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Abstract. Left universal R–matrices and right universal R–matrices are in-
troduced. A family of new universal R–matrices and charmed Hopf algebra is
found.

§1. Introduction

In this paper, we will study a class of quasitriangular Hopf algebras s`tq,z(2).
Apart from the universal R–matrices, there are two other kinds of elements in
s`tq,z(2) ⊗ s`tq,z(2), which are called left universal R–matrices and right univer-
sal R–matrices, respectively. Both left universal R–matrices and right universal
R–matrices are solutions to the quantum Yang–Baxter equation. We find three
varieties V`, Vr and V , which have the properties: each point in V` corresponds to a
left universal R–matrix, each point in Vr corresponds to a right universal R–matrix
and each point in V corresponds to a universal R–matrix. Therefore, we obtain not
only a family of new solutions to the quantum Yang–Baxter equation parametrized
by the points in the variety V` ∪ Vr, but also a family of new universal R–matrices
parametrized by the points in the variety V . It is well known that the class of
3–manifold invariants introduced by N. Yu. Reshetikhin and V. G. Turaev are a
linear combination of certain colored framed link invariants. The colored framed
link invariants are special cases of the tangle operators for colored framed tangles.
Therefore, the tangle operators play an important role in the study of 3–manifold
invariants. As an application of the family of quasitriangular Hopf algebras, we will
prove the existence of a class of tangle operators parametrized by the points in the
variety V .

§2. New universal R–matrices

Let H be a Hopf algebra with the comultiplication ∆ and the antipode S. Let
R :=

∑
i αi ⊗ βi ∈ H ⊗H , R12 :=

∑
i xi ⊗ yi ⊗ 1, R13 :=

∑
i xi ⊗ 1 ⊗ yi, R23 :=∑

i 1⊗ xi ⊗ yi and ∆′(x) := σ∆(x), where σ is the twist automorphism of H ⊗H
given by σ : x⊗ y 7→ y ⊗ x for x, y ∈ H . Consider the three conditions on R:

(a) R∆(x) = ∆′(x)R for all x ∈ H ,
(b) (∆⊗ id)(R) = R13R23,
(c) (id⊗∆)(R) = R13R12.
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Definition 2.1. In the setting above, we have

1. R is called a left universal R–matrix if R satisfies (a) and (b).
2. R is called a right universal R–matrix if R satisfies (a) and (c).
3. R is called a universal R–matrix if R is invertible and satisfies (a), (b) and

(c).

It is known that (a) and (b) imply the quantum Yang–Baxter equation:

R12R13R23 = R23R13R12.

Also, (a) and (c) imply the quantum Yang–Baxter equation. Hence, both a left
universalR–matrix and a right universalR–matrix can be a solution to the quantum
Yang–Baxter equation.

In the study of quantum groups, we have not seen any example of non-zero left
(or right) universal R–matrices which is not a universal R–matrix. In order to give
some such examples, we consider a Hopf algebra s`q,z(2), which is a generalization
of the quantum group s`q(2). The Hopf algebra s`q,z(2) is defined as the associative
algebra with generators {E,F,K±1, z±1} and relations:

KK−1 = K−1K = 1, zz−1 = z−1z = 1 and z is in the center of s`tq,z(2),

KEK−1 = q2E, KFK−1 = q−2F, EF − FE =
K − z−1K−1

q − q−1
,

where the coproduct ∆, the counit ε and the antipode S are defined by

∆(E) = E ⊗ 1 +K ⊗ E, ε(E) = 0, S(E) = −K−1E,

∆(F ) = F ⊗ z−1K−1 + 1⊗ F, ε(F ) = 0, S(F ) = −FzK,

∆(X) = X ⊗X, ε(X) = 1, S(X) = X−1

for X ∈ {K±1, z±1}.
Throughout this paper, we assume that q2 is a t–th primitive root of unity with

t ≥ 2. The ideal 〈Et, F t, Kt − 1, zt − 1〉 of the algebra s`q,z(2) is a Hopf ideal of
the Hopf algebra s`q,z(2). Set

s`tq,z(2) :=
s`q,z(2)

〈Et, F t, Kt − 1, zt − 1〉 ;

then we get a finite dimensional Hopf algebra s`tq,z(2) with generators {E,F,K±1,

z±1} and relations:

zz−1 = z−1z = 1 and z is in the center of s`tq,z(2),

KK−1 = K−1K = 1,

KEK−1 = q2E, KFK−1 = q−2F,

EF − FE =
K − z−1K−1

q − q−1
,

Et = F t = 0, Kt = zt = 1.
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In order to describe a class of left (or right) universal R–matrices for s`tq,z(2),

we define three varieties V`,Vr and V in Ct2 as follows:

V` : = {(dαβ)0≤α,β<t |
∑

0≤α<t

q2(γ′−γ)αdα,γdβ−α,γ′ = δγ,γ′dβ,γ},

Vr : = {(dαβ)0≤α,β<t |
∑

0≤α<t

q2(β′−β)αdβ,αdβ′,γ−α = δβ,β′dβ,γ},

V : = {(dαβ)0≤α,β<t ∈ V` ∩ Vr |
∑

0≤β,γ<t

q−2bβ+2dγdβγd−β−d,γ−b = δ(b,d),(0,0)},

where γ, γ′, b, d ∈ {0, 1, . . . , t − 1} and dα,β = dα′,β′ if α ≡ α′ mod t and β ≡ β′

mod t.
Note that the variety V contains at least the following t symmetric points:

(xα,β)0≤α,β<t =


1 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


and

(xα,β)0≤α,β<t =
1

t


1 1 . . . 1
1 a . . . at−1

...
...

. . .
...

1 at−1 . . . a(t−1)2

 ,

where a ∈ C, at = 1 and a 6= q2.

Example. If t = 2, then

V` = {(1

2
,
1

2
,
1

2
,
1

2
), (1, 0, 0, 0), (0, 0, 0, 0)}

∪ {(0, 1, 0, 0), (0,
1

2
, 0,±1

2
), (

1

2
, 0,±1

2
, 0), (

1

2
,
1

2
,−1

2
,−1

2
)},

Vr = {(1

2
,
1

2
,
1

2
,
1

2
), (1, 0, 0, 0), (0, 0, 0, 0)}

∪ {(0, 0, 1, 0), (0, 0,
1

2
,±1

2
), (

1

2
,±1

2
, 0, 0), (

1

2
,−1

2
,
1

2
,−1

2
)},

V = {(1

2
,
1

2
,
1

2
,
1

2
), (1, 0, 0, 0)}.

Theorem 2.1. Let

R(dαβ)0≤α,β<t

=
1

t

∑
0≤n,a,b,γ,µ<t

(q−1 − q)n

[n]!
q2ab+2µγ−2bγ+n(1−n)

2 db−µ,γEnKazγ ⊗ FnKbzµ,

where dα,β ∈ C. Then

(1) R(dαβ)0≤α,β<t is a left universal R–matrix for s`tq,z(2) if and only if

(dα,β)0≤α,β<t ∈ V`.

(2) R(dαβ)0≤α,β<t is a right universal R–matrix for s`tq,z(2) if and only if

(dα,β)0≤α,β<t ∈ Vr.
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(3) R(dαβ)0≤α,β<t is a universal R–matrix for s`tq,z(2) if and only if

(dα,β)0≤α,β<t ∈ V.

Proof. For convenience, we denote R(dαβ)0≤α,β<t by R.

(1) It follows from a direct calculation that

R∆(x) = ∆′(x)R for all x ∈ s`tq,z(2).

Hence, in order to prove (1), it suffices to prove

(∆⊗ id)(R) = R13R23 ⇐⇒ (dα,β)0≤α,β<t ∈ V`.

Set

cn,a,b,γ,µ :=
1

t

(q−1 − q)n

[n]!
q2ab+2µγ−2bγ+n(1−n)

2 db−µ,γ .(2.1)

Recall that the q–analogue of the binomial theorem has the form:

(A + B)n =

n∑
k=0

qk
2−nk

(
n

k

)
BkAn−k, where BA = q2AB.

Let A := E ⊗ 1 and B := K ⊗ E; we get

∆(E)n = (E ⊗ 1 +K ⊗ E)n =

n∑
k=0

qk
2−nk

(
n

k

)
KkEn−k ⊗ Ek.

On one hand, using the fact above, we have

(∆⊗ id)(R) = (∆⊗ id)

 ∑
0≤n,a,b,γ,µ<t

cnabγµE
nKazγ ⊗ FnKbzµ


=

∑
0≤n,a,b,γ,µ<t

cnabγµ∆(E)n∆(K)a∆(z)γ ⊗ FnKbzµ

=
∑

0≤n,a,b,γ,µ<t
0≤k≤n

cnabγµq
k2−nk

(
n

k

)
(KkEn−k ⊗ Ek)(Ka ⊗Ka)(zγ ⊗ zγ)⊗ FnKbzµ

=
∑

0≤n,a,b,γ,µ<t
0≤k≤n

cnabγµq
k(n−k)

(
n

k

)
En−kKk+azγ ⊗ EkKazγ ⊗ FnKbzµ.

(2.2)
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On the other hand, we have

R13R23 =

 ∑
0≤n′,a′,b′,γ′,µ′<t

cn′a′b′γ′µ′E
n′Ka′zγ

′ ⊗ 1⊗ Fn′Kb′zµ
′


×
 ∑

0≤n′′,a′′,b′′,γ′′,µ′′<t

cn′′a′′b′′γ′′µ′′1⊗ En′′Ka′′zγ
′′ ⊗ Fn′′Kb′′zµ

′′


=

∑
0≤n′,a′,b′,γ′,µ′<t

0≤n′′,a′′,b′′,γ′′,µ′′<t

cn′a′b′γ′µ′cn′′a′′b′′γ′′µ′′q
−2n′′b′En′Ka′zγ

′ ⊗ En′′Ka′′zγ
′′

⊗ Fn′+n′′Kb′+b′′zµ
′+µ′′

=
∑

0≤k≤n<t
0≤a′,b′,γ′,µ′<t
0≤a′′,b,γ′′,µ<t

cn−k,a′,b′,γ′,µ′ck,a′′,b−b′,γ′′,µ−µ′q−2kb′En−kKa′zγ
′ ⊗ EkKa′′zγ

′′

⊗ FnKbzµ

=
∑

a′≡k+a′′ mod t
and

γ′=γ′′

+
∑

a′ 6≡k+a′′ mod t
or

γ′ 6=γ′′

.

Letting a := a′′ and γ := γ′ = γ′′ in the first sum, we get

R13R23

=
∑

0≤k≤n<t
0≤a,b,γ,µ<t

 ∑
0≤b′,µ′<t

cn−k,k+a,b′,γ,µ′ck,a,b−b′,γ,µ−µ′q−2kb′

En−kKk+azγ

⊗ EkKazγ ⊗ FnKbzµ

+
∑

0≤k≤n<t
0≤a′,γ′,a′′,b,γ′′,µ<t

a′ 6≡k+a′′ mod t or γ′ 6=γ′′

 ∑
0≤b′,µ′<t

cn−k,a′,b′,γ′,µ′ck,a′′,b−b′,γ′′,µ−µ′q−2kb′



× En−kKa′zγ
′ ⊗ EkKa′′zγ

′′ ⊗ FnKbzµ.

(2.3)

Comparing (2.2) with (2.3), we see that (∆⊗ id)(R) = R13R23 is equivalent to
the following two equations:∑

0≤b′,µ′<t

cn−k,a′,b′,γ′,µ′ck,a′′,b−b′,γ′′,µ−µ′q−2kb′ = 0

for a′ 6≡ k + a′′ mod t or γ′ 6= γ′′,(2.4)

∑
0≤b′,µ′<t

cn−k,k+a,b′,γ,µ′ck,a,b−b′,γ,µ−µ′q−2kb′ = cn,a,b,γ,µq
k(n−k)

(
n

k

)
.(2.5)
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Let α′ := a′−γ′, α′′ := a′′−γ′′, β′ := b′−µ′ and β := b−µ. Then the condition

a′ 6≡ k + a′′ mod t or γ′ 6= γ′′

is equavilent to the condition

α′ 6≡ k + α′′ mod t or γ′ 6= γ′′,

and by (2.1), we have∑
0≤b′,µ′<t

cn−k,a′,b′,γ′,µ′ck,a′′,b−b′,γ′′,µ−µ′q−2kb′

=
∑

0≤β′,µ′<t

cn−k,α′+γ′,β′+µ′,γ′,µ′ck,α′′+γ′′,β′+µ′−β′′−µ′′,γ′′,µ−µ′q−2k(β′+µ′)

=
1

t2
(q−1 − q)n

[k]![n− k]!
q
n(1−n)

2 +k(n−k)+2α′′µ+2γ′′µ+2α′′β

×
 ∑

0≤β′<t

q2(α′−α′′−k)β′dβ′γ′dβ−β′,γ′′

 ∑
0≤µ′<t

q2(α′−α′′−k+γ′−γ′′)µ′
 ,

which is 0 if α′ − α′′ − k + γ′ − γ′′ 6≡ 0 mod t, and which is∑
0≤β′<t

q2(γ′′−γ′)β′dβ′γ′dβ−β′,γ′′

if α′ − α′′ − k + γ′ − γ′′ ≡ 0 mod t. This means that

(2.4) ⇐⇒
∑

0≤β′<t

q2(γ′′−γ′)β′dβ′γ′dβ−β′,γ′′ = 0 for γ′ 6= γ′′,

and

(2.5) ⇐⇒
∑

0≤β′<t

dβ′γdβ−β′,γ = dβγ .

This proves (1).
(2) The proof is similar to the proof of (1).
(3) By Proposition 3.1 in [1],

R is invertible ⇐⇒ R(S ⊗ 1)(R) = 1⊗ 1 = (S ⊗ 1)(R)R.
One can check that

R(S ⊗ 1)(R) = (S ⊗ 1)(R)R

=
∑

0≤b,d<t

q−2bd

 ∑
0≤β,γ≤t

q−2bβ+2dγdβγd−β−d,γ−b

 zb ⊗ zd,

which is 1⊗ 1 if and only if∑
0≤β,γ≤t

q−2bβ+2dγdβγd−β−d,γ−b = δ(b,d),(0,0).

Hence, (3) is true.
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§3. The charmed elements K−1zη

Let’s recall the definition of charmed Hopf algebras from [3].

Definition 3.1. A Hopf algebra H is called a quasitriangular Hopf algebra if
there exists a universal R–matrix in H⊗H , in which case we use (H,R) to indicate
that the quasitriangular Hopf algebra structure on H is determined by the universal
R–matrix R.

Definition 3.2. Let (H,R) be a quasitriangular Hopf algebra with the antipode
S, and R =

∑
i αi⊗βi ∈ H⊗H . An invertible element µ in H is called a charmed

element associated with the universal R–matrixR if the following three conditions
are satisfied:

(i) µxµ−1 = S2(x) for all x ∈ H ,
(ii)

∑
i αiµ

−1βi =
∑

i βiµαi,
(iii) S(µ) = µ−1.

A quasitriangular Hopf algebra (H,R) is called a charmed Hopf algebra if H
contains a charmed element µ, in which case we use (H,R, µ) to indicate that the
charmed Hopf algebra structure on H is determined by the charmed element µ
associated with the universal R–matrix R.

According to Theorem 2.1, we have a family of quasitriangular Hopf algebras
structures on s`tq,z(2). When does the family of quasitriangular Hopf algebras
contain charmed elements? Before answering this question, we need some identities.

For m ∈ Z, we define

[m] :=
qm − q−m

q − q−1
, [m]! := [m][m− 1] . . . [1],

(
m

n

)
:=

{
[m]!

[n]![m−n]! , for 1 ≤ n < m,

1, for n = 0 or n = m,

[m]q :=
qm − 1

q − 1
, [m]q! := [m]q[m− 1]q . . . [1]q,

(
m

n

)
q

:=

{
[m]q!

[n]q ![m−n]q!
, for 1 ≤ n < m,

1, for n = 0 or n = m,

[K, z;m] :=
qmK − q−mz−1K−1

q − q−1
,(

K, z; m
j

)
:=

[K, z;m][K, z;m− 1] . . . [K, z;m− j + 1]

[j]!
.

Lemma 3.1. In s`tq,z(2), we have

FnEk =
∑

0≤i≤min(n,k)

(−1)i
(
n

i

)
[i]!

(
k

i

)
[i]!

(
K, z; n− k − 1 + i

i

)
Ek−iFn−i,

FnEn =
∑

0≤j≤i≤n
(−1)i

(
n

i

)2

[i]!
q

(2j−i)(i−1)
2

(q − q−1)i

(
i

j

)
En−iFn−iK2j−izj−i.(3.1)
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Proof. The proof is similar to the proof given in [3]. See [3] for details.

Now we present some interesting identities about q–integers.

Lemma 3.2. Let q2 be a primitive t–th root of unity. Then∑
0≤j≤t−n−1−a

q−j(a+n+2)

(
n+ j + a

a+ j

)(
a+ j

j

)
= 0,(3.2)

∑
0≤j≤i≤t−n

q(2p−2j+i+2n+1)(i−j)−(n+2)i(−1)i+j

(
n + i

i

)(
i

j

)
= q2(n+1)(1−p),(3.3)

where 0 ≤ n, p < t and 0 ≤ a < t− n− 1.

Proof. Using the equality
(
n
k

)
= qk

2−nk(n
k

)
q2

, we have

Xa : =
∑

0≤j≤t−n−1−a
q−j(a+n+2)

(
n+ j + a

a+ j

)(
a+ j

j

)

=
∑

0≤j≤t−n−1−a
q−j(a+n+2)q(a+j)(−n)

(
n+ j + a

a + j

)
q2
qj(−a)

(
a+ j

j

)
q2
,

or

qan[n]q2 ![a]q2 !Xa

=
∑

0≤j≤t−n−1−a
q−2j(a+n+1)[n + a+ j]q2 [n+ a + j − 1]q2 . . . [j + 1]q2

=
∑

0≤j≤t−1

q−2j(a+n+1)[n + a+ j]q2 [n + a+ j − 1]q2 . . . [j + 1]q2

=
1

(q2 − 1)n+a

∑
0≤j≤t−1

q−2j(a+n+1)((q2)n+a+j − 1) . . . ((q2)j+1 − 1)

=
1

(q2 − 1)n+a

∑
0≤j≤t−1

q−2j(a+n+1)
∑

1≤k≤2n+a

(±(q2)fkj+gk)

=
1

(q2 − 1)n+a

∑
1≤k≤2n+a

(±q2gk)
∑

0≤j≤t−1

(q2)(fk−(a+n+1))j ,

where fk and gk are some nonnegative integers for 1 ≤ k ≤ 2n+a.
Since 0 ≤ fk ≤ n+ a and 0 ≤ a < t− n− 1, fk − (a + n+ 1) 6≡ 0 mod t for all

1 ≤ k ≤ 2n+a. Therefore, we get∑
0≤j≤t−1

(q2)(fk−(a+n+1))j = 0 for all 1 ≤ k ≤ 2n+a,

which implies that Xa = 0. This proves (3.2).
(3.3) follows from (3.2) directly.

We are ready to study when the family of quasitriangular Hopf algebras

(s`tq,z(2),R(dαβ)0≤α,β<t)

contain charmed elements. Although we do not know if a charmed element is a
group–like element, it is certain that group–like elements are good candidates for
the charmed elements.
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For convenience, we set

J := zK.

Then the universal R–matrix R(dαβ)0≤α,β<t =
∑

i
αi ⊗ βi in Theorem 2.1 can be

reexpressed as

R(dαβ)0≤α,β<t

=
1

t

∑
0≤n,α,β,γ,µ<t

(q−1 − q)n

[n]!
q2αβ+2αµ+2γµ+ n(1−n)

2 dβγE
nKαJγ ⊗ FnKβJµ.

Let us consider the group–like element µ = KξJη in s`tq,z(2). It is easy to check
that

S(µ) = µ−1,(3.4)

S2(x) = µxµ−1 for x ∈ s`tq,z(2) iff ξ + η ≡ −1 mod t.(3.5)

Now we begin to find the conditions on ξ and η which will imply the equation
(ii) in Definition 3.2.

On one hand, we have∑
i

αiµ
−1βi

=
1

t

∑
0≤n,α,β,γ,µ<t

(q−1 − q)n

[n]!
q2αβ+2αµ+2γµ+ n(1−n)

2

× dβγ(E
nKαJγ)(K−ξJ−η)(FnKβJµ)

=
1

t

∑
0≤n,α,β,γ,µ<t

(q−1 − q)n

[n]!
q2αβ+2αµ+2γµ+ n(1−n)

2 +2n(ξ−α)+2n(η−γ)dβγ

× EnFnKα+β−2ξJγ+µ−2η.

Let a := α+β−2ξ and b := γ+µ−2η. Then α = a−β+2ξ and µ = b−γ+2η.
So we get

t(
∑
i

αiµ
−1βi)K

−ξJ−η

=
∑

0≤n,a,b<t

(q−1 − q)n

[n]!
q2(a+2ξ)(b+2η)+n(1−n)

2 +2n(η−a−ξ)

×
 ∑

0≤β,γ<t

q2β(a−β+2ξ+γ−b−2η)+2γ(−a−2ξ+b−γ+2η)+2n(β−γ)dβγ

EnFnKaJb

=
∑

0≤n,a,b<t

(q−1 − q)n

[n]!
q2(a+2ξ)(b+2η)+n(1−n)

2 +2n(η−a−ξ)

×
 ∑

0≤β,γ<t

q2(a−b+n)(β−γ)−2β2+2βγ−2γ2+4(β−γ)(ξ−η)dβγ

EnFnKa+bzb.
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Replacing a by p− b, we have

t(
∑
i

αiµ
−1βi)K

−ξJ−η

=
∑

0≤n,p,b<t

(q−1 − q)n

[n]!
q2(p−b+2ξ)(b+2η)+ n(1−n)

2 +2n(η−p+b−ξ)

×
 ∑

0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2+4(β−γ)(ξ−η)dβγ

EnFnKpzb,

or

t(
∑
i

αiµ
−1βi)K

−ξJ−η

=
∑

0≤n,p,b<t

(q−1 − q)n

[n]!
q
n(1−n)

2 +2nη+2b(p+n−b)(q2)2pη+4ξη−np−nξ+b(2ξ−2η)

×
 ∑

0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2+4(β−γ)(ξ−η)dβγ

EnFnKpzb,(3.6)

On the other hand, we have

∑
i

βiµαi

=
1

t

∑
0≤n,α,β,γ,µ<t

(q−1 − q)n

[n]!
q2αβ+2αµ+2γµ+n(1−n)

2 dβγ(F
nKβJµ)(KξJη)(EnKαJγ)

=
1

t

∑
0≤n,α,β,γ,µ<t

(q−1 − q)n

[n]!
q2αβ+2αµ+2γµ+n(1−n)

2 +2n(ξ+β)+2n(µ+η)dβγ

× (FnEn)Kα+β+ξJγ+µ+η.

By (3.1), we get

t(
∑
i

βiµαi)K
−ξJ−η

=
∑

0≤n,α,β,γ,µ<t
0≤j≤i≤n

(q−1 − q)n

[n]!
q2αβ+2αµ+2γµ+ n(1−n)

2 +2n(β+ξ+µ+η)dβγ

× (−1)i
(
n

i

)2

[i]!
q

(2j−i)(i−1)
2

(q − q−1)i

(
i

j

)
En−iFn−iKα+β+jJµ+γ+j−i.
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Replacing n by n+ i, the equation above can be rewritten as

t(
∑
i

βiµαi)K
−ξJ−η

=
∑

0≤n,α,β,γ,µ<t
0≤j≤i≤t−n

(q−1 − q)n

[n]!

× q2αβ+2αµ+2γµ++2(n+i)µ+ n(1−n)
2 +(i−1)(j−i)−ni+2(n+i)(β+ξ+η)dβγ

× (−1)i+j

(
n + i

i

)(
i

j

)
EnFnKα+β+jJµ+γ+j−i

=
∑

0≤n,a,b≤t

(q−1 − q)n

[n]!
q2ab+2nb+2n(ξ+η)+ n(1−n)

2

×
 ∑

0≤β,γ<t

q2(a−b+n)(β−γ)−2β2+2βγ−2γ2

dβγ


×
 ∑

0≤j≤i≤t−n
q(2a+2b−2j+i+2n+1)(i−j)−ni+2i(ξ+η)(−1)i+j

(
n+ i

i

)(
i

j

)
× EnFnKaJb,

or

t(
∑
i

βiµαi)K
−ξJ−η

=
∑

0≤n,p,b≤t

(q−1 − q)n

[n]!
q
n(1−n)

2 +2nη+2b(p+n−b)(q2)nξ

×
 ∑

0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2

dβγ


×
 ∑

0≤j≤i≤t−n
q(2p−2j+i+2n+1)(i−j)−ni+2i(ξ+η)(−1)i+j

(
n + i

i

)(
i

j

)
× EnFnKpzb.(3.7)

Comparing (3.6) and (3.7), we see that

∑
i

αiµ
−1βi =

∑
i

βiµαi
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if and only if ξ and η satisfy the following equation:

(q2)2pη+4ξη−np−nξ+b(2ξ−2η)

×
 ∑

0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2+4(β−γ)(ξ−η)dβγ


=(q2)nξ

 ∑
0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2

dβγ


×
 ∑

0≤j≤i≤t−n
q(2p−2j+i+2n+1)(i−j)−ni+2i(ξ+η)(−1)i+j

(
n+ i

i

)(
i

j

) .(3.8)

Recall from (3.5) that ξ + η ≡ −1 mod t. Hence, the last bracket in the right
hand side of (3.8) is equal to q2(n+1)(1−p) by (3.3). Replacing ξ by −η − 1 in (3.8),
we get

(q2)(2η+1)(p+n−2b−(2η+1))

 ∑
0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2+4(β−γ)(−2η−1)dβγ


=

∑
0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2

dβγ ,

or ∑
0≤β,γ<t

q2(p−2b+n)(β−γ)−2β2+2βγ−2γ2

×
(
(q2)(2η+1)(p+n−2b−(2η+1)−2(β−γ)) − 1

)
dβγ = 0(3.9)

for all 0 ≤ n, p, b < t.
In summary, we have obtained the main theorem:

Theorem 3.1. Let R(dαβ)0≤α,β<t be the universal R–matrix in Theorem 2.1, where

(dαβ)0≤α,β<t is a point in the variety V. Then the group–like element Kξzη is a
charmed element in the quasitriangular Hopf algebra (s`tq,z(2),R(dαβ)0≤α,β<t) if and

only if ξ = −1 and η satisfies the equation (3.9).

As a corollary, we have the following theorem.

Theorem 3.2. If t is odd and (dαβ)0≤α,β<t ∈ V , then (s`tq,z(2),R(dαβ)0≤α,β<t) is

a charmed Hopf algebra with the charmed element K−1z
t−1
2 .

Proof. If η = t−1
2 , then (q2)2η+1 = 1. Hence, (3.9) is true for all points (dαβ)0≤α,β<t

∈ V . It follows from Theorem 3.1 that Theorem 3.2 holds.

R. Kirby and P. Melvin in [3] proved that every charmed Hopf algebra yields a
tangle operator. Combining Theorem 3.6 in [3] and Theorem 3.2 above, we get

Theorem 3.3. For every odd t and every point (dαβ)0≤α,β<t ∈ V , there is a tangle
operator Ft;(dαβ)0≤α,β<t for colored framed tangles which behaves well with respect
to compositions and tensor products.
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Remark. We call s`q,z(2) the centralized quantum group for s`(2). Similarly, there
are the centralized quantum groups Uq,z1,z2,...,zn(G) for G a finite-dimensional semi-
simple Lie algebra of rank n over C. We have found that Lusztig’s braid group
action on the Drinfeld-Jimbo quantum groups Uq(G) can be generalized to the
centralized quantum groups Uq,z1,z2,...,zn(G).
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