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ON A NEGATIVE RESULT CONCERNING INTERPOLATION

WITH CHANGE OF MEASURES FOR LORENTZ SPACES

ELIDA V. FERREYRA

(Communicated by J. Marshall Ash)

Abstract. In this note we show that the Stein-Weiss theorem on Lp interpo-

lation with change of measures cannot be extended to Lorentz spaces Lp,s.

By the well-known Marcinkiewicz interpolation theorem, the Lp boundedness
of a sublinear operator for all p in some open interval (p1, p2) follows from some
weak type inequalities for the extreme values p1 and p2. These inequalities can be
viewed as boundedness properties on some appropiate Lorentz spaces, and, in fact,
the theorem admits an extension to such spaces (see Theorem 1 below).

In 1958, Stein and Weiss proved an interpolation result on Lp spaces which allows
one to change measures simultaneously with changing exponents. (A particular case
is stated below as Theorem 2). It is natural to ask whether it is possible to obtain
an extension of their result in the context of Lorentz spaces. In this note we prove
that the answer is negative.

In what follows we first give some definitions; next we state some known in-
terpolation results and present the conjecture about interpolation with change of
measures on Lorentz spaces. Finally we state and prove two lemmas establishing
that the conjecture is false.

The fact that this conjecture is false is a stumbling stone in the study of one-
weight norm inequalities for the fractional maximal operator on Lorentz spaces. In
fact, about the one-weight weak inequalities of Muckenhoupt and Wheeden [M-W]
for such an operator it is only known that they extend to Lorentz spaces Lp,s when
the range of s is restricted. More precisely, the author obtained in [F] the following
result.

Let

Mαf(x) = sup
1

|Q|1−α/n
∫
Q

|f(y)|dy,

where 0 < α < n and the sup is taken over all cubes Q with center at x. Assume
p, q and s are such that 1/q = 1/p− α/n and that either 1 < p < n/α, 1 < s ≤ q
or p = s = 1. Then there exists a constant C, independent of f , such that

‖Mαf‖q,∞,wq ≤ C‖f‖p,s,wp,
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if and only if w satisfies( 1

|Q|
∫
Q

[w(x)]qdx
)1/q ( 1

|Q|
∫
Q

[w(x)]−p
′
dx
)1/p′

≤ K

for some constant K independent of Q.
Let w be a positive weight function defined on <n. The weighted Lorentz space

Lp,s(w) is defined as the set of all measurable functions f defined on <n such that
‖f‖p,s,w <∞, where

‖f‖p,s,w =


[
s

p

∫ ∞

0

ts/p−1f∗(t)sdt
]1/s

, 1 ≤ p, s <∞,

sup
t>0

t1/pf∗(t), 1 ≤ p ≤ ∞, s = ∞,
(1)

or equivalently (cf. [Sa])

‖f‖p,s,w =


[
s

∫ ∞

0

ys−1λf (y)
s/pdy

]1/s
, 1 ≤ p, s <∞,

sup
y>0

yλf (y)
1/p, 1 ≤ p <∞, s = ∞.

(2)

Here

λf (y) = w ({x ∈ <n : |f(x)| > y})
and

f∗(t) = inf{y > 0 : λf (y) ≤ t}.
Therefore, Lp,p(w) is the Lebesgue space Lp(w). Given a Lebesgue measurable

set E, |E| will denote its Lebesgue measure. As usual we take 1/p+ 1/p′ = 1. We
will also use the following duality result which can be found in the literature (see
e.g. [C-H-K], or [O]).

There exists a constant C > 0 such that

C−1‖f‖p,s,w ≤ sup

{∣∣∣∣∫<n fgw dx

∣∣∣∣ : ‖g‖p′,s′,w ≤ 1

}
≤ C‖f‖p,s,w,(3)

for all f , where s = 1 if p = 1, and s = ∞ if p = ∞.
We state two interpolation theorems which can be found in the literature. As

we mentioned above, Theorem 1 extends the Marcinkiewicz interpolation theorem
([S-W2], pp. 184-185) to Lorentz spaces (see e.g. [B-S], p. 225). Theorem 2 deals
with a particular case of the interpolation theorem on Lp spaces with change of
measures proved by Stein and Weiss in [S-W1].

Theorem 1. Suppose that 1 ≤ p0 < p1 < ∞ and 1 < q0, q1 < ∞ with q0 6= q1. If
T is a sublinear operator satisfying

‖Tf‖qi,∞,w ≤ Ci‖f‖pi,1,v ,
for all f ∈ Lpi,1(v), i = 0, 1, then for each 0 < t < 1 and 1 ≤ s ≤ ∞ there exists a
constant C > 0 such that

‖Tf‖qt,s,w ≤ C‖f‖pt,s,v ,
for all f ∈ Lpt,s(v), provided that

1

pt
=

1− t

p0
+

t

p1
and

1

qt
=

1− t

q0
+

t

q1
.
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Theorem 2. Suppose that 1 ≤ p0, p1 < ∞, 1 < q0, q1 ≤ ∞ and 0 < r0, r1 < ∞
with p0 6= p1, q0 6= q1 and pi ≤ qi. If T is a sublinear operator satisfying

‖Tf‖qi,∞,w ≤ Ci‖f‖pi,vri ,
for all f ∈ Lpi(vri), i = 0, 1, then for each 0 < t < 1 there exists a constant C > 0
such that

‖Tf‖qt,w ≤ C‖f‖pt,vrt ,
for all f ∈ Lpt(vrt), provided that

1

pt
=

1− t

p0
+

t

p1
,

1

qt
=

1− t

q0
+

t

q1
and rt = (1− t)r0

(
pt
p0

)
+ tr1

(
pt
p1

)
.

It is natural to conjecture that there is an extension of Theorem 2 that parallels
the fashion in which Theorem 1 extends the Marcinkiewicz interpolation theorem.

Conjecture 1. Let T, pi, qi, and ri, i = 0, 1, satisfy the hypothesis of Theorem 2.
Then for each 0 < t < 1 and 1 ≤ s ≤ ∞ there exists a constant C > 0 such that

‖Tf‖qt,s,w ≤ C‖f‖pt,s,vrt ,(4)

for all f ∈ Lpt,s(vrt) and pt, qt, rt as in Theorem 2.

The following lemmas show that this conjecture is false.
The first lemma reduces the conjectured interpolation result to the boundedness

of a multiplication operator on Lorentz spaces. The second lemma proves that such
boundedness holds only on Lp spaces.

Lemma 1. Let pi, qi, ri, i = 0, 1, and pt, qt, rt be as in Theorem 2. Let α =
(r1 − r0)/(p1 − p0) and β = (r0p1 − r1p0)/(p1 − p0). Define the operator U as

U(f) = vαf.

Then Conjecture 1 is true if and only if the operator U satisfies the inequality

‖Uf‖pt,s,vβ ≤ Ct,s‖f‖pt,s,vrt(5)

for all f ∈ Lpt,s(vrt), 0 < t < 1 and 1 ≤ s ≤ ∞.

Proof. First we notice that

‖Uf‖pi,vβ = ‖f‖pi,vri , i = 0, 1.

Therefore the operator U satisfies the hypothesis of the conjecture, and hence the
inequality (5) holds if the conjecture is true.

On the other hand, if T is an operator as in the conjecture we have

‖TU−1f‖qi,∞,w ≤ Ci‖f‖pi,vβ , i = 0, 1,

and by Theorem 1, we obtain

‖TU−1f‖qt,s,w ≤ Ct,s‖f‖pt,s,vβ ,
for all 0 < t < 1 and 1 ≤ s ≤ ∞. This inequality together with (5) gives

‖Tf‖qt,s,w ≤ Ct,s‖Uf‖pt,s,vβ ≤ C′t,s‖f‖pt,s,vrt ,
completing the proof of the lemma.

Lemma 2. Assume p0 < p1 and r1 < r0. There exists a positive weight function
v such that (5) is not valid except when s = pt, 0 < t < 1.
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Proof. Let us first observe that if f is a simple function, f =
∑m

j=1 cjχAj with

c1 > c2 > . . . cm > 0, w(Aj) > 0, and Aj ∩Ak = ∅ if j 6= k, then we have

‖f‖p,s,w =


m∑
j=1

csj

(
d
s/p
j − d

s/p
j−1

)
1/s

,(6)

where dj = w(A1)+ · · ·+w(Aj), 1 ≤ j ≤ m, and d0 = 0. (See e.g. [S-W2], p. 193).
Let us take p = pt, r = rt, α and β as in Lemma 1. We define the weight

v(x) =



∞∑
j=1

ajχEj , x ∈
∞⋃
j=1

Ej ,

1, x 6∈
∞⋃
j=1

Ej ,

where aj = 2(j−1)/(β−r), Ej = {(x1, ..., xn) ∈ <n : 2(j−1)γ ≤ xi < 2jγ ∀i = 1, ..., n}
and γ ≥ 1. As a side remark, note that v(x) ∼ |x|1/γ(β−r) for x ∈

∞⋃
j=1

Ej .

Case 1. 1 ≤ s < p. For each m ∈ N we can find a set Fm ⊂
m⋃
j=1

Ej such that

|Fm ∩ Ej | = 1

marj
for all 1 ≤ j ≤ m. This is possible because r1 < r < r0 < β, and

since γ ≥ 1,
1

marj
≤ 1 ≤ |Ej |, 1 ≤ j ≤ m. Hence,

‖χFm‖p,s,vr =

(∫
Fm

vr
)1/p

=

 m∑
j=1

arj |Ej ∩ Fm|
1/p

= 1.

On the other hand, since

U(χFm) = vαχFm =

m∑
j=1

aαj χEj∩Fm ,

and α < 0, by (6) we obtain that

‖U(χFm)‖p,s,vβ =


(

1

m

)s/p
+

m∑
j=2

[(
bj +

1

m

)s/p
− b

s/p
j

]
1/s

= I,

with bj = aαpj (aβ1 |E1 ∩ Fm| + · · · + aβj−1|Ej−1 ∩ Fm|) =
1

m

j−1∑
k=1

2−k <
1

m
, for all

2 ≤ j ≤ m, where we have used
αp

β − r
= −1 to prove the second equality. Thus,

(
bj +

1

m

)s/p
− b

s/p
j > (2bj)

s/p − b
s/p
j =

(
2s/p − 1

)
b
s/p
j ≥ C

1

ms/p
.
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Then, we can find a constant C > 0 which does not depend on m such that

I > C

[
m

(
1

m

)s/p]1/s

= Cm(1/s)−(1/p).

Since 1/s− 1/p > 0, the operator U is not bounded from Lp,s(vr) into Lp,s(vβ).

Case 2. p < s ≤ ∞. Using (3) and a Hölder-type inequality for Lorentz spaces, we
see that (5) is equivalent to

‖vα+β−rg‖p′,s′,vr ≤ C′‖g‖p′,s′,vβ , for all g.(7)

To contradict (7) we proceed rather similarly to the previous case, since s > p

implies s′ < p′. For each m ∈ N we can choose a set Gm ⊂
m⋃
j=1

Ej such that

|Gm ∩ Ej | = 1

maβj
for all 1 ≤ j ≤ m. Therefore, we can show that

‖χGm‖p′,s′,vβ = 1

and
‖vα+β−rχGm‖p′,s′,vr > Cm(1/s′)−(1/p′),

and U turns out to be unbounded again. Hence, the lemma follows.
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