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ABSTRACT. Let £ be a complete commutative subspace lattice on a Hilbert
space. When L is purely atomic, we give a necessary and sufficient condition
for o(T) = o (T) for every T in algL, where o (T) and o(T") denote the
spectrum of T in algl and B(H) respectively. In addition, we discuss the
properties of the spectra and the invertibility conditions for operators in algL.

1. INTRODUCTION

The invertibility of a nest algebra, the typical non-selfadjoint operator algebra,
has been discussed by some authors (see [2, 4, 8]). Motivated by the invertibility
in selfadjoint operator algebras and the problem of whether the invertible group of
a nest algebra is path-connected, we are interested in the invertibility in a commu-
tative subspace lattice (abbr. CSL) algebras.

For C* algebras A and B with A C B, it is well-known that o4(T) = og(T)
for all T in A. But the analogue is not valid generally for non-selfadjoint operator
algebras. We discuss the conditions on £ for algL to be inverse closed for a CSL
L, and give a necessary and sufficient condition on £ under which algL is inverse
closed.

Since CSL algebras are not inverse closed generally, we discuss the properties of
the spectra of operators in them and give an invertibility condition similar to that
in [4] for CSL algebras.

In the following, let B(H) be the set of all bounded linear operators on a complex
separable Hilbert space H. If £ is a commutative subspace(or projection) lattice
in B(H) which is complete and contains 0 and I, then we denote by algL the
set {T' € B(H) : PTP = TP, for every P € L}; algl is called a CSL algebra
corresponding to £. When £", the von Neumann algebra generated by L, is purely
atomic, that is, I equals the sum of minimal projections in £”, we say L is a purely
atomic CSL. For arbitrary P, @ in £ with P > Q, F = P — @ is an interval
of £. Minimal interval projections are known as the atoms of £. When L is
purely atomic, every projection in £ is the sum of all atoms dominated by it. The
intervals of £ are partially ordered by the relation <, where £ < F5 if and only if
E1B(H)E> C algL. The relation < is related essentially to the structure of algl
(see [3]). It is easy to see that if E, F are atoms of £, then E < F if and only if
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for every P in £, P > F implies P > E. We use this relation < to determine the
condition under which algL is inverse closed.

2. INVERSE CLOSEDNESS

For a CSL £ and every T in algL, if T invertible in B(H) implies that 7!
belongs to algL, we say that algL is inverse closed. In this section, we discuss the
conditions under which algL is inverse closed. For convenience, we first give several
lemmas.

Lemma 2.1. Suppose that T is invertible in B(H). Then T is invertible in algL
if and only if TPH = PH for every P in L.

Proof. Suppose that T is invertible in algL. For every P in £, PH = T(T~*PH)C
TPH C PH. So TPH = PH. The converse is clear. O

Lemma 2.2 [4]. Suppose that T is an operator on H such that the restriction of T
to an invariant subspace of finite codimension is invertible. If T has trivial kernel,
then T is invertible on H.

Lemma 2.3. Let T be an invertible operator in B(H), P and Q be invariant pro-
jections of T with P < Q.

(1) If TQH = QH and (Q — P)T|(o—pyn is injective, then TPH = PH. In
particular, if Q@ — P is of finite dimension and (Q — P)T(Q — P)H = (Q — P)H,
then TPH = PH.

(2) If TPH = PH and (Q — P)T(Q — P)H = (Q — P)H, then TQH = QH.

Proof. (1) Let (4 §) be the matrix of T'|gn with respect to PH & (Q — P)H. For
any vector y in PH, there exist vectors 21 and x9 in PH and (Q — P) H respectively
such that (4 %) (2) = (¥), since TQH = QH. So, Azy + Cxy = y and Bxy = 0.
Since B = (Q — P)T|(g-p) is injective, o = 0 and Axy =y, that is, T'|pgzr1 = y.

By the arbitrariness of y we have TPH = PH.
If (Q — P) is of finite dimension, then (Q — P)T|(o—pym is injective, because
(Q—P)T(Q—P)H = (Q— P)H. So the result follows. (2) can be proved similarly.
O

Lemma 2.4. Let £ be a CSL, T € algl an invertible operator and {P;}%, a
sequence of projections in L with TP,H = P;H for alli. ThenT(V;P;)H = (V;P;)H
and T(N;P;)H = (AP;)H.

Proof. Let P = V;P;. Suppose that TPH C PH. Take a nonzero vector f in
PH o TPH. Since P > P; for each ¢, TPH D TP;H = P;H. Thus we have
f L P,H for each i, and hence f L (V;P;)H, that is, f L PH. Therefore f must
be zero, a contradiction. So it follows that T'(V;P,)H = (V;P;)H.

Let @ = AP;,. Then QH = NP,H. If TQH C QH, then there exists a nonzero
vector g € QHOTQH. Since QH C P;H and TP;H = P;H for each i, there exists
a vector f; in P;H for each ¢, such that T'f; = g. By the invertibility of T', f1 = f;
for all i. So f1 € NP;H and (g,9) = (T'f1,g) = 0. This is impossible. Therefore
T(AP)H = (AP;)H. O

The following theorem is our main result in this section.

Theorem 2.5. Let L be a purely atomic CSL on H. Then algL is inverse closed
if and only if the following conditions are satisfied:
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(1) there do not exist two infinitely dimensional atoms E, F of L with E < F,

(2) there does not exist a sequence {E,}2L, of atoms of L such that Ey < E,, <
Eny1 or Eny < E, < Ey for everyn > 1, E, # E,, forn # m and every E,, but
Ey is finite dimensional, and

(3) there does not exist a sequence {E,}5 _ . of finitely dimensional atoms of
L such that E,, < E,y1 for all n and E,, # E,, for n # m.

Proof. Suppose that algL is not inverse closed. We prove that at least one of (1),
(2) and (3) in the theorem does not hold.

To the contrary, we suppose that (1), (2) and (3) are all true. Take an operator
T in algL such that T is invertible in B(H) but T~! is not in algCL. Then there
exists a projection Py in £ such that TPyH C PyH. If there existed a sequence of
atoms of £, {E,}52 _ . , such that E, < E,4; for all n and E,, # E,, for n # m,
then it would be clear that one of (1), (2) and (3) in the theorem is not true. So,
it follows that £ has no such sequence of atoms. We show that there must exist at
least one atom Fy with EgTEoH C FEoH, that is, FoH © EgTEoH # (0) if (2) in
the theorem is true.

To do this, we suppose that, for any atom F of £, EH = ETEH. Then it is
clear that Py is not an atom. For an atom FE of L, if there does not exist a sequence
{E,}52, of mutually different atoms such that £ < E,, < Ey,41 (E > E, = En11)
for n > 1, we say that E is upper (lower) finite. Let Ey < P’ € L be a lower finite
atom. We show that FoH C TP'H and EgT|g,m is injective.

Let Pg, = AN{P € L: PEy = Ey}. It is clear that Pg, < P'. Y TPy H # Pg,H,
then it is easy to see that Pg, is not an atom of £. Put Qg, = V{Pg/ : E’is an atom
of L with E' < Pg, and E’' # Ep}. It is obvious that Fy = Pg, — Qpg,. By Lemma
2.4 and Lemma 2.3, it follows that there exists at least one atom E; of £ such that
Ey # Ey, By < Pg, and TPg, H # Pg, H. So Ey > E;. Inductively, we can choose
a sequence { Fy, }°° ; of mutually different atoms such that Fy > E,, > E, 41 for each
n. This contradicts the assumption on Ey. So TP'H O TPr,H = Pg,H D EyH.
Similarly, we can prove that TQr,H = Qp,H. Then it follows that EoT|g,m is
injective for TEoH N Qg,H = {0}.

Now let K be the set of all the atoms E such that E is lower finite and E < Py.
Put Qo = > pex E. Then Py > Qo € L. Indeed, let Qy = VpexPr. Then
Py > Q) > Qo and Q) € L. If Qf > Qo, then there exists some atom E of L
such that F < Q{ — Qo. Hence there is at least one atom E’ in K such that
E < Pg/. So E' = E(since E' = Pg/). By the choice of E’, it follows that
E € K. This is impossible. Hence Q) = . By Lemmas 2.4 and 2.3, we have
TPy 2 TQoH = QoH and Q¢ < Py. Indeed, if TQoH C QoH, then there is an
atom Fy € K such that Pg, satisfies T Pg, H C Pg, H by Lemma 2.4. Let Q1 € L be
such that £y = Pg, — Q1. Since EyTE 1 H = E1H, by Lemma 2.3, TQ1H C Q1 H.
From Lemma 2.4, there is some atom Fy < Q1 such that TP, H C Pg,H. It is
clear that Fy = Es, because E; > Pg,. Inductively, we have a sequence {E, }$° of
mutually different atoms of £ such that F; = Es > ---. This contradicts the fact
that £y € K.

Let K’ be the set of all atoms E of £ with either EPy = 0 and there is some atom
E’ such that B’ < Py — Qo and E > E’, or F is upper finite. Put P = A{P € L:
PE = F and P > P, for any atom F € K’'}. Then TP,H = PyH. Indeed, if not,
let fE P HoTPHC PlH@Q()H andg:T_lf. Thengg{PlH and Qof:()
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Let Pl =AN{P € L: Pg=gand P> P;}. Since
f=(P1=Qo)T(P — Pi)g+ (P — Qo)T Py,
we have
(Pr — Qo)T(P{ — P1)g # 0.

Hence there must exist atoms Ey < Py — Qo and F{ < P{— P, such that E,TE}jg #
0. So we can deduce that F} > E;. By the assumption and the choice of K’, it is
not hard to show that F] € K’ and E{ < P, a contradiction.

Let GG be the set of all atoms E with £ < P, — Py. For an atom F € G,
if there exists an atom E' < Py — @ such that F = E’, then F must be of
finite dimension since, for each atom FE < Py — Qo, there is a sequence {F, }°°
of atoms such that F = E, > E,41 for all n and (2) in the theorem is true,
and consequently FT|pp is injective for FTFH = FH; if F is lower finite then
FT|pg is injective. Thus, ET|gg is injective for any E € G. By the assumption,
G has some atom E such that there does not exist another atom E’ of £ with
E' -~ F and F - FE; for some atom F; < Py — Qo. Let U; = {Ella Fia, -,
E10,} (0q is an ordinal) be the set of all such atoms. Put Q11 = P, — Fy3; it
is not hard to prove that Qi1 € £. Since Enn/TE1H = Ey1H and EnT|g,u
is injective, we have TQ11H = Q11 H and Q117 > Py by Lemma 2.3. Again, let
Q12 = (Pl _Ell) —E12 = Qll —E12. Sumlarly, it follows that TleH = leH and
Q12 > Py. Continuing this process, we obtain Q11, Q12, -+, Qia; € L such that
TQ1;H = Q;H and Q1; > Q1 i+1 > Po. By Lemma 2.4, P, = AiQ1; satisfies the
conditions: TPoH = P,H and P, > Py. If G —U; = (), we obtain that Py = P, and
the desired contradiction: TPyH = PyH. If G — Uy # 0, as above we know that
there is some atom E € G —U; such that there exists some atom E’ only in U; with
E' = E. Let Uy = {E91, Eaa,- - - , E2q4, } be the set of all such atoms in G. As above,
let Q21 = P> — E51. Then one can deduce similarly that Q21 € £, TQo1H = Q21 H,
Q2i41 = Po — (Eo1 + Eso + -+ + Ey;) € L and TQ2 41 H = Q2 i11H for each
i. Put P3 = A;Qo;. It follows that TP3H = P3H and P3 > Py by Lemma 2.4.
If G- (U UUy) = 0, then we have Py = Py and TPyH = PyH, the desired
contradiction. If G — (U; U Us) # 0, we can continue this process as above and
obtain a sequence {U;}. If G — (U;U;) = 0, then AP, = Py and we can obtain
TPyH = PyH, the desired contradiction. If G — (U;U;) # @, then there must exist
some atom E’ € G such that that there is some atom E only in UU; with E = E’
by the assumption. In the same way, we can continue the above process to obtain
a countable set {P;} C L such that TP,H = P;H and P; > P, for every i. Let
{P;}ica be the maximal set of such projections in £. So we have Py = AP; and
TPyH = PyH, the desired contradiction. Thus it follows that (2) in the theorem is
not true or there is some atom Ey such that EyT EoH # FEoH.

Suppose that (2) is true, and choose an atom Ey with EgT EoH # EoH. Let P}
be the smallest element in £ which dominates Ey. It follows that TPjH C PjH.
Indeed, suppose that TPJH = P{H. Let Q be in £ with Ey = Py—@Q. For a nonzero
vector f € EgH © EgTEoH, we can choose a vector g € PJH so that Tg = f.
Thus, ||f|I> = (f,f) = (Tg, f) = (TEog +TQg, f) = (TEog, f) + (QTQg, f) =0, a
contradiction. So TPJH C PjH.

Now choose a nonzero vector fy in EgH & EgTEgH. Then there exists some
vector f such that T'f = fo. It is easy to know that f ¢ P{H. Since L is purely
atomic, there is a subset { Ei } of atoms of £ such that f =Y, Eyf, Epf # 0 for all
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k. Thus fo =Tf =), TELf. So there is at least one Ej, such that ETEy, f # 0
and Ey, Py =0 for f ¢ P{H. Thus Ey < Ej,. Further assume that every atom E of
L with Ey < E is finite dimensional. If Ey, HS Ey, TEy, H = (0), then Ey, TEy, f #
0 since Ej, is of finite dimension, and thus Ey, T|g, H is invertible. Since Ey, fo =
> EnTEcf = 0, we have By, TEy f = —3> 4, ExTEyf. Therefore there
is some ko (# ki) such that Ey, TEy,f # 0, and then Ey, < Ey,. If By, HS
Ey,TE, H # (0), then we can find another Ey, (k1 # k2) such that Fy, < Ej, as
above. So, by induction, we can find some infinite-dimensional atom E; of £ such
that Ey < E; or a sequence {Ej}72, of finite dimensional atoms of £ such that
Ey < Eyyq for k > 0 and E,, # E,, for m # n.

If Ey is infinite dimensional, then since (2) is true, (1) is not valid by above
arguments. So, without loss of generality, assume that Fj is finite dimensional. Let
Pr = N{P € L : PE = E} for every atom E of £, and Ey = Pg, — @ for some
@ € L. By the choice of Pg,, we have Q < Ey. If TQH = QH, then we have
T'|pg,m is invertible by Lemma 2.2. This is impossible for T'Pg,H C Pg,H. So
TQH C QH. If Q is an atom of £, then @ is of infinite dimension and (1) or (2)
in the theorem cannot hold. Hence @ is not an atom. If TPgps H = Pg/H for any
atom E’ < @, then TQH = QH by Lemma 2.4. This is impossible. Hence there
must exist an atom £} < Q such that TPg; H C Pg; H and Ey = Ej. Inductively,
we can find an infinite dimensional atom E{ with E] < Ey or a sequence {F} }7°
of finite dimensional atoms such that Ej  , < E;, < Ep for all k > 1 and E], # E;,
for n # m. Therefore combining the above arguments, it follows that one of (1) or
(3) is not valid. Thus we have proved that if algL is not inverse closed, then one
of (1), (2) and (3) of the theorem does not hold.

For the necessity, suppose that one of (1), (2) and (3) is not satisfied. We show
that there is an invertible operator T € algL such that T~! is not in algl. We
only prove this for (3), since the others can be proved similarly and are omitted.

Let {E,}22 _ . be a sequence of atoms of £ such that E,, < E, 4 for each n
and E, # E,, for n # m. Choose a unit vector e, in F,, H for every n. Define an
operator T"

Tent1 = en, for each n,
Tz =z, for every = € [V{e, :n € Z}]*.

It is clear that T is invertible in B(H). Let P be an arbitrary element in L; if
PE, = 0 or PE, = E, for all n, then it is easy to see that TPH = PH. So
suppose that there exists some n such that £, P = E,, and E, P =0, k£ > 1.
Hence PEj, = Ej, for k < n. For every x in PH, we write x = z9+ ), (2, €y )en,
9 € PHO Zk<n E,H. Then

Ty =Tz + Z (x,ex)Ter = x0 + Z (z,er)ex—1 € PH.
k>n+1 k>n+1

Hence T € algl. However, it is obvious that 7! & algL. The proof is complete.
|

Remark. Although Theorem 2.5 requires a CSL to be purely atomic, it is easy to
see from the above proof that if there is some purely atomic sublattice £; of £ such
that £; does not satisfy the conditions of Theorem 2.5 with respect to the relation
=< determined by £, then algL is not inverse closed. Also by Theorem 2.5, it is
clear that a CSL algebra on a finite dimensional space is always inverse closed.



106 JUNXI ZHAO

Corollary 2.6. If algLFE is not inverse closed for some interval E of L, neither is
algL. If there exists a sublattice L1 of L such that L1 does not satisfy the conditions
of Theorem 2.3 with respect to the partial order < determined by L, then algL is
not inverse closed.

Corollary 2.7. Let L be a nest. If L is infinite, then algL is inverse closed if and
only if every atom of L is of finite dimension, and has order type o+ [3*, where a
and B are ordinals; If L is finite, then algL is inverse closed if and only if every
atom but one is finite dimensional.

3. SPECTRA OF OPERATORS IN CSL ALGEBRAS

In this section, we discuss the properties of operators in a CSL algebra. We
generalize results in [4] and [8].

Proposition 3.1. If A € algL, then os(A) C n(c(A)), where n(c(A)) denotes the
full spectrum of A in B(H).

Proof. Let A\g € o2(A). Suppose that \g is in the unbounded connected component
of p(A), the resolvent set of A. By Lemma 2.1, there exists an element P € £ such
that (\o—A)PH C PH. So there exists a A in do(A|pr)Np(A). This is impossible
since

90(Alpr) C ox(Alpa) C or(A),
where o, is the approximate point spectrum. O
We first give a proposition which will be needed in the sequel.

Theorem 3.2. Let £ be a CSL. Then for every A in algl, oc(A) = o(A) U
{g}{UaﬁEi (EiAlg, ) : {Ei} is a finite set of intervals of L with ), E; = I}.

In order to prove this proposition, we first give a lemma.

Lemma 3.3. Suppose that {E;}}_ is a finite partition of L, that is, each E; is
an interval of L and Y | E; = I. Then after appropriately arranging {E;}, the
matriz of each operators in algL with respect to the decomposition H =" | ®E; H
is upper triangular.

Proof. Let £1 = {P;}¥_, be a finite sublattice of £ such that each E; is an interval

An A12)
with respect to PLH ® Pi-H. Since [ = Py + Pit = P{(P,+ Ps") + Pi-(P2 + P5t) =
PPy + Ple- + Pf-Pg + Pf‘Pjy the matrix of A with respect to H = PLP,H &
PiPs-H ® Pi- P,H @ Pi* Ps-H has the form

A A Az Au
0 Ay Az Ay
0 0 0 Ay

By induction, we can show that the matrix of A with respect to H = E{H® E,H @
.-+ @ E! H has upper triangular form, where each E! is an atom of £;. Let F;
be the interval in {E;} which contains Ej. Deleting the atoms from {F},--- E! }
which are dominated by E4, let E5 be the interval in {E;} which contains the first
remaining atom. By induction, we get a permutation {E1,---,E,} of {E;} in a

of £1. For a fixed operator A in algL, it is clear that A has the form (
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similar way. It is not hard to see that every operator in algL has upper triangular
form with respect to E1H ® EsH ®--- D E,H. O

Proof of Theorem 3.2. It is clear that o,(A4) D {g}{UU[;Ei(EiJMEiH) : {E;} is

a finite set of intervals of £ with Zi E; = I}. We need to prove the converse.
Without loss of generality, we suppose that 0 € C — {U}{L_JagEi (E;Alg,m) : {Ei}
Ei} i

is a finite set of intervals of £ with ) . E; = I} Uo(A). Let £; be any finite
sublattice of £ with atoms set {F;}" ;. Then A;; is invertible in algLE; for each
i. Let its inverse be Al-_il. By Lemma 3.3, we can suppose that the matrix of each
operator in algL has upper triangular form with respect to E1H® FE,HS®-- - E, H.
Put B = A ® Ay @ --- @ A}, We have B € algL. Since AB — I is strictly
upper triangular, N = AB — I is nilpotent in algL, that is, N® = 0. Therefore,
AB = N + I is invertible in algL and so is A. This shows that 0 & o2 (A4).

A well-known result of Ringrose [8] (or see [2]) is that, for any compact operator
K | there is a maximal nest N such that K € algL and o(K) = on(K) = {0} U
{o0(AaK|a m): {Aa} is the set of all atoms of N'}. The analogue is valid for CSL
algebras which is actually implied in [5]. Here we give a direct proof. |

Theorem 3.4. Let K be a compact operator in algl for a CSL L, and let G be
the set of all atoms of L. Then og(K) =o(K)={0}U {EUGU(EAE)}.
€

Proof. By proposition 3.1, o(K) = o(K). We only need to show the second
equality. It is easy to see that §(K) = >, ExKE) is compact and oz (K) 2
EUg{U(EK|EH)} by Theorem 3.2.

=

Let G be the set of all atoms of L. It is clear that
8(K)=> EKE
EeG
is a compact operator. For a finite sublattice F of L, let
Dr(K) =Y  AP)KA(P),
PeF

where A(P) = P —sup{Q € F: Q < P}. By Theorem 5.4 of [5], Dr(K) — 6(K)
as F — L. For any € > 0, by the compactness of §(K), there exist finitely many
elements Fy, ---, B, in G such that [|[EKE| < § for every E in G\{E1,---,Ey,}.
Choose a finite sublattice F such that {E;, -+ ,E,} C {A(P): P € F} and

€
1Y AP)KA(P) = §(K)| < 3
PeF
Hence, for each P’ € F, either P’ is an atom of £ or
IAPYKEAPH < Y. AP)EKEA(P)
PeF
A(P)#E1,En
<Y APEAP)-§K)[+] >, EKE|
EeqG

PcF €
E#E1,En
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For a fixed A# 0, let € = %l So there is a finite sublattice Fy C L such that
IA(P)KA(P)|| < € or A(P) is an atom of £ for each P in Fy. If A € 0(EK|gp) for
every E € G, then by the choice of €, A(P)(A — K)A(P) is invertible in algLA(P)
for every P € Fy. As in the proof of Theorem 3.2, we have A & o, (K). Thus

- .
or(K) C ELEJGU(EKE)

In [4], it is proved that if £ is a nest which has no infinite-dimensional atom,
then T € algL is invertible in £ if and only if T is invertible in algL + K (H). The
analogue holds for a CSL algebra. O

Theorem 3.5. Let L be a CSL on H which has no infinite-dimensional atom, and
let algL+ K(H) be closed. Then T € algL is invertible if and only if it is invertible
inalgl + K(H).

Proof. We need only to prove that if T is invertible in algL + K(H), then T is
invertible in algL for every T in algL.

Let T=! = A+ K for some A € alglL and K € K(H). Then TA = I -TK implies
that TK =1 —TA € algL and TK is compact. If (I — TK)PH = PH for some P
in £, then TAPH = PH and hence TPH = PH for T"'PH = APH C PH. So
we suppose that (I — TK)PH C PH for some P in L, that is, 1 € oz (rk)-

Since T'K is compact and in algL, by Theorem 3.4, there are only finitely many
atoms F1, Fa, -+, E, of LP such that F;(I — TK)|g,n is not invertible (note that
TK is compact), We first prove that, for any interval E of LP with EE; = 0 for
each i, ETEFH = FH. As in the proof of Theorem 3.4, since T'K is compact there
are finitely many intervals Fy, Fy, -+, Fy, of LE such that E = Fy + Fo+---+ Fy,
and F;(I — TK)|p, g is invertible in algLF;. Therefore we can prove that ET A|gy
is invertible in algLE as in Theorem 3.2. So ET|gy is invertible in algLE, and
then ETEH = FH.

Let P; be the smallest projection in £ such that P, E; = E;, and let Q; € LP
be such that F; = P; — Q; for each ¢. If P;E; = E; for some ¢ # j, then by the
choice of P;, @, we have Q;E; = E; and then P; > Q; > P; > ();. Without loss
of generality, we assume that Q1 < P < -+ < Qp < P,. So T|g, g is invertible in
algL@; by the previous paragraph. Since E; is of finite dimension, TPLH = PPH
by Lemma 2.2 . Since (Q2—P1)E; = 0 for each 4, it follows that (Q2—P1)T|(g,—p,)H
is invertible in algL(Q2— P1) by the above paragraph. Hence, it is not hard to prove
that T'|q,# is invertible in algLQ2 and TQ2H = Q2H. By induction, ETE|gy is
invertible in algLFE for every interval E of £; in particular, T|py is invertible in
algLP. Therefore, by the arbitrariness of P, T' is invertible in algL. The proof is
complete. O

Remark. When £ has no atoms and algl + K(H) is closed, for example,
L(2%°, <, M,) (see [6]), the result of Theorem 3.5 is valid clearly. When £ has
infinite dimensional atoms, the conclusion does not hold generally.
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