.2], i.e.,

(2.5) y = BpB™.

For unitary equivalence, see e.g. Goldstein [2, p.94].
The following are simple consequences of (2.3). Let us recall here that ¢ > 1.

_ [ o0=) (2—0),
(2:6) w(2) = { O(cos z) (]z] = 00).
(2.7) |p(2)| < constant - |z|° for z in each bounded interval of R!.

Let us regard o( - y) as a function of x € Q with y € R!. Then :

(2.8) p(-y) € C7(Q),
where
00 (c = 2k),
y=1¢ ¢c—1 (c=2k+1),
[c] (otherwise)
with k£ € N.

3. PROOFS OF THEOREMS 1 AND 2

Let us note that the momentum operator p is self-adjoint on the set D(p) =
HY(RY) N D(1/z) when ¢ > 1 [6, Theorem 1]. Here D(1/z) = {u(z) : u, u/x €
L?(RY)}. Then the operator p™ is also self-adjoint on D(p™) = {u(z) : u, pu, p*u,
-, p™tu € D(p)} for each positive integer m.

Lemma 1. Suppose ¢ > 1.
(i) IfveC™*(RY), thenv € D(pk) and (—iD)*v = pFv (k=1,2,---,m).
(ii) H™(R') c D(p™).
Proof. We prove (i) by induction on k. An integration by parts gives that for
w € D(p) ,

. o dv . [cC
(—iDv, w) = —i (a,w>+z (ERv,w>

= (v, pw),
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where (-, -) denotes the inner product of L?(R!) defined by

(u,v):/m w(z) 0(@) da .

— 00

Since p is self-adjoint, v € D(p) and —iDv =pv . Hence the lemma is true for
k = 1. Assume that it is also true for k. Then for w € D(pF*!) |

((—i ’D)’“le7 w) = ((—z D)kv, pw)

Since p**+1 is also self-adjoint, v € D(p**1) and (—iD)** 1y =p**+1v . Thus (i)
is true for k + 1 and hence for K = 1,2,--- ,m. Combining (i) with the fact that
the self-adjoint operator p™ is closed yields (ii). |

Lemma 2. If ¢ > 1, then y*Bu € L'(R') (k =0,1,2,---,m —1) for u €
H™(RY).

Proof. For each u € H™(R'), there is a sequence {u,} € C™*(R!) such that
Up — u, Du, — o' (1=1,2,---,m) inL*(R'),

where v' € L2(R') . Since B is a bounded operator (see (2.1)),

Bu, — Bu, BD'u, — Bv' inL*R!).
It follows from the preceding lemma combined with (2.5) that

BD'u, = (iy) Bu, .
Choosing a subsequence {n'} of {n} we therefore find
Buw (y) — Bu(y) , (iy)' Buw (y) — Bv' (y)

for a.a. y € R . Hence
(3.1) (iy)' Bu(y) = Bu'(y)  (ae.),

where [ = 1,2,--- ,m and Bv! € L? (R') . We are ready to evaluate the integral

By the Schwarz inequality,

/ |y Bu(y) | dy < / |y* [ dy/ | Bu(y) [*dy < oo
ly|<L ly|<L lyl<L
On the other hand, with the help of (3.1),

/IM " Bu(y)| dy < \/ /||

< 00.

k 2

v
T+ )7

dy/ |1+ y2)™/2 Bu(y)|” dy
ly|>L

The lemma follows. O
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We now turn to the expression (2.2). Let Q be as in Theorem 1. Then for
u€ H™(RY) ,

u(zx) = nh—{go 3 o(zy) Bu(y) dy (aa.x€Q).

The function y — |@(zy)//1+ y? |? is integrable on R!, and so is the function
y — p(zy)Bu(y) by (3.1). Hence

1.
/ o(xy) Bu(y) dy (aa.zeQ).

8

8

Set

oo

(3.2) o(z) = / o(zy) Buly) dy .

— 00
Then u(z) =v(z) a.e. inQ.
We will see that smoothness of v together with continuity of v/z? follows from
the two lemmas given just below.

Lemma 3. Suppose ¢ > 1. Let a be as in Theorem 1. Then v is « times differen-
tiable on ().

Proof. Combining (2.4) with (2.8) yields

0
> (—c R<p+i<p> v,
or Ty

0% { Ea: a;ga) v+ bg")_RgO } y®
a a—k
ox P (zy)
with ak ) and b ) chosen appropriately. We formally differentiate v « times.
d®v 9%
3.3 — = *“B dy .
(3.3) T /_Oo ) u(y) dy

The result follows from (2.6), (2.8) and Lemma 2. O

and

A direct computation gives the following lemma.

Lemma 4. Suppose that g : Q x R — C! satisfies the following conditions:
(i) |g(z, y)| < constant.
(ii) For each L > 0, there is a number K such that |g(x,y) — gla,y)| <
Klz—al’, where 3>0 and |y| < L .
Then the function F' defined by

Fo) = [ T f)dy  (fe L'RY)

— 00

18 continuous at T = a.
We are now in a position to prove our theorems.

Proof of Theorem 1. By Lemma 3, it is enough to prove the continuity of d*v/dz®

The case where ¢ =2k (k € N). Note that « = m — 1. Thanks to Lemma 2,
we have only to show that 0%p/0(z y)* in (3.3) satisfies the conditions (i) and (ii)
of Lemma 4. However, it follows immediately from (2.6) and (2.8).
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The other cases. By (2.8), both ¢ and Ry satisfy (i) and (ii) of Lemma 4, and
hence the functions

/ p(zy)y"Bu(y)dy and / Ro(zy)y*Buly)dy (k=0,1,--,a)
are continuous on ) . Thus d%v/dz® is shown to be continuous at = # 0. So

it remains to show the continuity at the origin. Note that d®v/dz®(0) = 0.
0%p/0(xy)* clearly satisfies (i) of Lemma 4 by (2.6). Moreover, (2.7) gives

aasﬂ . () c—a+k
gconstant-Z( ‘ak ) |zy] )
k=0

Az y)™
where ¢ — a+ k > 0. Therefore, the condition (ii) is also satisfied. Thus d*v/dz®
is continuous at z = 0.
This completes the proof of Theorem 1. O

Proof of Theorem 2. By (3.2),
v(x) 7/00 e(xy) 5

+ | o

—F = WZ/ Bu(y) dy .

Lemma 4 implies that v is continuous on €2, and so it suffices to show the continuity
of v/x” at z = 0.

The case where c = 2k and ¢ < m—1. Note that 8 =c. By 2k < m—1, Lemma
2 implies that the integral

0 2k
v Yy
B = B d
{xﬁ L:o /Oo 92k+1/2 T2k +1/2) u(y) dy

is well defined. Here I" denotes the gamma function. Then

% N {%L_O:/_O:OG(xy)y%BU(y)dy,

where

(zy)?k 2261272k +1/2)
It follows from (2.6) that G(xzy) satisfies (i) of Lemma 4. Furthermore, since
|G(xy)| < constant - |zy| , the condition (ii) is also satisfied. Thus v/x? is
continuous at x =0 .
The other cases. By (2.6), ¢/(zy)® satisfies (i) of Lemma 4. Note that
[o/(z y>ﬁ]$:0 =0 . It follows from (2.7) that

Glay) = plry) 1

‘ @(xyﬁ) -0 ‘ < constant - |2y |7 .
(zy)
Thus the condition (ii) is satisfied, and hence v/z” is continuous at = = 0.
The proof of Theorem 2 is complete. O

4. APPLICATION TO THE SCHRODINGER EQUATION

As stated before, the momentum operator p is self-adjoint on the set D(p) =
H'(RY) N D(1/x) when ¢ > 1. Hence the operator p? is also self-adjoint on the set
D(p?) = {u € D(p) : pu € D(p)} when ¢ > 1. Moreover, it is shown that the
Hamiltonian H = (p?+x?)/2 is self-adjoint on the set D(H) = D(p?)ND(x?) when
¢ > 1 [6, Theorem 2J; [4, Theorem 2.2]. Here D(z?) = {u(z) : u, x°u € L*(R') }.
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As an application of our main theorems we consider the following Schrodinger
equation for a one-dimensional harmonic oscillator governed by Wigner’s commu-
tation relations:

(4.1)
a_u — i _a_2_|_ i
! ot 2 ox? 22

(C—R)+$2}U (=Hu), zeR';
u(0,7) =up(z), z€R'.

We prepare two lemmas.

Lemma 5. If ¢ > 3/2, then the operator p* is essentially self-adjoint on
C*(R\ {0}).

Proof. Let A be the operator p? restricted to C5°(R! \ {0}). Then

dx? 2

AUZ{—d—2+M}U for ve CX(R!\ {0}).

Let us show {Ran(i+A)}+ = {0}. If u € {Ran(i+A)}+, then so is ux = (utRu)/2.
Hence

2
<Ui7 {z—%—l—%} v) =0 for ve CFR\{0}).
As long as ¢ > 3/2, c(¢F 1) > 3/4 . So the following result is applicable : The
operator L(k) = —d?/dz?+k/z? is essentially self-adjoint on C§°(R\{0}) provided
k> 3/4. See e.g. Reed and Simon [5, p.186]. Since the number ¢ is in the resolvent
set of the self-adjoint operator L(k)*, it follows that ux = 0, and hence u = 0. Thus
{Ran(i+A)}+ = {0}. A similar argument gives {Ran(—i+A4)}+ = {0}. Since each
of the deficiency indices of A is equal to 0, the closure of A becomes self-adjoint
and coincides with p2. O

Lemma 6. If c > 3/2, then D(p?) = H?(RY).

Proof. By Lemma 1 (ii), it is enough to show D(p?) C H?(R!). But this follows
immediately from Lemma 5. |

As mentioned above, the Hamiltonian H is self-adjoint on the set D(H). There-
fore, —i H generates a strongly continuous unitary group on L?(R!). We thus see
that u(t, ) =exp(—it H)up , up € D(H) is a unique solution of the Schrédinger
equation (4.1). Note that the solution u(t, -) is in D(H). From Lemma 6 and our
main theorems we thus obtain the following.

Proposition 7. Let ¢ > 3/2. Then, for each u(t, -), there is an element v(t, -) €
CY(Q) such that u(t, x) = v(t, z) a.e. in Q and the function x — v(t, z)/x is
continuous on ).

Remark. For ¢ < —1, results similar to our main theorems and our proposition are
obtained as long as (2.3) is replaced with

Sl

zy .
T (o) erjolral) i T2}

p(ry) =
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