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THE STRUCTURE OF FUNCTIONS SATISFYING

THE LAW OF LARGE NUMBERS

IN A CLASS OF LOCALLY CONVEX SPACES

ROBERT C. STOLZ

(Communicated by Richard T. Durrett)

Abstract. For each function f that satisfies the law of large numbers with
values in a certain class of locally convex spaces with the Radon-Nikodym
property the following decomposition holds: f = f1+f2, where f1 is integrable
by seminorm, and f2 is a Pettis integrable function which is scalarly 0.

1. Introduction

In this paper, (Ω,Σ, µ) denotes a probability space, (F,P) a complete locally
convex space, where P is a generating family of seminorms, and F ′ the topological
dual of F . If the topology on F is generated by a single seminorm q, then this space
will be denoted by (F, q). Let

Uq = {x ∈ F | q(x) ≤ 1} and U◦q = {x′ ∈ F ′ | |x′y| ≤ 1, ∀y ∈ Uq}.
For every f ∈ FΩ, denote:

qP (f) = sup
x′∈U◦q

∫ ∗

Ω

|x′f |dµ,

qGC(f) = lim sup
n→∞

∫ ∗

Ω∞
sup
x′∈U◦q

1

n

n∑
i=1

|x′f(ξi)|dµ∞((ξi)),

q1(f) =

∫ ∗

Ω

q(f)dµ.

Set

LLN(µ, F ) =

{
f : Ω → F | ∃a ∈ F :

(µ∞)∗

{
(ωi) ∈ Ω∞ | lim

n→∞ q

(
1

n

n∑
i=1

f(ωi)− a

)
= 0, ∀q ∈ P

}
= 1

}
,
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M(Σ,F) = {f : Ω → F | f is (Σ,F)-measurable},
L1
P (µ, F ) = {f : Ω → F | f is Pettis µ-integrable},
L1
∗(µ, F ) = {f : Ω → F | q1(f) <∞ ∀q ∈ P},

L1
S(µ, F ) = {f : Ω → F | f is µ-integrable by seminorm},

where a function f : Ω → F is said to be µ-integrable by seminorm [2] if for each
q ∈ P there exist a set Nq with µ(Nq) = 0 and a sequence {sqn} of simple functions
such that:

1. limn→∞ q(f(ω) − sqn(ω)) = 0 for each ω ∈ Ω\Nq, i.e. f is measurable by
seminorm;

2. q(f(ω)− sqn(ω)) ∈ L1(µ,R) for every n ∈ N and

lim
n→∞

∫
Ω

q(f − sqn)dµ = 0;

3. for each A ∈ Σ, there exists yA ∈ F such that for every q ∈ P

lim
n→∞ q

(∫
A

sqndµ− yA

)
= 0.

We then define yA =
∫
A fdµ. Integrability by seminorm, first introduced by

Grothendieck [7], is one of the possible extensions of Bochner integrability from
Banach to locally convex spaces.

V. Dobrić [5] has shown that for a locally convex space F

LLN(µ, F ) ⊆ L1
P (µ, F ) ∩ L1

∗(µ, F ).(1.1)

E. Mourier [11] proved for separable Banach spaces and A. Beck [1] for non-
separable Banach spaces that the set of functions that are Bochner integrable is
contained in the set of functions that satisfy the law of large numbers.

The following section will demonstrate the inclusion for locally convex spaces,

L1
S(µ, F ) ⊆ LLN(µ, F ),

provided that one of the following conditions holds:
(a) There exists a map Ψ : NN → P which is increasing, cofinal and for

every x ∈ F , σ 7→ Ψ(σ)(x) is continuous. We will say that a locally
convex space F is of NN-continuous type if it has this property.

(b) F is an F -analytically normed space [4] and f ∈M(Σ,F).

Remark 1. If (a) holds, then F is B(F )-analytically normed, but we do not need
to place a measurability condition to get the inclusion.

Whenever

L1
S(µ, F ) ⊆ LLN(µ, F ) ⊆ L1

P (µ, F ) ∩ L1
∗(µ, F ),

it is natural to ask how far from L1
S(µ, F ) and how close to L1

P (µ, F ) the set
LLN(µ, F ) can be. A locally convex space F is said to possess the Radon-Nikodym
property if for every finite measure space (Ω,Σ, µ), every µ-continuous F -valued
measure with bounded variation has a density which is integrable by seminorm. For
the locally convex spaces with the Radon-Nikodym property that have property (a)
or (b) the following sections will present a decomposition theorem which addresses
this question.
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The general method used will obtain the results by establishing the decomposi-
tion for every seminormed space first and then transferring these results to a locally
convex space. In general locally convex spaces, the transfer of almost sure results
from each seminormed space to a locally convex space requires determining when
a union of null sets, each arising from the space (F, q), q ∈ P , is a null set. If P is
uncountable, such a union does not have to be a null set and additional conditions
on P are needed. One can ensure that this uncountable union of null sets is a null
set through the use of a monotone convergence theorem for nets. Conditions (a)
or (b) are sufficient for the monotone convergence theorem for nets developed by
Hoffmann-Jørgensen [8] to hold.

2. Decomposition Theorem

The following result gives conditions under which almost sure convergence in F
is equivalent to almost sure convergence in (F, q) for all q ∈ P .

Theorem 1. Let fn be a sequence of functions such that qfn → 0 µ-a.s. for every
q ∈ P and qfn is (Σ,B(R))-measurable for every q ∈ P. If F is of NN-continuous
type, then fn → 0 in F µ-a.s.

Proof. Let Ψ(σ) = qσ and

Nqσ = {ω ∈ Ω : qσ(fn(ω)) 6→ 0} .
If we show that

M =
⋃

σ∈NN

Nqσ is a null set,

the proof will be complete. The following is in the same spirit as V. Dobrić’s work
on analytically normed spaces [4, Theorem 3.3].

Let Θ = {1Nq : q ∈ P}. If we prove that Θ is smoothly filtering upwards on
(Ω,Σ, µ) (see [4]), then, since µ∗(Nq) = 0, or µ(Nq) = 0 if (Ω,Σ, µ) is complete,
∀ q ∈ P , by [8, Corollary 2.3], µ∗(M) = 0.

Let Φ : NN → {1Nq : q ∈ P} be defined by Φ(σ) = 1Nqσ
. Φ is increasing since

Nqσ ⊆ Nqτ if σ ≤ τ . Φ is cofinal since the map Ψ is cofinal. It remains to prove

Sa =
{
(σ, ω) ∈ NN × Ω : Φ(σ)(ω) > a

} ∈ S
(B (NN

)⊗ Σ
) ∀a > 0.

If a > 1, then Sa = ∅ ∈ S(B(NN)⊗ Σ). If 0 < a ≤ 1, then

Sa = {(σ, ω) : ω ∈ Nqσ}
= {(σ, ω) : qσ(fn(ω)) 6→ 0}

=

∞⋃
n=1

∞⋂
m=1

∞⋃
k=m

{
(σ, ω) : qσ(fk(ω)) ≥ 1

n

}
.

Since Souslin sets are closed under countable intersections and unions [12], one
needs only to show

{
(σ, ω) : qσ(fk(ω)) ≥ 1

n

}
∈ S(B(NN)⊗ Σ).(2.1)

Let us define hn : NN × Ω → R by hn(ω, σ) = qσ(fn(ω)). Hypotheses assure that
hn(·, ω) is continuous for every ω ∈ Ω and hn(σ, ·) is (Σ,B(R))-measurable for every
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σ ∈ NN. Since NN admits B(NN)-elementary resolution of the identity [9], we get
that hn is (B(NN)⊗Σ,B(R))-measurable (see [9, Theorem IV.2.6]). It follows that{

(σ, ω) : qσ(fk(ω)) ≥ 1

n

}
∈ B(NN)⊗ Σ.

Thus, (2.1) holds.

Corollary 1. Let Sn((ωi)) = a− 1
n

∑n
i=1 f(ωi). Suppose

(µ∞)∗
{

(ωi) ∈ Ω∞ : lim
n
q (Sn((ωi))) = 0

}
= 1 ∀q ∈ P

and qSn is (Σ∞,B(R))-measurable. If F is of NN-continuous type, then

(µ∞)∗
{

(ωi) ∈ Ω∞ : lim
n
q (Sn (ωi)) = 0 ∀q ∈ P

}
= 1.

Proof. Let fn ((ωi)) = Sn ((ωi)) and apply Theorem 1.

Using the above corollary we can establish the following proposition.

Proposition 1. If F is of NN -continuous type, then

L1
S(µ, F ) ⊆ LLN(µ, F ).

Proof. If f ∈ L1
S(µ, F ), then f ∈ L1(µ, (F, q)) for every q ∈ P . It follows from

[10, Theorem 2.4] and [5, Lemma 2.4] that f ∈ LLN(µ, (F, q)) for every q in P
and qSn is (Σ∞,B(R))-measurable, since f ∈ L1(µ, (F, q)). A direct consequence
of Corollary 1 is that f ∈ LLN(µ, F ).

Theorem 2. Let F be a locally convex space with the Radon-Nikodym property
of NN -continuous type. If f ∈ LLN(µ, F ), then there exists f1 ∈ L1

S(µ, F ) and
f2 ∈ L1

P (µ, F ), qP (f2) = 0 for each q ∈ P, such that

f = f1 + f2.(2.2)

Moreover, the decomposition (2.2) is unique.
Conversely, if f1 ∈ L1

S(µ, F ) and f2 ∈ L1
P (µ, F ) such that qGC(f2) = 0 and qSn,2

is (Σ∞,B(R))-measurable for each q ∈ P, where Sn,2((ωi)) = 1
n

∑n
i=1 f2(ωi), then

f1 + f2 ∈ LLN(µ, F ).

Proof. Let f = f1 + f2, where f1 ∈ LS(µ, F ) and f2 ∈ L1
P (µ, F ), qGC(f2) = 0 for

every q ∈ P . Talagrand [14] proved that g ∈ LLN (µ, (F, q)) if and only if there
exists a sequence {sqn} of simple functions such that

qGC (g − sqn) → 0 as n→∞.(2.3)

Choose sqn = 0 for every n ∈ N. Then (2.3) holds for f2 and so f2 ∈ LLN(µ, (F, q))
and qSn,2 is (Σ∞,B(R))-measurable for each q ∈ P . Again, by Corollary 1, f2 ∈
LLN(µ, F ). By Proposition 1, L1

S(µ, F ) ⊆ LLN(µ, F ) and LLN(µ, F ) is a vector
space. Thus the converse is proved.

Let f ∈ LLN(µ, F ). Then (1.1) implies f ∈ LP (µ, F ). Construct the vector-
valued measure

G(E) = (P )−
∫
E

fdµ for every E ∈ Σ,
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where P stands for the Pettis integral. Then G is a countably additive µ-continuous
vector measure on Σ (see [3]). Since

f ∈ LLN(µ, (F, q)) ⊆ L1
P (µ, (F, q)) ∩ L1

∗(µ, (F, q)),

for every q ∈ P (see [5]), it follows from [6] that |G|q(Ω) <∞ holds for each q ∈ P .
Hence the vector measure G is of bounded variation.

By assumption F has the Radon-Nikodym property and so there exists f1 ∈
L1
S(µ, F ) such that

G(E) =

∫
E

f1dµ for every E ∈ Σ.

For a fixed q ∈ P it follows directly from [6] that qP (f−f1) = 0. Set f2 = f−f1.
Then f2 ∈ LLN(µ, F ).

To prove the decomposition (2.2) is unique, suppose there exists g1 ∈ L1
S(µ, F )

such that qP (f − g1) = 0 for every q ∈ P . To show uniqueness in LS(µ, F ) we need
to prove q(f1 − g1) = 0 a.e. for every q ∈ P .

Fix q ∈ P . Let x∗ ∈ (F, q)′ be arbitrary. Choose n such that x∗ ∈ nU◦q , which

implies x∗
n ∈ U◦q . Since qP (f1 − g1) = 0,∫

Ω

∣∣∣∣x∗n (f1 − g1)

∣∣∣∣ dµ = 0,

which implies x∗f1 = x∗g1 µ-a.e. But then, since f1, g1 ∈ L1(µ, (F, q)), q(f1−g1) =
0 µ-a.e. by [3, Corollary II.2.7]. Thus the proof is complete.

Example 1. Test spaces D(S) described in [13] give one example of a locally con-
vex space with the Radon-Nikodym property [2], where there exists an increasing
cofinal map Ψ : NN → P such that σ 7→ pσ(x) is continuous for each x ∈ F [4].

In what follows we will consider F -analytically normed spaces [4] and develop a
decomposition theorem for (Σ,F)-measurable functions.

Proposition 2. Let F be a σ-algebra on F so that F is analytically normed. Then

M(Σ,F) ∩ L1
S(µ, F ) ⊆ LLN(µ, F ).

Proof. If f ∈ L1
S(µ, F ), then f ∈ LLN(µ, (F, q)) for every q ∈ P . By hypothesis f

is (Σ,F)-measurable, so by [4, Corollary 3.4] f ∈ LLN(µ, F ).

Hence, the following inclusions hold, provided (F,F) is an F -analytically normed
space:

M(Σ,F) ∩ L1
S(µ, F ) ⊆ LLN(µ, F ) ⊆ L1

P (µ, F ) ∩ L1
∗(µ, F ).

We are now in a position to prove the following decomposition theorem.

Theorem 3. Let F be an F-analytically normed locally convex space with the
Radon-Nikodym property. If f ∈ LLN(µ, F ), then there exist f1 ∈ L1

S(µ, F ) and
f2 ∈ L1

P (µ, F ), qP (f2) = 0 for each q ∈ P, such that

f = f1 + f2.(2.4)

Moreover, the decomposition (2.4) is unique.
Conversely, if f1 ∈ L1

S(µ, F ) ∩M(Σ,F) and f2 ∈ L1
P (µ, F ) ∩M(Σ,F) where

qGC(f2) = 0 for each q ∈ P, then f1 + f2 ∈ LLN(µ, F ).
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Proof. Let f=f1+f2, where f1∈LS(µ, F )∩M(e,F) and f2∈L1
P (µ, F )∩ M(Σ,F),

qGC(f2) = 0 for every q ∈ P . The same argument as in the proof of Theo-
rem 1 assures that f2 ∈ LLN(µ, (F, q)) for each q ∈ P . By [4, Corollary 3.4],
f2 ∈ LLN(µ, F ), since f2 is (Σ,F)-measurable. Because L1

S(µ, F ) ∩M(Σ,F) ⊆
LLN(µ, F ) and LLN(µ, F ) is a vector space, the converse is proved.

The other part of the proof is the same as the proof of Theorem 2.

Example 2. The distribution spaces, D′(S) (see [13]), are B(D′(S))-analytically
normed [4] and have the Radon-Nikodym property [2]. Hence D′(S) is an example
of a locally convex space where this decomposition theorem holds.
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