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LARGE TIME BEHAVIOR

FOR DISCONTINUOUS DYNAMICS ON HILBERT SPACES

VÍCTOR H. CORTÉS AND HUMBERTO PRADO

(Communicated by Palle E. T. Jorgensen)

Abstract. This paper is concerned with the behavior in time for a certain
class of dynamics which are discontinuous with respect to the time variable.
We introduce the corresponding wave operators and we ensure their existence.
Moreover, under suitable conditions this class of wave operators can be ap-
proximated in the strong sense by a sequence of ordinary wave operators. Our
results can be applied to impulsive dynamical systems.

1. Introduction

We study the asymptotic behavior as t → ±∞ of certain families of operators
U(t) acting on Hilbert spaces; these families are piecewise strongly continuous and
they do not form a group nor a semigroup. Then we analyze the problem of the
asymptotic comparison of a unitary group e−itH with a discontinuous family U(t).
Within this setting we introduce the corresponding wave operators. We also discuss
several examples. Moreover, we notice that under suitable conditions, this class of
wave operators can be approximated in the strong operator norm by a sequence of
ordinary wave operators associated to unitary groups.

We now introduce our general framework: Let τ = {αn} be an increasing
sequence of real numbers such that limαn = ∞ as n → ±∞. Suppose that
U = {U(t, s) : s, t ∈ R} is a two-parameter family of bounded operators acting
on a Hilbert space H such that the bounded operator-valued functions t 7→ U(t, s)
are strongly continuous for each s ∈ R, and for each t ∈ R the functions s 7→ U(t, s)
are piecewise strongly continuous on the intervals αn ≤ s < αn+1. Then we call the
triple (H, U, τ) an impulsive system, and the family U(t, s) is called an impulsive
dynamics. If there is no confusion we simply denote an impulsive system by U(t, s).

In the succeeding sections we consider the problem of the asymptotic comparison
of an impulsive dynamics U(t, s) with a one-parameter unitary group of operators
U0(t) = e−itH0 , both acting on the same Hilbert space H. Specifically, let (H, U, τ)
be an impulsive system and let τ be an infinite sequence of real numbers defined
by the partition · · · < α−n < · · · < α1 < · · · < αn < αn+1 < · · · . Let p be a
step function such that p(t) = p(αn) whenever αn ≤ t < αn+1. Then, in the next
sections we present the necessary assumptions needed to ensure the existence of the
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strong limits

W± = s− lim
t→±∞U∗(t, p(t))U0(t)(1)

where U∗(t, p(t)) denotes the Hilbert adjoint of U(t, p(t)). If the limits exist, we
call the operators W± the impulsive wave operators.

As an example of impulsive dynamics, let us suppose that τ = {αn} is an increas-
ing and unbounded sequence of real numbers. For each x ∈ Rn, we let V ( ;x) : R →
R be a function which is piecewise constant on every interval [αn, αn+1[, that is,
V (s;x) = V (αn;x) for αn ≤ s < αn+1. Let M(s) be the operator of multiplication
by the function V (s, x), acting on the Hilbert space H = L2(Rn). Now, suppose
that e−itH is a one-parameter unitary group of operators defined on H, then the
two-parameter family U(t, s) = M(s)e−itH defines an impulsive dynamics on the
space H.

In the time dependent approach to quantum mechanical scattering the existence
of the wave operators

Ω±(H,H0) = s− lim
t→±∞ eitHe−itH0(2)

is established on L2(Rn) where H0 = −∆ is the usual extension of the Laplacian,
H = H0 +V (x) is a self-adjoint perturbation of H0, and the operator V (x) depends
only on the space variable x ∈ Rn, and it is independent of t. However, in connection
with potential scattering and also in homogeneous (or time dependent) problems
time dependent perturbations V (x, t) occur ([5], [7]). In our examples below, we will
see that the perturbations to be considered may also depend on the time variable.

Since the impulsive dynamics are only piecewise continuous, we need to imple-
ment a modified version of Cook’s method from the classical theory of scattering
to ensure the existence of the impulsive wave operators W± defined via the strong
limit (1). Moreover, the necessary assumptions needed can be stated in a general
context which is formulated by the following lemma.

Lemma 1 (Generalization of Cook’s method). Let B be a Banach space and let h
be a continuous vector-valued function, h : R× R → B. Suppose that

(a) {αn} is a strictly increasing sequence of real numbers such that inf{(αn+1 −
αn) : n = 0,±1,±2, . . .} = δ > 0.

(b) Let p : R → R be a step function constant on every interval [αn, αn+1[, such
that p(t) → ±∞, as t→ ±∞, and p(t) ≤ t for all t.

(c) The first derivative D1h of h, with respect to the t variable exists for all (t, s)
and the function (t, s) → ‖D1h(t, p(s))‖ is in L1([t0,+∞) × [s0,+∞)), for
some t0, s0 ∈ R.

(d) The infinite series
∑

k ‖h(p(αk), p(αk))− h(p(αk), p(αk−1))‖ converges.

Then the limit, limt→±∞ h(t, p(t)), exists in B.

Proof. Since p is a piecewise constant function we denote p(t) = λ(k) for αk ≤
t < αk+1. Notice that λ(k) = p(αk) = p(t) ≤ t on each interval [αk, αk+1[. Now,
suppose that s < t. We claim that ‖h(t, p(t)) − h(s, p(s))‖ converges to zero as
s→ +∞. In fact,

‖h(t, p(t))− h(s, p(s))‖ ≤ ‖h(t, p(t))− h(p(t), p(t))‖
+ ‖h(s, p(s))− h(p(s), p(s))‖ + ‖h(p(t), p(t)− h(p(s), p(s))‖.(3)
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Since D1h exists, then, whenever t ∈ [αk, αk+1[,

‖h(t, p(t))− h(p(t), p(t))‖ = ‖h(t, λ(k))− h(λ(k), λ(k))‖

≤
∫ t

λ(k)

‖D1h(τ, p(τ))‖dτ ≤
∫ αk+1

λ(k)

‖D1h(ξ, p(αm))‖dξ

≤ 1

δ

∫ αk+1

αk

∫ αk+1

λ(k)

‖D1h(ξ, p(µ))‖dξ dµ ≤ 1

δ

∫ +∞

r0

∫ +∞

r1

‖D1h(ξ, p(µ))‖dξ dµ

for all integers k such that r0 ≤ αk, and r1 ≤ λ(k). Now suppose s, t, and m are
sufficiently large such that αm ≤ s < αm+1 < · · · < αm+q ≤ t < αm+q+1. Then we
define

I =

q∑
k=1

‖h(λ(m+ k), λ(m + k − 1))− h(λ(m + k − 1), λ(m + k − 1))‖

On the other hand,∫ λ(m+k)

λ(m+k−1)

‖D1h(λ(τ, λ(m + k − 1)))‖dτ

≤ 1

δ

∫ αm+k

αm+k+1

∫ λ(m+k)

λ(m+k−1)

‖D1h(τ, p(µ))‖dτ dµ

≤ 1

δ

∫ +∞

r0

∫ +∞

r1

‖D1h(τ, p(µ))‖dτ dµ

for all k = m, m + 1, . . . ,m + q, and r0 ≤ αm+k−1, r1 ≤ λ(m + k − 1). Thus, the
expression I is bounded above by

q

δ

∫ +∞

r0

∫ +∞

r1

‖D1h(τ, p(µ))‖dτ dµ.(4)

Since p(t) → +∞ we can choose m so that p(αm) = λ(m) is sufficiently large. Hence
for ε > 0, there are r0, r1 and m large enough so that r1 ≤ λ(m) and r0 ≤ αm such
that r0 ≤ αm ≤ s < αm+1 < · · · < αm+q ≤ t < αm+q+1. Then, from hypothesis
(c) it follows that the left-hand side of (4) is less than ε/3. Next we define

S =

q∑
k=1

‖h(λ(m+ k), λ(m + k))− h(λ(m + k), λ(m + k − 1))‖.

Thus by assumption (d) we have for every ε > 0 that there is an integer m such
that

S ≤
∞∑

k=m+1

‖h(λ(k), λ(k)) − h(λ(k), λ(k − 1))‖ < ε

3
.(5)

By choosing appropriate m and q, from (4) and (5) we obtain

‖h(p(t), p(t))− h(p(s), p(s))‖ = ‖h(λ(m + q), λ(m + q))− h(λ(m), λ(m))‖
≤ I + S < 2

ε

3
.

(6)

Thus for each ε > 0 we can find an integer m such that each of the left-hand
side terms of inequality (3) is less than ε/3. Therefore, for s < t, ‖h(t, p(t)) −
h(s, p(s))‖ goes to zero as s→∞.
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1.1. Remark. We recall that in Quantum Scattering the asymptotic comparison of
two different dynamics e−itH and e−itH0 for the same system, is determined if

s− lim
t→±∞(e−itH − e−itH0) = 0(7)

which is equivalent to the question about the existence of the strong limits

Ω±(H,H0) = s− lim
t→±∞ eitHe−itH0 .(8)

In our context we also consider the following type of dynamics: Suppose that H0

is a self-adjoint operator on a Hilbert space, let τ = {αn} be a sequence of real
numbers so that αn < αn+1 for every integer n. Let V (s) be a one-parameter
family of operators acting on a Hilbert space H and such that V (s) = V (αn) for
s ∈ [αn, αn+1[. Suppose that H(s) = H0 + V (s) are self-adjoint for all s ∈ R.
Then by Stone’s Theorem, each of the operators H(s) generates a one-parameter
unitary group of operators U(t, s) = e−itH(s), s ∈ R. Now letting s = t we denote
U(t) = e−itH(t) then U(t) is no longer a group nor a semigroup. Moreover, the
family U(t) is piecewise strongly continuous on every interval [αn, αn+1[ and with
bounded jumps at each αn, that is, s − limε→0+ U(αn + ε) = U(αn) and s −
limε→0+ U(αn − ε) = e−iαnH(αn−1). Thus according to definition (1) the impulsive
wave operators W± associated to eitH(t)e−itH0 are determined by existence of the
strong limits

W± = s− lim
t→±∞ eitH(t)e−itH0 .(9)

Notice that the jumps of the operator-valued function U(t) = eitH(t) are given at
each αn by

J(αn) = e−iαnH(αn) − e−iαnH(αn−1).(10)

We call J(αn) the jump operator at the point αn.
We now let H(t) = H0+V (t) be a family of self-adjoint operators for t real. Then

the following theorem and its corollary show the existence of the impulsive wave
operators W± = s− limt→±∞ eitH([t])e−itH0 , where [t] denotes the integral part of
t. Furthermore, this class of wave operators can be obtained as a strong limit of a
sequence Ω±(Hn, H0) = s−limt→±∞ eitHne−itH0 , where Hn = H0+Vn is a sequence
of self-adjoint perturbations of H0, such that Dom(H0) = Dom(Hn) = Dom(Vn)
for all integers n, and Hn = H([t]) for all t, such that n ≤ t < n + 1. Throughout
the remainder of the paper ordinary wave operators are denoted by Ω±(H,H0).

Theorem 2. Let Hn and Vn be sequences of operators satisfying the above assump-
tions, and assume that H = H0 + V is self-adjoint. Suppose

(a) The wave operators Ω±(H,H0) and Ω±(Hn, H0) exist for all integers n.
(b) There exists V such that s− limn→±∞ Vn = V , with Dom(V ) = Dom(Vn).
(c) The series S(t) =

∑
k ‖(eitHk+1 − eitHk)e−itH0φ‖ is uniformly convergent, for

|t| sufficiently large and limt→±∞ S(t) = 0.

Then W± exist, and W± = Ω±(H,H0).

Proof. Since s− limn→∞ Vn = V on dom(V ), for arbitrary φ in H we obtain

‖(i−Hn)−1φ− (i−H)−1φ‖ =‖(i−Hn)−1(Hn −H)(i−H)−1φ‖
≤‖(Vn − V )(i −H)−1φ‖.
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Thus Hn converges to H in the strong resolvent sense. Therefore, for each t

s− lim
n→∞ eitHne−itH0 = eitHe−itH0 .(11)

Now let φt = e−itH0φ, for φ ∈ H. Then we have

‖(eitH([t]) − eitHk)φt‖ ≤
∑
k

‖(eitHk+1 − eitHk)φt‖.(12)

By hypothesis the right-hand side of the above inequality is uniformly convergent
and the series as a function of t converges to zero when t → ∞. Therefore, we
obtain that the following expression as a function of t also tends to 0 when t→∞

sup
k
‖(eitH([t]) − eitHk)φt‖.

Now, let ε > 0 be given and choose T0 such that ‖(eitH([t]) − eitHk)φt‖ < ε/2 for
t ≥ T0. Fix k0 such that if t ≥ T0, then ‖(eitHk − eitH)φt‖ < ε/2. Then it is
straightforward to verify that if t ≥ T0, then

‖(eitH([t]) − eitH)φt‖ ≤ ‖(eitH([t]) − eitHk)φt‖+ ‖(eitHk − eitH)φt‖(13)

so that this latter inequality is less than ε. Moreover,

‖(eitH([t])φt − Ω+)φ‖ ≤ ‖(eitH([t]) − eitH)φt‖+ ‖(eitHφt − Ω+)φ‖.(14)

Then it follows that the left-hand side of (14) can be made arbitrarily small. Finally,
from the above estimates we obtain the existence of W±. Furthermore Ω± =
W±.

Now, the next corollary is an immediate consequence of the foregoing theorem.

Corollary 3. Suppose Ω±(Hn, H0) = s− limt→±∞ eitHne−itH0 exist, and let W (t)
= eitH([t])e−itH0 . Then the discontinuous dynamics W (t) can be approximated in
the strong sense by the sequence eitHne−itH0 . Moreover,

W± = s− lim
n→∞Ω±(Hn, H0).(15)

Corollary 4. Let R(ζ,H) be the resolvent of the self-adjoint operator H. Then

(a) HW± = W±H0.
(b) s− limt→±∞R(ξ,H([t])W± = W±R(ξ,H0).
(c) Let D(H([t])) be the domain of H([t]). Then, W±(D(H([t]))) is contained in

D(H0).
(d) e−itHW± = W±e−itH0 .

Proof. (a) follows directly, since W± = Ω±. On the other hand it is clear that
s− limt→∞R(ξ,H([t])) = R(ξ,H). Then (b) is obtained. In order to prove (c) we
recall that D(H) = D(H0) = D(Hn) for all n.

2. Applications

In this section we show the existence of the impulsive wave operators W± defined
by equation (9) when the free dynamics is generated by the Laplacian−∆ on L2(R3)
and the impulsive dynamics is defined by eitH([t]), where H(t) = −∆ + V (t, x) and
V (t, x) denotes the operator of multiplication by a function V (t, x), x ∈ R3. The
main assumptions needed are given by a mild restriction on the convergence of the
series whose general term is defined by the jump operator associated to the function
F (t) = eitH([t])e−itH .

Let us begin with the following lemma.



1024 VÍCTOR H. CORTÉS AND HUMBERTO PRADO

Lemma 5. Let H([t]) = H0 + V ([t]) be self-adjoint, and suppose that V ([t]) =
V2([t]) + Vr([t]) where V2([t]) ∈ L2(R3) and Vr([t]) ∈ Lr(R3) for all t and 2 ≤
r < 3. Let us assume the existence of positive constants α, β such that α < 1

2 and
2 ≤ r(1 + β) < 3. Then for all ϕ belonging to the Schwartz space S the function

f(t) = ‖V ([t])e−itH0ϕ‖2(16)

is in L1([1,+∞)).

Proof. Let us recall that the dynamics generated by H0 = −∆ satisfies

‖e−itH0ϕ‖q ≤ |t|−3/2+3/p‖ϕ‖q(17)

whenever 1/p + 1/q = 1, and 2 ≤ p ≤ ∞ (see e.g. [8]). Now, let us choose p such
that 1/p+ 1/r = 1/2. Then by Hölder’s inequality we obtain

‖V ([t])‖2‖e−itH0ϕ‖2 ≤‖V2([t])‖2‖e−itH0ϕ‖∞ + ‖Vr([t])‖r‖e−itH0ϕ‖q
≤C1|t|α−3/2‖ϕ‖1 + C2|t|β−3/2+3/p‖ϕ‖q.

Since 1/r = 1/2− 1/p, then β < 1/2− 3/p. Thus f is in L1([1,∞)).

2.1. Remark. We notice that under the assumptions of Lemma 5 the L2 norm of
the function V (t, x) is of exponential growth with respect to the t variable.

Let us denote by Ly, y ∈ R3, the translation operator acting on L2(R3) defined
as (Lyφ)(x) = φ(x− y).

Proposition 6. Let H([t]) = H0 + V ([t]) be as above, where V ([t]) verifies the
hypothesis of Lemma 5, and let Jk be the jump operator of the function eitH([t]) at
the integer k. Let ϕ ∈ L2(R3), and suppose that∫ +∞

−∞
‖JkLyϕ‖2 dy ≤ Ckλ(18)

for some positive constant C and λ < 1/2. Then W± = s− limt→±∞ eitH([t])e−itH0

exist.

Proof. Let ϕ be a Schwartz function and define h(t, s) by the following H-valued
function:

h(t, [s]) = eitH([s])e−itH0ϕ.(19)

Thus,

D1h(t, s) = eitH([s])V ([s])e−itH0ϕ.

On the other hand, we notice that ‖D1h(s, [s])‖2 = ‖V ([s])e−isH0ϕ‖2. Moreover
the function f(s) = ‖V ([s])e−isH0ϕ‖2 is in L1([1,∞)), as follows from the previous
Lemma 5.

Next, we claim that the real function M(t) defined by M(t) = ‖h(t, [t])‖2 verifies
the hypothesis of Lemma 1. To this end we recall the integral representation of the
free dynamics

e−ikH0ϕ =
1

(4iπk)3/2

∫
R3

e−i〈y,y〉(4ik)
−1

Lyϕdy.

From this last identity we get

eikH(k)(e−ikH0ϕ) =
1

(4iπk)3/2

∫
R3

e−i〈y,y〉(4ik)
−1

eikH(k)Lyϕdy.
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Furthermore, noting that Jk = eikH(k) − eikH(k−1),

‖(eikH(k) − eikH(k−1))e−ikH0ϕ‖2 =
1

|(4πk)3/2|
∥∥∥∥∫

R3

e−i〈y,y〉(4ik)
−1

JkLyϕdy

∥∥∥∥
2

.

Then we finally obtain

‖(eikH(k) − eikH(k−1))e−ikH0ϕ‖2 ≤ 1

|(4πk)3/2|
∫

R3

‖JkLyϕ‖2 dy.

Hence, for a given ϕ, by hypothesis we get that there exists a constant Cϕ such
that

‖(eikH(k) − eikH(k−1))e−ikH0ϕ‖2 ≤ Cϕk
λ− 3

2 .(20)

Since λ < 1
2 this last inequality proves that the series whose general term is the

left-hand side of (20) converges. Thus, the hypotheses of Lemma 1 are now indeed
verified, hence the impulsive wave W± operators exist.

2.2. Remark. We should point out that the above results establish the existence of
the wave operators for the next abstract problem. Let H(t) = H0 + V (t), for t ∈ R

i
∂u

∂t
= H([t])u, n ≤ t < n+ 1,

lim
ε→0+

u(n+ ε) = u(n),

lim
ε→0+

u(n+ 1− ε) = ei(n+1)Hn , n = 0,±1,±2, . . . .

(21)

Then, the solutions of the perturbed equation (21) are compared asymptotically
with those of the free equation

i
∂u

∂t
= H0u.(22)

The next example had been considered by Cortés et al. [2], in connection with
impulsive linear differential equations [1]. Let U(t) = e−itH be a one-parameter
group of operators acting on a Hilbert space H, and let {C[t], t ∈ R} be a family of
contraction operators on H. Then define

Λ(t) =

1∏
k=[t]

U∗(k)CkU(k).(23)

We should remark that the authors of [2] impose the operators Ck to be unitary, we
notice that this hypothesis can be removed completely and assume instead the mild
restrictions given below. Let φ ∈ H and define h(t, [t]) = Λ(t)e−itH0φ. Suppose
that:

1.
∫∞
0
‖C1U(1)e−itH0φ‖ dt < ∞ for all φ belonging to a dense subspace D con-

tained in Dom(H).
2.
∑∞

k=0 ‖J(k)φ‖ < ∞, for all φ ∈ D where J(k) is the jump operator defined
by equation (10).

Then it is straightforward to verify under hypotheses (1) and (2) above that the
conditions of Lemma 1 are satisfied by the H-valued function t → h(t, [t]). There-
fore, it follows that the impulsive wave operators W± = s − limt→±∞ Λ(t)e−itH0

exist in this case.
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