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ABSTRACT. A uniform LP estimate of Bessel functions is obtained, which is
used to get a characterization of the L? measures on the unit sphere of R™ in
terms of the mixed LP norm of the Fourier transform of the measures.

1. INTRODUCTION

For n > 2, let S(R™) be the space of Schwartz class functions. The dual space
of S(R™) is denoted by S’(R™) and called the tempered distributions. Let S"~! be
the unit sphere of R™. For u € S'(R™), we list the following statements.

(A) p is a finite measure on S™1L.

(B) {u, f) = 0 for f(x) € S(R"), vanishing on S"~ 1.

(C) p is supported on S™~ 1.

It is easy to see that (A) — (B) — (C). An example of Schwartz [8] indicates
that in general (C) - (B), while the Hilbert transform distribution on a piece of S*
could be used to show that in general (B) -» (A). One motivation for us to study
these properties comes from the area of partial differential equations with constant
coefficients. For example, if /i is a solution of the equation Au(x) + u(z) = 0,
then pu satisfies the property (B). In [3], Hérmander proved that if i € LP(R"),
1<p< %, then (C) implies p = 0. For p > %, we have
Theorem 1.1 ([2], Lemma 1, page 504). If

ae LP(R™), 4<p<oo, n=2,

2n cp< 2n
n_1 P~y "3%

3<p<oo, n=3, n >3,

then (C) implies (B).

A natural question is: When does (C) imply (A)? First we notice that since
S7~1 is compact, the fact that 4 € LP°(R"™) for some py > 1 implies that all
derivatives of i are also in the space LP°(R™). Thus the Sobolev embedding lemma
([9], Theorem 0.3.7, page 26) yields that i € L>°(R™) and hence i € LP(R™) for
all p > pg. Therefore if one seeks LP conditions on /i, then a smaller p means a
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1330 KANGHUI GUO

stronger condition. To find a precise condition on fi, let us study the measure p
on S"~! given by u = g(s)ds, where g(s) is a smooth function on S"~! and ds
is the area measure of S"~1. In this special case, it is well known [7] that (¢) is
essentially a constant multiple of (1 + |¢[)~"2", which implies the following facts:

1
o 2n \ 7 .
(1) lim inf (p - 1) il Lo (rmy < 00,

p— ()T

. 1 o
(2) h;ff;p{R /KR 1e3] dﬁ} < oo

Previously, Agmon and Hoérmander ([1], Theorems 2.1 and 2.2) found that (2)
is true if and only if p is a L? density on S"~!. Their proof uses the Plancherel
theorem and some smooth cut-off functions.

For z € R"™, denote its polar coordinates by (r,z’). Define the mixed norm
spaces LP(RT)(L?(S"~1)) by

LP(R*)(L*(S"71) = {f(?% @), [1fllLecze)

_ </O°° (/S |f(r,x’)|2dx’)% r"_ldr> ]1? < oo}.

We list the following statement for LP(L?):

2n
n—1

(3) lim inf ( -

2n

P_’(n 1)+

) il e (r2y < oo.

The LP(L?) space is very close to the space LP(R"™). For instance, we have
I flleeney < CllfllLe(rny for p > 2, and || f|| r(z2) = C||fl Lr(rny if f is radial. The
main result of this article is Theorem 4.1, which is stated in terms of LP(L?) spaces.
In particular, it yields that if suppu C S™~1, then (3) is equivalent to (2). Since
it is trivial to see that (1) implies (3), we conclude that if supp u C S™~1, then (1)
implies (2).

The well known optimal LP — L? restriction theorem says that the Fourier
transform restriction operator T is bounded from LP(R"™) to L*(S™7!) for all

(n+1)

1<p< 2nT If one considers the LP — L9 restriction problem, then the optimal

range of p should be 1 <p < nQ—_fl This turns out to be a long-standing conjecture
for n > 3 ([11], page 388). In [12], L. Vega proved the LP(L?)(R") — L?*(S™™!)

restriction theorem for p in the optimal range 1 < p < nQ—]:l As a corollary of
Theorem 4.1, we will recapture L. Vega’s result with the precise information for the
constant in the inequality (see Remark 4.2).

Working with the mixed norm spaces enables us to substitute the Plancherel
theorem with the Parseval identity for Fourier coefficients so that p > 2 in the r
direction is allowed, while in the previous work, p = 2 in all directions is imperative.

2n

For our approach, the difficulty stems from the assumption that p > =%, since,

when invoking the Hoélder inequality in the Lorentz spaces (see [5]), one can only
assert that if ji € Lo (the weak L space), then (2) is satisfied. The key
ingredients in our proof are the L?(L?) version of Theorem 1.1 and the best possible
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uniform L? estimate of the Bessel functions J,(r) for all nonnegative real v, which
is proved via the Fourier transform restriction theorem on S?.

We organize this paper as follows. Section 2 supplies some background informa-
tion. Section 3 is devoted to the estimates of Bessel functions. The main result
is proved in Section 4, where a counter-example is also given to show that for any
fixed p > 4, there exists a distribution u € S’(R?) with supp u C S and i € LP(L?)
such that 4 is not a finite measure on S*.

2. PRELIMINARIES

We start with the dual form of the restriction theorem of the Fourier transform to
the unit circle S* in R2. We refer the reader to [11], page 414, for the original form.
In the rest of this paper, the same C' will stand for different uniform constants.

Lemma 2.1. Let u = g(s)ds be a finite measure on S'. Then there is a constant
C, independent of p, such that

@ ([ i) < co-at ([ ora)’, Eeloiicpcn

Proof. For 0 < a < m and 1 < s < 2, the proof of the Hardy-Littlewood-Sobolov
inequality ([11], page 354) indicates the inequality
n—ao

_ 2
L' (rmy < Cln —a) " f Nz crmy,s P I+ —

() I1f [yl

where s’ = 5 and C'is independent of a (or s).

Then an application of the Holder inequality yields

(6)

[ [ f@swle v dods] < €= ) U g

With0<a<nand1<s<2,suchthat%zl—i—%.
Since S is compact, we may cut it into several pieces if necessary so that for
each piece we can follow the proof of Theorem 5.1 in [11], pages 412-414, to get

X
7

@ ([ ) <af [ ir@rior -

where 1 < r <2 and r’ = 5. Here the constant A is independent of r.

Using (6) for n =1 to control the right-hand side of (7), we have

® ([ i) e ([ o),

where 1 <r <2, 7' = L5, and%:?)—r.

Let p = 2/ and ¢ = rs; then an easy calculation shows that % + % = 1. Thus
(4) follows from (8) since there is a constant C, independent of r (or p), such that
(2- r)_% <C(p-— 4)_% for all 1 < r < 2 and hence for all 4 < p < co. The proof
of Lemma 2.3 is complete

The following lemma is called van der Corput’s lemma.
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Lemma 2.2 ([11], page 332). Suppose that ¢ is real-valued and smooth in (a,b)
and that | (z)| > 1 for all z € (a,b). Then there exists a constant ¢y, independent
of ¢,t,a and b such that fort >0

b
/ eitd)(w) dr

holds when (i) k > 2, or (ii) k =1 and ¢'(x) is monotone.

< th_%

For z € R", write x = r2/, with r = |z|] and 2’ € S"~!. We will need the
following identity, which can be derived easily from Theorem 3.10, page 158 in [10].

Lemma 2.3. Let p =Y (2') da’ with Y (2') a spherical harmonic of degree m (> 0).
Then

n—2

(€)= Cimmr

Jo (MY (E),
where C' is independent of m.

Checking the proof of Theorem 1.1 in [2] carefully, one sees that the same proof
with a minor modification yields its L?(L?) version as follows.

Lemma 2.4. If

fre LP(L?), 4<p<oon=2,

2n cp< 2n
n-1 PSn—3

3<p<oo, n=3, n >3,

then (C) implies (B).

3. ESTIMATES OF BESSEL FUNCTIONS

Recall that for integers m, the Bessel functions J,,,(r) are defined by

1 L
Jm(T) / ez(rsm 0—mpo) do

:g .

and we have J_,,(r) = (—=1)"™J(r). Also for positive real numbers v, the Bessel
functions J,(r) can be written as A, (r) — B,(r), where

1"
(9) Av(r) _ %/ ez(rsm@—vé) d9,
(10) B,(r) = 220 / eyt sinh(t) gy,
™ 0

We refer the readers to [13], page 176, for details.

Lemma 3.1. For0 < A < %, we have

(11) / Jg(r)r_’\drzCi, 0<wv<l,
1

e 1 1
2 -
(12) A Jv (’I”)T dr Z CX . ’U_>" v Z 1,

where C' is independent of v, A.
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Proof. From the definition of J,(r), it is obvious that |J,(r)| < C for all v > 0 and
r > 0. It follows that fol J2(r)yr~2dr < C for 0 < A < % and 0 < v < 1. Also from

(9) and (10), we have fol J2(ryr~*dr < CZ for 0 < A < 1 and v > 1. Thus the
lemma will be proved if we can show that

> 1 1
13 J2(ryr N dr > C=, 0<A<=,0<v<,
v A 2
0
> 1 1 1
14 J2(ryr~Ndr > C= - = O<A< =, v>1.
(14) ARG S S BT e

The following formula can be found in [13], page 403, which we only need for
v>0and 0 < A < %, even though it holds in other cases:

(DM (v —2x+2)
TEA+ )T+ iIr+ )

(15) /000 J2 (=N dr = 5

The inequality (13) will follow from (15) and the fact that T'(A\) > C'% for 0 <
A < 1. The inequality (14) will follow from (15) and the following inequality whose
proof is an easy exercise in calculus:

I‘(v—%)\+%)> 1

16 SR AN T R
(16) I‘(v—l—%)\-i-%)_ v

0< A<

N | =

, v > 1.

The proof of the lemma is finished.

Lemmas 2.1 and 2.3 and the fact that J_,,(r) = (—=1)™J,,(r) give the following
uniform LP estimate of Bessel functions J,,(r) for all integers m. This estimate
seems to be well known in the community, but it is not available for the author in
the literature.

Lemma 3.2.

(17) (/ |Jm(r)|prdr>p < C(p—4)%,
0
where C' is independent of p > 4 and all integers m.

Remark. For each fixed m, Lemma 3.2 is trivial due to the fact that asr — oo, Jp, ()
is essentially Cnr~2. What makes Lemma 3.2 interesting is that C,, — oo as
m — oo ([11], page 357).

In the remainder of this section, we will prove that the same estimate (17) holds
for J,(r), uniformly for all v > 0.

Lemma 3.3. For v > 2, we have

1

(18) () ( JAEECE Jv+1<r>|f’rdr) "ot

(19) (i) (/OOO [T (r) + Jora (r)[Pr dr) : <Cp—4)7

where C' is independent of p > 4 and v.
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Proof. First of all it is easy to check that (17) is true for B, (r), uniformly for v > 1.
Thus it remains to verify (18) for A,_1(r) — Ay+1(r) and (19) for A, (r) + Ay41(r).

Write v as m + a with 0 < a < 1. Let F,(f) = (1= _ ¢=i1+a)0 5pq
Go(0) = e 4 711400 Qince F, (1) = Go(n) = Fo(—7) = Go(—7) = 0, and
both F,,(0) and G, () are smooth, integrating by parts yields that for 6 € [—m, 7],
one has Fo(0) = 3% are™™ and G, (0) = 1% bre™*?, where Y- |ax| < C and
> Ibk| < C. Here the bound C is independent of a.

We have
1 (™ . .
Av—l(T) _ Av+1(7") — 2_/ ez(rsmG—mG)(ez(l—a)O _ e—z(l+a)9)d9’
L
1 (™ ) .
AU(T’) + Av+1 (T‘) — %/ ez(rsm@—m@)(e—za@ +e—z(1+o¢)0) de.

Invoking Lemma 3.2 and Minkowski’s integral inequality finishes the proof of
(18) and (19).

Lemma 3.4.

IN
NS

v > 1,

1
0o, 0<rs s
|']’U(T)|SOT_%7 7”21, ’UZO

Proof. The estimates of this lemma are trivial for B,(r), hence we only prove the
lemma for A, (r). We write A, (r) as Ay, (1) + Ay, (1), where

3T z
27TA1)1 / 1rsm0 v0) d9+/

s
4

I -
277/41)2 / z(r sin 6—v0) de + / el(r sin 0 —v0) de.
3
S 1

4

z(rsmG v0) d9+/ ei(rsinG—uG) d9,

37
1

.t=-|‘;|’

When r < 2, we use Lemma 2.4 with k = 1 for both A,, (r) and A,,(r) to get

1
(20) [Au(r)| <C= Osr<g, vzl

l\DI@

When r > 1, we use Lemma 2.4 with k& = 3 to control A,, (r) and with &k = 2 to
control A,,(r). This together with (20) completes the proof of the lemma.

Now we are in a position to prove the main result in this section.

Theorem 3.5. For p > 4, we have

ey @ ([ era) sce-uh ez,
0

(22) (i) / |Jo(r)Prdr < Cpsv™5, 0>1,0<6<p—4,
0

where C' is independent of p and v, while C, s depends on p and 8, but is independent
of v.

Proof. The estimate (22) follows directly from (21) and Lemma 3.4. It remains to
verify (21). For each fixed v, (21) is trivial, so we may assume v > 2. We will use
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the following recurrence formulae ([13], page 45):

(23) Jo1(r) = Joa (r) = 2J5(r),
(24) rJ(r) —vJy(r) = —rdyp1(r).

From (18) and (23), we see that J,(r) satisfies the estimate (21), uniformly for
v > 2. It follows from (24) that 2.J,(r) — J,4+1(r) satisfies the estimate (21). This

together with (19) yields that (1+ 2).J,(r) satisfies the estimate (21). In particular,
there exists a constant C independent of p > 4 and v > 2 such that

(0

(1 + ;) Jv(r)‘prdr)% <C(p- 4)_%,

which implies

(25) (/03U|Jv(r)|prdr>% <C(p—4)s.

Using the cutting of the integral as in the proof of Lemma 3.4 and invoking
Lemma 2.4 with Kk = 1 or & = 2, one can verify that there exists a constant C'
independent of p > 4 and v > 2 such that

(26) ( I |Av<r>|prdr)% <Clp-at

v

As in the proof of Lemma 3.3, (26) is trivial for B, (r), v > 2. It follows that (26)
is true for J,(r). Putting (25), (26) together completes the proof of the theorem.

4. PROOF OF THE MAIN RESULT

Theorem 4.1. Let p be a tempered distribution supported on S"~1. Then
(i) if p is a L? density on S™~1, then

2n g .
(27) sup (P — —— Al Le(z2) < Cllullpz(sn-1y;

p>20 1

(i) if iminf, |, _2u y4 (p— n2fl)%||ﬂ||Lp(L2) < 00, then p is a L* density on S™~!
such that

1
. 2n \? .
(28) lilzagsesy <€ gt (5= -2 ) allarcen

n+1

where C' only depends on the dimension n.

Proof of (i). Without loss of generality, we assume that ||ul|z2(gn-1) = 1. We can
write p = g(2') da’ with g(z') = 307 em Yo (2'), where >0 [¢,|? = 1 and Y, (27) is
some spherical harmonic of degree m with ||Y;,||2 = 1. From Lemma 2.3, we have

'[/J(T’ x/) = CZ i_mCmT_nTﬂJnTﬁ_i_m(T)Ym (ZE/)
0
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(n

Let p > % so that p - 27_1) > 4. We apply (i) of Theorem 3.5 to obtain

n

e (n=1) 2(n-1)p 2 —1 — e Dp
(/ |Janz+m|p»2 nl (’I")Td?") SC(pL_ZL)
0

n

2n \ e
Clp- :
o-3)

n—2 n—2

00 n—2 __n—2
(n=2)p n 2(n—1 2(n—1) n 2(n—1)
7”(_ T tn—l-55tgy) s dr <Clp- .
1 n—1

Therefore, the following inequalities are true:

IN

Moreover an easy calculation shows

P

[o'e) o0 2 (n_2)
[ (Sl @)
1 0 2
~ [ (n—2)
<c (Zlcm|2|JnT2+m|P<r>) o g
1 0

> e (n—2)
_n—2)p —
§0§0:|cm|2’/1 o P~ 72

(n—=2)p _
= " lar

> oo
SOXO:|cm|2/1 | Tacz P (r)r 7857 7 2050

> oo e Py}
<O leml? [/ A <r>rd7“]
0 1

n—2
o0 —2 " 2(n—1) 2(n—1)
- |:/ r(—in_zm"""_l_z(nq)) = dr
1

n

n—2
T2(m-1) T 2(n-1)
<or(p- 2n . 2n
n—1 n—1
-1
<cv (p— 2n )
n—1

where, in the first inequality, we used the Jensen convex inequality for the discrete
integral since Y o [em[? = 1.
Since ||Y;||2 = 1, which implies ||Y,|l1 < C for all m, Lemma 2.3 implies that

Jn—2 P72 are uniformly bounded by a constant B for all r and m.
5 tm
This gives

L& : (n=2)
n—2)p
/0 <Z|cm|2J%2_2+m(T)> rm2 " ldr
0

SBPZ|C’”|2/ r"~Ydr < BP.
0

1
0
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Thus the definition of LP(L?) yields

P

[e'e) oo 2
(i _=2p
”“”zip(m):/() <Z|Cm|2J%TQ+m(T)> P
0

(/ o ) (Z el T2 r)) ey,

Scp(p— 2n> L Br

n—1

2n )y = 1, (27)

where C' only depends on the dimension n. Since lim, .o (p — =%

follows from the last inequality.

Proof of (ii). Since S™~! is compact, we see that (u, f) is well defined for f €
C*(R™) and that fi is a C*° function in R™. In particular for each r, fi(r,£’) is a
L? function on S"~!. Under the assumption of (ii), we can apply Lemma 2.4 to see
that (u, f) = 0 if f(z) € C°°(R™), vanishing on S"~1. Thus we can write (i, f) =
{pt, flgn—1) for every f € C>°(R"), where f|gn-1 is the restriction of f on S"~!. In
particular this implies that fi(r,&') = (i, e¢*") and for any spherical harmonic
Y (¢') of degree m we have (u,Y (&) = (u, P(§)), where P(§) = |§|mY(w) is a
solid spherical harmonic of degree m. Now we have

it ae
= [ ey ae

_ ire.x’ / /
<u/s 7€y (¢1) de >

= {u, Ci"Mr~ " In2 (r)Y(z"))
= i (1, Y (@)™ Jazz (1),

Let Y5, (&), 5 = 1,2,...,mg, be all of the spherical harmonics of degree m with
m 1
[V, ll2 = 1. Let ¢m, = (1, Y, ), em = 07" |em, [*)2 and

1 &
T om Z Cm; Yom; (€7)
1

provided ¢, # 0.
With the above notation, we have shown that

=C Z Z'_mCm7”_n772 Jn_4+mYm (5/)

Given p > 2% et A, = (% ;1—1—1—%)( — -2 so that
2n \ p 2n
—2—=),+1 ——)=—= 1 ——— ) =n-1
<n ptltp n—1>2 (+p n—l) "
and that0<)\p§C’2(p——) with C independent of p. We may assume A, < =

by restricting p close to n—fl
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We have

[(p—nzf’l)_l <|c TSP I 'Cﬁ'zp )ﬂ

C* (% <|c|z+z em? )
n2|)\

m>0

<cr Z |cm|2/1 J7271+nT,2(T)7"_AP dr

mEO

S|

<CP / Z [Cm] J2 . 2( )r —(n=2)p.(n=2) .= Ap pL4p= 22y = (L4p=227) gy

m>0

1_E o0
2n 2 —(n—

m>0

— — _2_n _2n
(DA p P2y B (52 g
p
2

2 2
<Cr (p -z ) / </ |fa(r, x’)|2dx) " tdr
n—l 0 Sn—1
on \ % 2n
P _ _
<C (p o 1) <p n_ > ||/’L||LP (L2)

Here the second inequality comes from Lemma 3.1 and, in the fourth inequality, we

used Jensen’s convex inequality for integrals and the fact that floo pm =220 gy =

(p—25) 7"
Thus we have

i 1
Cenl ) 2n \7
<|Co|2+ > o) <Clr-in) Il

m>0

where C' only depends on the dimension n. Since \,, — 0 for any py — (22)%,
we get

1
o 2n \7
Z lem? | <C hmlnf+ (p i 1) il e (r2ys

>0 p—(:2)
which proves (28).

Remark 4.2. For f € S(R"), the dual form of (27) is the following optimal mixed
norm restriction result:

1
o7

2n \
) I fll o2y 1<p<

-1

2n
n+1’

I
where p’ is given by z% =1- % and C is independent of p.

We now turn our attention to the counter-example. We start with a lemma that
is just the Fourier series version of Theorem 7.6.6, page 209 in [4].
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Lemma 4.3. For a small € > 0 and any p > 2, there exists p € S'(R) with

suppp C [e,2m — €], not a finite measure, such that Y~ |a(m)[? < oo, where

Com = <,LL, eimw>.

Proof. Checking the proof in [4] for the case n = 1, one can see that everything
could be adopted except the fact that the Fourier transform of i€ is Ct_%e_“%,
which was used to show that the Fourier transform of €€ is uniformly bounded
by Ct~=. The author is not aware of the exact formula for the Fourier coefficients
of the function ¢/€” on [0, 27]. Fortunately, by invoking van de Corput’s lemma for
k = 2, we can have the same estimate that the Fourier coefficient of €€ on [0, 27]

is uniformly bounded by Cts.

Example 4.4. For any p > 4, there exists a tempered distribution y supported on
S1, not a finite measure, such that o € LP(L?).

Proof. Since p > 4, we have

4(7 — 4
(T=p) _4
p+38 p
Choose « such that
4 —
A=) _ 4
p+38 p
From % < a, we have

4— —14
ap<p

4—2a 3
Let [ = j:iz; then [ > 1 since p > 4 > 2. From the previous inequality, we have
p—4
— > 1
3
Let I’ be the dual of I; then
ap p
LU= —a)

From o < f—), we see that

b
2—a)—— > 2.
@-a) =5 >

Now from Lemma 4.3, we can find a tempered distribution p € S’(R) with
supp C [e, 27 — €], not a finite measure, such that > > lem|?~ 572 < 00, Notice
that the same g can be viewed as a tempered distribution in R? with supp u C S*,

but not a finite measure on S*. Since %l > 1, (ii) of Theorem 3.5 yields

oo

3 (/OOO [P () dr)l < 0.

— 0o
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The following inequalities will finish the proof of the example:

||ﬂHip(L2) = C/
0
z

:o/ <Z|cm|2_°‘-|cm|°‘J,2n(r) rdr
0 — 00

p . p=2
27 p o

sc/ S Jom| 272 S lem| F I (r) ) 7
0 —00

< CZ|cm|%2/O [ P(r) dr

1

00 7 00 00 l
<o(Llan®) (S ([ 1rerar)
= 0

— 00

D

2

Z|cm|2J,2n(7") rdr

2

< 00.
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