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ABSTRACT. Left universal R—matrices and right universal R—matrices are in-
troduced. A family of new universal R—matrices and charmed Hopf algebra is
found.

§1. INTRODUCTION

In this paper, we will study a class of quasitriangular Hopf algebras 562)2(2).
Apart from the universal R—matrices, there are two other kinds of elements in
slh (2) ® st} (2), which are called left universal R-matrices and right univer-
sal R—matrices, respectively. Both left universal R—matrices and right universal
R—matrices are solutions to the quantum Yang—Baxter equation. We find three
varieties Vp, V,. and V, which have the properties: each point in V; corresponds to a
left universal R—matrix, each point in V,. corresponds to a right universal R—matrix
and each point in V' corresponds to a universal R—matrix. Therefore, we obtain not
only a family of new solutions to the quantum Yang—Baxter equation parametrized
by the points in the variety V, U V,., but also a family of new universal R—matrices
parametrized by the points in the variety V. It is well known that the class of
3—manifold invariants introduced by N. Yu. Reshetikhin and V. G. Turaev are a
linear combination of certain colored framed link invariants. The colored framed
link invariants are special cases of the tangle operators for colored framed tangles.
Therefore, the tangle operators play an important role in the study of 3—manifold
invariants. As an application of the family of quasitriangular Hopf algebras, we will
prove the existence of a class of tangle operators parametrized by the points in the
variety V.

§2. NEW UNIVERSAL R—MATRICES

Let H be a Hopf algebra with the comultiplication A and the antipode S. Let
R=>,®0, € HOH, Ri2:=>, 2,y ®1, Rizg := >, ® 1 @ y;, Roz :=
Y 1®x; ®y; and A'(x) := 0A(x), where o is the twist automorphism of H ® H
givenby o :x®@y+— y®z for x,y € H. Consider the three conditions on R:

(a) RA(z) = A'(z)R for all x € H,
(b) (A®id)(R)=Ri3Ras,
(C) (Zd ® A)(R) = R13R12.
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Definition 2.1. In the setting above, we have

1. R is called a left universal R—matrix if R satisfies (a) and (b).
2. R is called a right universal R—matrix if R satisfies (a) and (c).
3. R is called a universal R—matrix if R is invertible and satisfies (a), (b) and

(c).
It is known that (a) and (b) imply the quantum Yang-Baxter equation:
Ri12R13R23 = Ra3Ri3R12.

Also, (a) and (c) imply the quantum Yang-Baxter equation. Hence, both a left
universal R—matrix and a right universal R—matrix can be a solution to the quantum
Yang—Baxter equation.

In the study of quantum groups, we have not seen any example of non-zero left
(or right) universal R—matrices which is not a universal R—matrix. In order to give
some such examples, we consider a Hopf algebra s/, .(2), which is a generalization
of the quantum group s¢4(2). The Hopf algebra s/, .(2) is defined as the associative
algebra with generators {E, F, K*!, z*1} and relations:

KK '=K'K =1, 2271 = 2712 =1 and z is in the center of séfLZ(Z),
K-z 1K1t
KEK'=¢BE, KFK'=¢?*F, EF-FE=—°" "
q9—q
where the coproduct A, the counit € and the antipode S are defined by

ABE)=E®1+K®FE, &E)=0, S(E)=-K'E,
AF)=F2z 'K '+1®F, e(F)=0, S(F)=-FzK,
AX)=X®X, e(X)=1, S(X)=x""

for X € {K*!, 2*1}.

Throughout this paper, we assume that ¢2 is a t—th primitive root of unity with
t > 2. The ideal (E*, F*, K — 1, 2" — 1) of the algebra s/, .(2) is a Hopf ideal of
the Hopf algebra sf, ,(2). Set

slq.2(2) )
(BCFU K 1,2t — 1)

sl .(2) =

then we get a finite dimensional Hopf algebra sf! (2) with generators {E, F, K +1
z*1} and relations:

2271 = 2712 =1 and z is in the center of SKZ)Z(Q),

KK '=K 'K =1,

KEK~'=¢’E, KFK~!'=q72F
K—z1K!
q—q!
Et=Ft =0, Kt=2t=1.

EF - FE =

3
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In order to describe a class of left (or right) universal R-matrices for st/ (2),

we define three varieties V;,V, and V in C** as follows:

Vi : ={(dap)o<a,p<t | Z ¢ _W)O‘da,'ydﬁ—a,'y’ = byyds .}

0<a<t
Vi i = {(dap)o<a,p<t | Z P % odyr o = 6p,3dp.A ),
0<a<t
Vi={(dap)ocap<t €VenVi | Y ¢ P Ndgd g gy =500}

0<B,y<t
where v,7',b,d € {0,1,...,t — 1} and do g = do,pr if @ =&’ mod t and 8 =
mod t.
Note that the variety V' contains at least the following ¢ symmetric points:

1 0 ... 0
0O 0 ... 0
(Za,8)0<a,6<t = :
0 0 0
and
1 1 .. 1
1 1 a . at~1
(xa,ﬁ)OSOz,B<t = z : : . : ,
1 gt—! at=1)7°

where a € C, a' = 1 and a # ¢°.

Example. If ¢t = 2, then

1111
={(=,=,>,-),01
‘/l {(2727232)5( 703070)5(07())070)}
1 1.1 1 11 1 1
1 Z0,4£2),(=,0,+£=,0), (5, =, —=, —=
U{(Oa 7070)7(072507 2)7(2507 270)5(2727 2a 2)}7
1111
V,«—{(5,5,5,5),(1,0,0,0),(0,0,0,0)}
1 1. .1 1 1 11 1

U{(0707170)’(0707§7i§)7(§7i§7070)7(§7_§757_5)}7
1111

V={(5 37331000}
Theorem 2.1. Let
R

dap)o<a,p<t

_1 S e —a" gRab+2m=2by+ 0 g un EPKO2Y @ FUK 2
' —H
osnatu<t

)

where do, g € C. Then

(1) Rdap)oca s 05 @ left universal R-matriz for st} (2) if and only if

(da,8)o<a,p<t € Vi.
(2) R

wi)ocan<: 18 @ Tight universal R-matriz for st (2) if and only if

(da,8)o<a,p<t € Vi
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(3) R(dup)oca se: 15 a universal R-matriz for sti, .(2) if and only if

(da,p)o<a,p<t € V.

Proof. For convenience, we denote R(q,,,), copet
(1) Tt follows from a direct calculation that

by R.

RA(z) = A'(z)R  for all z € sl!, (2).
Hence, in order to prove (1), it suffices to prove

(A (%9 Zd)(R) =Ri13Ra93 < (da,ﬁ)oga,ﬁ<t e Vs

L' =g" _ n(1-n)
(2.1) Crabyyop i= zngabnw 2by+

ol et

Recall that the g—analogue of the binomial theorem has the form:

(A4 B)" = Z qkz_"k <Z> B¥ A"k where BA = ¢*AB.
k=0

Let A:=F®1 and B := K ® E; we get

On one hand, using the fact above, we have

(A ®id)(R) = (A ®id) > cCnayuE"EK"2Y @ FTE 2"

0<n,a,b,y,u<t

= Y CaaAE)AK)"A(2)T @ FMK 2
0<n,a,b,y,u<t
= Y cuaud” ™ (Z) (KFE"F @ BFY(K* @ K9) (27 ® 27) @ FP Kb 2"

0<n,a,b,y,u<t
0<k<n

(2.2)

= Y cnaud™" P (Z) ErFKRO @ BFKO2T @ FPK M

0<n,a,b,y,u<t
0<k<n
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On the other hand, we have

’ ’ ’ ’ ’ ’
Ri3Ra3 = E Cn/a/b/»),/#/En K2V @1® F" K? 2+
0<n’,a" b ' ' <t

Z "o " "o
X E Cn//a//b//,yl/ul/l [ En Ka Z’Y X Fn Kb Z'u
0<n’ ,a" b A" ' <t
—on'b =’ 7ral A ! rra o~
= E Cn’a’b"y’p/Cn”a”b”v”u”q E K Z’Y ® E K Z’Y

0<n’ o’ b’ ' ' <t
Ogn//7a//,b//7’y//,u//<t

® Fnl"rn”Kb,'i‘b”Zﬂl'i‘,U«N

_ —2kb’ En—kKa’ ~' EkKa” ~"
= Cn—k,a’b',y', 1’ Ch,a/ b—b' ' ,u— ' 4 2 @ z
0<k<n<t
0<a’,b' ', u' <t
0<a’ by u<t

® F" K2+
= X + >
a’'=k+a’’ mod t a’#k+a’’ mod t
,and,, Or
=y v #EY

Letting a := a” and v := 7' = +" in the first sum, we get

Ri13Ra3
_ —2kb’ n—k r-k+a
= > D Cnkktab v Chiab—b v ErrKET Y
0<k<n<t 0<b’ ,u' <t
0<aby,u<t

® EFK2Y @ FPK2*

—2kb’

+ E E Cr—k,a’ b/ ', Ch,a?’ b—b' v u—p G

0<k<n<t 0<b ' <t

0<a’,y',a”by" p<t
a'#k+a” modt or ~'#y’

(2.3)
x B R @ BFKY " @ FrK -

Comparing (2.2) with (2.3), we see that (A ® id)(R) = R13Ra;3 is equivalent to
the following two equations:

—2kb’ __ O
Cn—k,a’,b' ' ,p Ck,a’" b—=b' v ,u—p' 4 =
o<y ' <t
(2.4) fora’ #k+a” modtory #+",
—2kb’ k(n—k) [T
(2.5) E Cn—k,k+a,b’ y,pu' Ck,a,b=b'y,u—p'q = Cn,a,b,y,u4 . (k)

o<y ' <t
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Let o :=d' -+, o :=ad" —~", ' := b — ' and B := b— p. Then the condition
a#k+ad" modt or o #+"

is equavilent to the condition

o Zk+a" modt or o #4",
and by (2.1), we have

—2kb’
E Cn—k,a/,b' " 1 Ck,a" b—b/ " ,u—p' 4
0<b’ ' <t

— k(B 1!
E cn_k)a/'i"yl)ﬁ/+Nl)'7/7N/ckxa//""'y//)ﬁ/+N/_B//_N//7'YH)N'_N'/q (5 H )

0<pB’ p' <t
:i (q_l - q)n w+k(n—k)+2oc”,u+2'y”u+2a”ﬁ
22 [K1n — ]!
> Z q2(a —a'' —k)pB dﬁ/'y'dﬁ—ﬁ’,'y” Z qQ(a —a —k+y"—~y")p ,
0<p’ <t

o<p’'<t
whichis 0if o/ —a” —k++" —~” #0 mod ¢, and which is
0<p'<t
ifa/ —a’ —k++"—~"=0 mod t. This means that
(24) — Z qZ(V//_'y/)ﬁ/dﬁ,’wdﬁ_ﬁ,ﬁ” -0 for '71 # 7/17
0<p’'<t
and
(25) <= Z dgryds—pr 5 = dpy.
0<p'<t
This proves (1).
(2) The proof is similar to the proof of (1).
(3) By Proposition 3.1 in [1],
R is invertible <= R(S®@1)(R)=1® 1= (S®1)(R)R.
One can check that

R(S®1)(R)=(S®1)(R)R

= > | D ?PPMAsd oy | 2P @2

0<b,d<t 0<B,y<t
which is 1 ® 1 if and only if
S PPN dgd g g = 8.4),0,0)-
0<B <t

Hence, (3) is true.
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§3. THE CHARMED ELEMENTS K 12"

Let’s recall the definition of charmed Hopf algebras from [3].

Definition 3.1. A Hopf algebra H is called a quasitriangular Hopf algebra if
there exists a universal R—matrix in H ® H, in which case we use (H,R) to indicate
that the quasitriangular Hopf algebra structure on H is determined by the universal
R-matrix R.

Definition 3.2. Let (H,R) be a quasitriangular Hopf algebra with the antipode
S,and R =3, o;®0; € H® H. An invertible element x in H is called a charmed
element associated with the universal R—matrix R if the following three conditions
are satisfied:

(i) prp=t = S%*(z) for all x € H,

(i) >, aap™ B = 32, Bipaws,

(i) S() = .
A quasitriangular Hopf algebra (H,R) is called a charmed Hopf algebra if H
contains a charmed element p, in which case we use (H,R, i) to indicate that the
charmed Hopf algebra structure on H is determined by the charmed element u
associated with the universal R—matrix R.

According to Theorem 2.1, we have a family of quasitriangular Hopf algebras
structures on sf} (2). When does the family of quasitriangular Hopf algebras
contain charmed elements? Before answering this question, we need some identities.

For m € Z, we define

qr—q ™
m] = ——— [m]l:=[m]m—-1]...[1],
)= = — 5 it = 1) 1]
<m) — [n]‘[[zll]i IR for 1 <n < m,
n o 17 fornzOorn:m,
qg" —1
g = T = g = 1] 1],
(m) . %, for 1 < n <m,
n q'_ 1) fOI‘’rl,:OOI‘TL:'rn7
M g—m —1K—1
[K)Z,m]:q q _Zl ,
qa—4q
<K7 z; m )._ [K,z;m][K,z;m —1]...[K,z;m — j + 1]
7 - ! |

Lemma 3.1. In st} (2), we have

S0 0 [ G R I

0<i<min(n,k)

2 @i-nG-D .
(3.1) FrE" = Z (_1)Z<n> [i]lL<Z'>En—iFn—iK2j_izj_i.

1
0<iTi<n (@—a )" \J
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Proof. The proof is similar to the proof given in [3]. See [3] for details. O
Now we present some interesting identities about g—integers.
Lemma 3.2. Let ¢% be a primitive t—th root of unity. Then

—j +j+a\fa+j
3.2 jla+n+2) <" )( ) —0,
(32) o oq .y ;

0<j<t—n—1—a

(3.3) Z q(2p—2j+i+2n+1)(i—j)—(n+2)i(_1)i+j <" + Z) <Z> — 2D (A-p)
0<j<i<t—n ? J

where 0 <n,p<tandd<a<t—n-—1.

k2 —nk (n

Proof. Using the equality (}) = ¢ k)q2, we have

x0T
a+j j

0<j<t—n—1—a J

Y gl glakin) (n it a) D) <a + j) 7
0<j<t-n—1l—a atd /e T

X,

or
q“"[n]g2'a] 2! X,

= Z q—2j(a+n+l)[n—|—a—|—j]q2[n—|—a+j—1]q2...[j—|—1]q2
0<j<t—n—1—a

- Z g et Dy ot jlentatj—1e... [+ 1,

0<j<t—1
1 —9iladn ot )
o L T =) (@Y -
9 0<j<t—1
1 —2j(a+n j
B D D D (R
4 0<j<t—1 1<k<onte
1 —(a+n j
“E =1 Do ) Y (e,
4 1<k<2nte 0<j<t—1

where f, and g are some nonnegative integers for 1 < k < 27+,
Since 0 < fr <nm4+aand0<a<t—m—1, fy —(a+n+1)#0 mod ¢ for all
1 < k < 2nte Therefore, we get

Z (qz)(f’“_(‘”"“))j =0 forall 1 <k <27t

0<y<t-1
which implies that X, = 0. This proves (3.2).
(3.3) follows from (3.2) directly. |

We are ready to study when the family of quasitriangular Hopf algebras
(S[;,z (2)7 R(d

contain charmed elements. Although we do not know if a charmed element is a
group-like element, it is certain that group-like elements are good candidates for
the charmed elements.

a[ﬁ)OSa,B<t)
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For convenience, we set
J :=zK.

Then the universal R-matrix Ry
reexpressed as

= ZZ a; ® B; in Theorem 2.1 can be

aﬁ)OSa,B<t

R

aﬁ)osa,ﬁ«

n(l—n)

1 _\n
— Z Z (q [ ]'q) q2aﬁ+2au+2'yp,+ 5 dﬁ’yEnKaJv ® FTLKﬁJu
0<n,0,8,7,u<t '

Let us consider the group-like element p = K*.J7 in sf! _(2). It is easy to check
that

(3.4) S(u) =n",

3.5 S%(x) = pxp~t forxz e st (2)iff £€+n=-1 modt.
a,

Now we begin to find the conditions on ¢ and n which will imply the equation
(ii) in Definition 3.2.
On one hand, we have

Z o' B;

:1 Z MQQQQ—FQOHH_}”H_M
0<n,a,B,7,u<t [ ]
x dg,(E"K*JV) (K~ J ") (F"KP J")
—1 n
B 2 W = 0" rapraoprayicr 202l on(e—a)+2n(r—v) g

" By
|
0<n,a,B,7,u<t ]

~ EnFnKoc+5—2§J’Y+H—277'

Leta:=a+ (-2 and b:=~v+pu—2n. Thena=a—(F+2¢ and p=b—~vy+2n.
So we get

t(z Oéiﬂ_lﬂi)K_EJ_n

- v %qzmws)(ww%wn(n—a—s)
|

0<n,a,b<t

% Z qQB(a—5+2§+'v—b—2n)+2'y(—a—2§+b—v+2n)+2n(ﬁ—'y)dm EVFPK® b
0<B,y<t
-1
= Z uq2(a+2£>(b+2n)+M+2n(n—a—£)

[n]!

0<n,a,b<t

% Z q2(a—b+n)(6—7)—262+2BW—ZV2+4(6—7)(E—n)dﬁw EnFrRaeth, b

0<B,<t
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Replacing a by p — b, we have

t(z Oél',u_lﬂi)K_éj_n

-1
_ (@7 = @)" a(p-br2e)(br2m)+ 2952 4 2n(n—ptb—6)
DI

0<n,p,b<t

% Z q2(p—2b+n)(ﬁ—'v)—252+257—272+4(5—'y)(E—n)dm E"F KPP,
0SB, y<t

or
tY i ) KT
—1 n
_ Z (e —q) qwnnwzb(mn—b)(qz)Qpn+4§n—np—n§+b(2g—2n)
]
0<n,p,b<t [ ]
(3.6) 2 D D e el et Cau DN PR 0L 2L " PL
0<B,v<t

On the other hand, we have

Z Bikey;

1 - n n — N
:z Z uq2aﬁ+2au+27u+ (12 ) dﬁv(FnKBJM)(KE Jn)(EnKa J'y)
0<n,a,B,y,u<t [ ]

:l Z —(q —9)" 20‘5+20¢u+2w+"(1§")+2n(E+B)+2n(u+n)d
[ ]| q By
0<n,o,B8,y,u<t
x (FME™)KoHA+e jytutn,

By (3.1), we get

(> Bipoi) K—ET 7"

-1
- Z @ —qr q2a6+2au+2w+“12—*")+2n(ﬁ+5+ﬂ+n)d .

[n]!
0<n,a,B,v,pu<t
0<j<i<n

n 2 q(2jﬂg(i*1) i
—1)* N BT T KT i
< (5) o= () ’
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Replacing n by n + ¢, the equation above can be rewritten as

10> Bipai) K~ET 7"

- ¥ (¢t —q)
- |
0<n,a,B,y,u<t [

0<j<i<t—n

. n(l—n) . . . .
5 qzocﬁ+2au+2w++2(n+z)u+1T+(z—1)(4—1)—m+2(n+z)(ﬁ+£+n>dﬁ7

X (_1)i+j (n _: Z) (;) EnFnKoz+B+jJ,u+'y+j—i

-1
= Z (4 _Q)nqzab+2nb+2n(£+n)+—”“;”>

% Z qQ(a—b+n)(5—7)—252+257—272dm

0<B,y<t

% Z gt 20— 2 ik 20 1) (=)~ 2i(E4u) (1 )it <n —|— z) (z)

i
0<j<i<t—n J

x E"F"K®J°,
or

t(z ﬂiuai)K_fJ_"

(q _q)n nl=n) 1 opn n— n.
_ Z Tq 7 +2nn+2b(p+ b)(q2)€

0<n,p,b<t

_ _ _ 2 _ 2
% Z G2 (P2 1) (=) =267 +26v—2y g

0<B,y<t

% Z g2 2R 1) (=) —nick 2i(6+) 1)+ (n —|— z) (z)

= 2 ]
0<j<i<t—n

(3.7) x E"FTKPzb,

Comparing (3.6) and (3.7), we see that

Z aip” B = Z Bipexi
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if and only if £ and 7 satisfy the following equation:

(qQ)2pn+4§n—np—n§+b(25—2n)

% Z G2P=26+n) (B=7)=26+287=27* +4(8-7) (€ -n) dg.,

0<B,v<t

_ _ _ 2 _ 2
=(¢*)"* Z G2 (P=2b+n) (B—7)—26°+267—2 ds

0<B,y<t
(3.8) y Z g (2P 202 1) (=)~ ik 20(6n) (_1)i+d <n —|— z) (z)
0<j<i<t—n ¢ J

Recall from (3.5) that £ + 7 = —1 mod ¢t. Hence, the last bracket in the right
hand side of (3.8) is equal to ¢>(*+*)(1=P) by (3.3). Replacing ¢ by —1 — 1 in (3.8),
we get

()@t D) (ptn—20—(2n+1) Z qz(zn—2b+n)(5—7)—252+25w—2w2+4<5—v)(—217—1)d57

0<B,v<t
= Z P24 (B =26% 4267297 o
0<B,v<t
or
Z G2P=26+n) (B—7) =26 +28v-27*
0<B,y<t
(3.9) % ((q2)(2n+1)(p+n—2b—(2n+l)—2(5—7)) _ 1) dgy =0

for all 0 < m,p,b < t.
In summary, we have obtained the main theorem:

Theorem 3.1. Let Rd,4)0<q 5., b the universal R-matriz in Theorem 2.1, where
(dog)o<a,p<t i a point in the variety V. Then the group—like element K&2" is a
charmed element in the quasitriangular Hopf algebra (SZZ)Z (2), R ) if and
only if £ = —1 and n satisfies the equation (3.9).

daplo<a,B<t

As a corollary, we have the following theorem.

Theorem 3.2. If t is odd and (dap)o<a,p<t € V, then (st} (2), R

a charmed Hopf algebra with the charmed element K15

daﬁ)OSa,B<t) (2]

Proof. 1f n = 52, then (¢?)?"*! = 1. Hence, (3.9) is true for all points (dag)o<a,s<t
€ V. It follows from Theorem 3.1 that Theorem 3.2 holds. O

R. Kirby and P. Melvin in [3] proved that every charmed Hopf algebra yields a
tangle operator. Combining Theorem 3.6 in [3] and Theorem 3.2 above, we get

Theorem 3.3. For every odd t and every point (dag)o<a,g<t € V, there is a tangle
0perator Fi.(d,g)oca s<, JOT colored framed tangles which behaves well with respect
to compositions and tensor products.
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Remark. We call s, ,(2) the centralized quantum group for s£(2). Similarly, there
are the centralized quantum groups Uy s, ...z, (G) for G a finite-dimensional semi-
simple Lie algebra of rank n over C. We have found that Lusztig’s braid group
action on the Drinfeld-Jimbo quantum groups Uy(G) can be generalized to the
centralized quantum groups Uy, 2,,....2, (9)-
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