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ABSTRACT. If a smooth manifold has a Riemannian metric with positive scalar
curvature, it follows immediately that the universal covering also has such a
metric. The paper establishes a converse if the manifold in question is closed
of dimension at least 5 and the fundamental group is an elementary abelian
p-group of rank 2, where p is an odd prime.

A conjecture of J. Rosenberg [Rs3| states that a closed smooth manifold with
odd order fundamental group and dimension > 5 admits a Riemannian metric with
positive scalar curvature if and only if its universal covering admits such a metric.
Standard considerations involving transfers (cf. [KS1]) reduce the conjecture to the
special case of p-groups (where p is an odd prime). Results of Rosenberg [Rsl]—
[Rs3] and S. Kwasik and the author [KS1] prove the conjecture if the fundamental
group G is a cyclic p-group. In this work we study the conjecture when G is a finite
abelian p-group. The following interim conclusion reflects many of the basic ideas
and disposes of the first examples not covered by [KS1], [Rs1]-[Rs3].

Theorem. Let p be an odd prime, and let M™ be a closed smooth manifold of
dimension n > 5 with fundamental group Z, X Z,. Then M admits a Riemannian

metric with positive scalar curvature if and only if its universal covering M does.

In [RsS] J. Rosenberg and S. Stolz prove a stable result that yields a weaker
conclusion for G = Z, x Z;, but applies to all finite groups. In particular, if G is
a finite group of odd order and M is a closed smooth manifold with fundamental
group G, their result states that the universal covering M has a Riemannian metric
with positive scalar curvature if and only if some product M x X x --- x X does,
where X is an 8-dimensional Bott manifold; i.e., it is a spin manifold whose A\-genus
is equal to 1. Although the methods should yield quantitative information on the
number of factors of X that are needed, it is not clear how precise such estimates
would be. Our result implies that if G ~ Z, x Z,, then no copies of X are needed if
n > 5 and at most one copy of X is needed if n < 5. A more geometric proof of this
result in dimensions < 2p — 2 was obtained independently by Stolz (unpublished).

It seems likely that the methods of this paper can be combined with the multiple
Kiinneth formula decomposition of [Hn] and finite induction to prove at least a
semistable version of Rosenberg’s conjecture for all elementary abelian p-groups
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(where p is odd). We hope to study this problem in a subsequent paper. On the
other hand, the computations become substantially more complicated even if one
considers a fundamental group of the form Z,> x Z, (as usual, p is assumed to be
odd).

1. PRELIMINARY OBSERVATIONS

The proof of the theorem is a combination of formal considerations along the
lines of [RsS] and [KS1] and a detailed analysis of the real connective K-theory of
B(Z, x Z,). We shall begin with the formal considerations.

Reduction to questions involving connective K -theory. As in [Rsl]-[Rs3] and
[KS1], it suffices to show that all classes in

ﬁfpm(B(Zp X Lp)) = Kernel(prm(B(Zp X Zp)) — prm(pt-))
(2 corresponding kernel with SO replacing Spin)

of dimension > 5 have representatives that support Riemannian metrics with
positive scalar curvature. In other words, if Pos,(B(Z, x Z,)) is the subset of
QP (B(Z, x Z,)) with representatives of this type, then it suffices to show that
Pos,, (B(Z, x Z,)) contains Q5Pi"(B(Z, x Z,)); since Pos, (B(Z, x Zy,)) is in fact
a subgroup, the use of algebraic methods in this connection should seem promis-
ing. Furthermore, if D: Q3™ — bo, is the transformation from Spin bordism to
connective real K-theory given by the Dirac operator (equivalently by the Clifford
orientation of a spin bundle), then results of R. Jung [J] and the standard algebraic
formalism for bordism theories (e.g., [B] and [L1]) show that Pos,(B(Z, x Z,))
contains the kernel of D,. Therefore, if we define Post®(B(Z, x Z,)) to be the im-
age of Pos,(B(Z, x Z,)) under D., then it suffices to show that Pos"*(B(Z, x Z,))

contains the reduced homology group Z):);(B(Zp X Lp)).

Stable splittings of classifying spaces. A result of R. Holzsager [Ho| states that
the suspension ¥ BZ, splits into a wedge of p — 1 summands, say Y1 V ---V Y,_1,
such that

Hy(Y;,2) =

~ Z, ifs=2j mod2(p-1),
0  otherwise.

Since B(Z, x 7Z,) is homotopy equivalent to BZ, x BZ,, it follows that
¥2(B(Z, % Zy)) is homotopy equivalent to a wedge of two copies of ¥2BZ,, and one
copy of ¥BZ, N ¥BZ,. Holzsager’s result yields a corresponding stable splitting of
B(Zy x Zy,) (i.e., in a suitable category of spectra) into a wedge of p* — 1 summands

p—1 p—1 p—1
(\/ XT‘,O) \ (\/ XO,s) \ ( \/ Xu,v)
r=1 s=1 u,v=1

where X, o and Xy s are equivalent to Y71Y, and ©7'Y, respectively, and Xy is
equivalent to ¥72Y, AY,. This splitting is a refinement of the decomposition in
[MP].

Splittings of positively curved classes in connective K -theory. The splitting of the
previous paragraph and formal properties of generalized homology theories yield an
associated splitting of QS (B(Z, x Z,)), and results from [KS1, Prop. 1.7, p. 276]
yield a corresponding splitting of Pos*®(B(Z, x Z,)); in other words, if a lies in
the latter group and «a = [] «; is the direct sum decomposition, then each «; also
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lies in Pos*®(B(Z, x Z,)). More generally, if G is an arbitrary finite group and we
are given a stable splitting of BG as a wedge W, V W, then Pos*®(W;) will denote
the projection of Pos®®(BG) into bo, (W;) for i = 1,2. In this notation the splitting
principle of this paragraph can be restated as the formula

Post®(BG) = Posk* (W) @ Posk®(W7).

2. COMPUTATIONS

Our analysis of bo.(B(Z, x Z;)) is based upon the Atiyah-Hirzebruch spectral
sequence

H,(B(Zy % Z); boy({pt.})) = bosii(B(Z, x Z,)).

We shall denote the terms of this spectral sequence by EY;(B(Z, x Z;)). The
stable splitting of B(Z, x Z,) in the previous section yields an algebraic splitting of
this spectral sequence into the Atiyah-Hirzebruch spectral sequences for the spectra
Xuw for 0 < u, v < p—1 (with the convention that X is a point). We shall
denote these summands by £ ; (X, ). Similarly, if we are given an arbitrary stable
splitting of BG (where G is a finite group) as a wedge Wi V Wa, then we obtain a
splitting of EY,(BG) into two spectral sequences that we shall call EY ,(W;) and
BT (Ws).

We shall first prove the main theorem for even dimensional manifolds; the argu-
ment in these cases is extremely simple.

Proposition 1. The conclusion of the theorem holds if n is even.

Proof. Since p is odd the E? terms of the Atiyah-Hirzebruch spectral sequence
{E% (B(Z, x Zy))} vanish for s > 0 unless t = 0 mod 4, and if ¢t = 4t' (where
t' > 0) then E2, is isomorphic to Hy(Z, x Zy;Z). Since the integral homology of
Z,, has one copy of Z, in each odd positive dimension and nothing in even positive
dimensions, the Kiinneth formula implies that

Hy(Zy % Zp; Z) = @D Hi(Z; Z) ® Hy—i(Zy; Z)

provided s is even.
If we combine this with the multiplicative properties of the Atiyah-Hirzebruch
spectral sequence and collapsing of the corresponding spectral sequence

Hy(BZp;boi({pt.})) = bos++(BZp)

we see that all classes in EZ (B(Z, x Zy)) survive to E* if s+t is even. The
multiplicativity of the projection from Spin bordism to connective real K-theory
implies that the product map in the latter is compatible with the obvious geometric
product map in Spin bordism. Since Pos™®(B(Z,)) = bo,(Z,) if n > 3 by [Rs1] and
the product of two manifolds with metric of positive scalar curvature also has such
a metric, these observations combine to show that every class in bo,,(B(Z, x Zp))

lies in Pos*®(B(Z, x Z,)) if n is even. |

Corollary 2. If s+t is odd, then the differentials into EY ,(B(Zy x Zp)) are all
zero and ES(B(Zy % Zy)) is (isomorphic to) a subgroup of EZ ,(B(Zy x Zy)).

This follows immediately because all terms in even degrees are permanent cycles.



910 REINHARD SCHULTZ

Remarks. (1) It is well known that the Atiyah-Hirzebruch spectral sequence for the
unitary bordism homology groups QY (B(Z, x Z,)) does not collapse (e.g., see [L.2]).
By Proposition 1 the nontriviality of this spectral sequence implies the existence of
nontrivial differentials from terms of odd total degree to terms of even total degree
in the Atiyah-Hirzebruch spectral sequence for bo,(B(Z, X Zy)).

(2) In contrast to the preceding result, the Atiyah-Hirzebruch spectral sequences

HS(BZP? ht(BZ:D)> = hs-‘rt(B(Zp X Z;D))

associated to the usual product fibration of the space BZ, x BZ, ~ B(Z, x Z;) do
collapse for h, = QU or bo, (cf. [Rw, Prop. 6, p. 888] for the case h, = Q7°).

The odd dimensional case. We shall first introduce some more notation. If h, is
a connective homology theory, m is a nonnegative integer and X is a CW complex
or connective spectrum, then F"(h, (X)) will denote the subgroup of elements in
h,(X) that have filtration < m in the Atiyah-Hirzebruch spectral sequence

Hs (X3 he({pt.})) = hste(X).

If G is a finite group, then Pos*? E2S (BG) will denote the subquotient of Pos’scj’rt (BG)
given by

Fo (bos+4(BG)) + Posk ,(BG) N F* (bos14(BG)) | F*~* (bos4+(BG))
~ Post?,(BG) N F*(bos4+(BG))/ PoskS,(BG) N F*~ 1 (bos+(BG))

and if we are given a stable splitting of BG as a wedge WiV Wa, then Pos™® E(Wh)
and Posfo EX (W3) are defined similarly (no parentheses are needed in the expres-

sion F5~1 + Pos’jo NF* because the lattice of subgroups of an abelian group is
modular).

The following result provides the basic lower estimate for Pos* E(B(Zy x Zy))
when s, or equivalently s + ¢, is odd; the equivalence of the latter two conditions
follows because E2; = 0 unless t =0 mod 4.

Proposition 3. In the setting above assume that s is odd, 0 <t =0 mod 4, and

s+t > 3. Then Pos™ ESS(B(ZyxZy)) is a Ly vector space that contains a subspace

of dimension 5“53 or p+ 1 depending on whether s <2p—1 ors>2p+ 1.

Proof. The vector space assertion follows because the Kiinneth formula implies that
E2 (B(Zy x L)) is a Z, vector space if s > 0.

If 41,42: Z, — Z, are the injections onto the first and second summands, then
naturality properties of [KS1] imply that Post®(B(Z,xZ,)) contains i, Post’(BZ,)
and ia, Post®(BZ,). Since Post®(BZ,) = &;(BZP) by [Rsl] it follows that

Post(B(Z, X L)) D i1.b0n(BZy) + ig.bon (BZ,).
By the Kiinneth formula we have
FL(bon(B(Zy x Z))) = i1+F* (bon(BZy)) + i2uF " (bon(BZy)),

and if s = 1 the proposition follows from this and the results of [Rsl].

Now assume s > 1 is odd, and write s = 2m — 1 for some m > 2. Let L>*™~! be
the standard lens space, and consider the element A, in bog,,—1(B(Z, X Z,)) arising
from the bordism class of the map L*™~! — BZ, — B(Z, x Z,) where L — BZ, is
2-connected and dy: BZ, — B(Z, x Z,) is induced by the diagonal map d: Z, —
Zy, X Zp. Since the lens space has a Riemannian metric with constant positive
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sectional curvature, it follows immediately that A, lies in Posy®, | (B(Z, x Z,)).
IfU: bo, — H.(—;7Z) is the transformation that detects the generator of bog({pt.}),
then U(A,,) is nontrivial and therefore A,, defines a nontrivial element of

;),OO(B(ZP X Zp)) - E?,O(B(Zp X Z;D)) ~ HS(Z;D X ZP§Z)

(where s = 2m — 1 as before). Specifically, if we consider the Kiinneth formula
splitting

H2m—1(Zp X Zp§ Z) = (H2m—1(Zp) ® Z) @ (Z ® HQm—l(ZP))
@& P Tor(Hai—1(Zp;Z), Haj1(Zy; Z)),

i+j=m

then the cup product structure of H*(L;Z,) implies that the projection of A, onto
each of these summands is nontrivial.

The next step in the proof is to show that the projections of A, into the groups
Hy(Xyv;Z) span a Z, vector space whose dimension is given as in the statement
of the proposition. This is an immediate consequence of the last sentence in the
previous paragraph and the following elementary observation:

Proposition 4. With respect to the Kinneth formula decomposition above and the
stable splitting of B(Zy, x Zy), all nontrivial maps from the Kinneth formula sum-
mands to the stable homotopy summands are given as follows:

(1) Hom-1(Z,)RZ maps nontrivially to Hapm—1(Xn,0), wherem =M mod p—1.

(2) Z&Ham—1(Zy) maps nontrivially to Hop—1(Xo,m), where m = M mod p—1.

(3) Tor(Hai—1(Zp;Z), Haj—1(Zp; Z)) maps nontriwvially to Hom—1(Xr 5), where
t=1 modp—1andj=J modp—1.

The proof is elementary and left to the reader. O

If s < 2p — 1, then Proposition 4 implies that the individual Kiinneth formula
summands belong to distinct stable summands of B(Z, x Z,,), and this means that

3
dim Pos*® ESo(B(Zy x Zp)) > % =dim H(Zyp x Zy; 7).

The reverse inequality also holds because Pos* ESH(B(Zy x Zy)) is a subgroup
of EZ(B(Zy x Zy)) and the latter is isomorphic to dim H(Z, x Zy;Z). On the
other hand, if s > 2p + 1, then it follows that the projections of A,, onto the
p—+1 groups Pos*® ES%H(Xo,m), Posh® EH(Xary), and Posh® ES%H(Xar0) are linearly
independent, where M is defined as in the statement of Proposition 4 and for each
1 satisfying 1 < i < p — 1 the integer () is uniquely specified by the conditions
1<i(i)<p—1andi+I(i)=m modp— 1. If we take W, o to be (i) all of EZ,
if s <2p—1and Wy, (ii) the span of the p + 1 projections of A, if s > 2p + 1,
then the preceding discussion proves Proposition 3 when ¢ = 0.

We shall prove the corresponding result for ¢ > 0 using the periodicity properties
of connective real K-theory. First, recall that bo. has a multiplicative structure
arising from the tensor product of vector bundles and this structure is well be-
haved with respect to the Atiyah-Hirzebruch spectral sequence. Next, recall that
E? (B(Zy x Zy)) # 0 for s > 0 only if t = 4l for some [ > 0. In fact, if v gener-
ates bos({pt.}), then multiplication by v induces isomorphism EZ, ~ EZ , , for all
s>0and t > 0. Also, if s is odd, then multiplication by v sends EZ5 into EZ5, 4.
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Combining the observations of this paragraph with the previous work we see that
v Pos’jo ESo C Egu
for all s,I > 0. Since (i) multiplication by v is realized geometrically by taking
products with the Kummer surface, (ii) the set of manifolds with metrics of positive
scalar curvature is closed under taking products with arbitrary manifolds, it follows
that v! Posfo EZ% is in fact contained in Pos]jo E5%;- Furthermore, since multiplica-
tion by v is injective on E? and all differentials in the Atiyah-Hirzebruch spectral
sequence for bo,(B(Z, X Zy)) go from odd total degrees to even total degrees (by

Corollary 2), it also follows that multiplication by v is injective on E>°. Therefore
the conclusion of Proposition 3 follows in these cases by taking W, 4 = Vle70. O

Corollary 5 (independently due to Stolz). In the setting of Proposition 3 we have
Posh® EX =EX =E2, fors <2p—1. O

The following refinement of Proposition 3 is useful for our purposes.

Proposition 6. In the setting of Proposition 3 if s and n are odd such that n >
s>2p—1, then

Wi,s,2p-1 = F* (bon (B(Zp % Zp)))/FS_Qp_Q(bOn(B(Zp X Zp)))

2
. . . . . 1 .
is a Zy, vector space, and it contains a subspace of dimension > P——= for which

every element lifts to a class in Post(B(Z, x Zy)).

Sketch of proof. By construction the nonzero integral homology of the stable sum-
mand X, , of B(Z, x Z,) only appears in dimensions congruent to 2(u + v) — 1
or 2(u +v) —2 mod 2p — 2. In particular, this means that the entire spectral
sequence splits into p — 1 pieces such that £, of the ith spectral sequence is trivial
unless s = 2¢ — ¢ mod 2p — 2, where ¢ = 1 or 2. In particular, this implies that
F$)Fs=2+2 is isomorphic to a direct sum

p—1

@ ]_-s—i/]_-s—i—l

i=0
(these filtrations all refer to bo, (B(Z, x Z,)); we have suppressed this term for the
sake of conciseness). The proposition follows by combining the observations in the
preceding sentences with Proposition 3. O

The next order of business is to find an upper bound for the quotient appearing
in the statement of Proposition 6:

Proposition 7. The dimension of the Z, vector space
Wi,s,2p—1 = F*(bon(B(Zp x L))/ F*~2~2(bon(B(Zy X Zyp)))

2
is at most ’72—_1.
Since every subgroup of an abelian group with < g generators is also generated
by < q elements, Proposition 7 will be an immediate consequence of the following
more general statement.

Proposition 8. If n is odd, then &;(B(Zp X Zyp)) is generated by at most p22_1
elements.
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Notational convention. If h, is a generalized homology theory we shall denote its
localization away from 2 by h.[1].

Proof. Consider first the analogous question for B?);(BZP) where n is odd. We
claim that the latter is generated by at most % elements. There are many proofs
of this; for the sake of completeness here is an elementary argument: Let LY be a
lens space of dimension N > n; then it suffices to show that the torsion subgroup
of BEZ(LN ) is generated by at most %1 elements. Since the Atiyah-Hirzebruch
spectral sequence for connective real K-theory and the periodic localized theory
K O*[%] both collapse, it follows that the composite

bon(LY) = KOu(LN) — KOu[3](LY)

is injective, and thus it suffices to verify the statement about generators for the
torsion subgroup of KO,[3](LY). Since KO,[4] is a direct summand of K.[3$] it
follows that every weakly almost complex manifold is orientable with respect to
KO.[1], and therefore KO, [$](L") is isomorphic to KON~"[1](L") by Poincaré
duality. Since N and n are both odd and bo, (L") is odd torsion, it suffices to

—_~—

know that the torsion in KON="(LY) is generated by at most p2;1 elements. This
follows immediately from the standard description of the complex K-theory of lens
spaces (cf. [A, p. 103]), the identification of KO[4] with the self-conjugate elements
of K[3], and Bott periodicity.

We shall derive Proposition 8 by combining the ideas of the preceding paragraph
with the Kiinneth formula for complex K-theory [A, Cor. 2.7.15, pp. 113-114] and
the standard identification of KO,[3] as the self-conjugate part of K,[3] (i.e., the
direct summand inclusion mentioned above). Clearly it suffices to prove the propo-
sition for the product L x L instead of B(Z, x Z,) because the canonical map
L x L — B(Z, x Z,) is N-connected. The same reasoning as in the proof of Propo-
sition 1 shows that zlllgifferentials in the Atiyah-Hirzebruch spectral sequences for
bo,[L](L x L) and KO,[3](L x L) are trivial in terms of even total degree, and
therefore it follows that the canonical map from I;\o;[%](L x L) to l/(b:[%](L x L)
is injective. This in turn reduces the proof of Proposition 8 to verifying the upper
bound for the torsion subgroup of ?/@[%](L x L).

Since L x L is orientable with respect to complex K-theory (and hence also

KO.[1]), it follows by Poincaré duality that I/(\O/n[%](L x L) is isomorphic to
KO2?N-n[1](L x L) which is the self-conjugate part of

K2Nn[L)(L x L) ~ K'[4](L x L)

because n is odd. By the Kiinneth formula for complex K-theory and Poincaré
duality the torsion subgroup of the latter is isomorphic to

(KBIm) @ K1 3)(D)) & (KM[3I(E) © KO[3](L)) & Tor (KO[3)(L), KO[)(L))

with the usual restricted naturality properties. Now K'(L) = Z and conjugation
acts as £1 depending upon the class of N mod 4. Therefore each of the first two

summands is given by either the self-conjugate or skew elements of I/{VO[%](L) ~

IA(B(L) depending upon N mod 4. It is well known that each of these summands is
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generated by at most % elements. On the other hand, the self-conjugate part of
the Tor term is the direct sum

Tor (KY[4](L), K2[3](L)) & Tor (K [(3](L), K2 3](D))

where K4 [3] denotes the self-conjugate or skew portion of K[3] depending upon
the subscript. If A and B are finite abelian groups, it is elementary to check that
the minimum number of generators for Tor(A, B) is at most the product of the
minimum numbers of generators for A and B respectively, and therefore it follows

that each summand is generated by at most % elements. If we combine all
these upper estimates with the Kiinneth formula decomposition we see that the

2
torsion subgroups in question have generating sets with at most % elements. U

3. PROOF OF THE MAIN THEOREM

By Proposition 1 the theorem is true if n is even, so it suffices to consider the
case where n > 5 is odd. We shall prove by induction on s that Pos*®(B(Z, x Z,))

contains F* (?)B;(B(Zp x Zp))) for all s satisfying 1 < s < n. If s =1 this follows
from Corollary 5 and the identity

F! (I;On(B(Zp X Zp))) = Ei),on—l(B(Zp X Zp))'

Assume that the result holds for s—1 where s > 2; if F°~1 = F*, then of course there

is nothing to prove, so it suffices to consider the cases where the filtration inclusion

is proper. Since this only happens if s is odd, we shall assume this henceforth.
Suppose first that s < 2p — 1. In this case Corollary 5 implies that

F5(bon(B(Zy x 7)) C Posk®(B(Z, x Z,)) + F*~ ' (bon(B(Zy x Zp))),

and since Pos*®(B(Z, xZ,)) contains F*~! (bon (B (ZpxZyp))) by induction, it follows
that the former also contains F*(same).

Suppose next that s > 2p + 1. Let W, s 2,—2 be the subquotient appearing in
the statements of Propositions 6 and 7, and let W;:S,Zp—Q be the subspace

F5=2+2(bo, (BG)) + Posk*(BG) N F*(bo, (BG))/F*~2P*2(bo, (BQG))

where we write G = Z, X Z, in order to save space. Proposition 6 implies that
2

Wh,s,2p—2 is a Zj, vector space, and by Proposition 7 its dimension is at most %.
2

On the other hand, Proposition 6 also implies that dim W, , , > =

therefore we must have W,'l" s.2p—2 = Wn,s2p—2. By the definitions of these vector
spaces it follows that

}'S(EE;(B(ZP x Zp))) C fs_2p+2(5‘;;(B(Zp X Zp))) + POSZO(B(Z;D X ZLp))-

, and

Since F*=2P+2(bo, (B(Z, x Z,))) is contained in Pos**(B(Z, x Z,)) by induction,

we therefore have F*(bo, (B(Z, x Z,))) C Post®(B(Z, x Z,)) as required. O
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